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The main difference between this t,ext and others on the 
same snhject, published in the English langu^e, consists in 
the selection of the material. In proceeding from the ele- 
mentary to tlie more advanced properties of equations, the 
subject of invariants and covai'iants is here omitted, to make 
room for a discussion of the elements of substitutions and 
substitution-groups, of domains of rationality, and of their 
application to equations. Thereby the reader acquires some 
familiarity with the fundamental results on the theory of 
equations, reached by Gauss, Abel, Galois, and Kronecker. 

The Galois theory of equations is usually found by the 
beginner to be quite difficult of comprehension. In the pres- 
ent text the eHoi't is made to render the subject more concrete 
by the insertion of numerous exercises. If, in the work of 
the class room, this text be found to possess any superiority, 
it will be due largely to these exercises. Most of them are 
my own ; some are taken from the treatises named below. 

In the mode of presentation I can claim no originality. 
The following texts have been used in the preparation of this 
book: 

Bachmann, p. KreisVieilung. Leipzig, 1872. 
BuBNsiDE, W". Theory of Groups. Cambridge, 18S7. 
BuBNSiOK, W. S., and Pantos, A. W. Theory o/ Equations, Vol. I, 

1899; Vol. 11,1901. 
DiCRBON, L. E. Theory of Algehraie Equations. New York, 1003. 
Easton, B. S. The Conatntettve Developfoent of Group-Theory. Phila- 
delphia, 1002. 
EiicyklopMie der Malbemalisefien Wlssenschaften. 
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VI PKKFACli 

Gauiis, D'^vAHisTB, (Eiivres inafftemaii'aaes, avec une introduction pai 

M. feHiLE PicABD. Paris, 1897. 
Elein, F. Vorleaungen Hber das Ikomeder. Leipzig, 1884. 
MatthieSsek, L. GrmuUUge der Antiken u. Modernen Algebra. Leip- 
zig, 1878. 
Netto, B. TkeoTy of SuMtiiuHons, translated by F. N. Cole, Aim 

Arbor, 1802. 
Hettci, E. Vorlesungen Sber Algehra. Leipzig, Vol. I, 1896 ; Vol, II, 

1900. 
Petehben, J. Theorle <ler AlgebraUcMit Qleichuiigeu. Kopenliagen, 

1878. 
PiBRPONT J GaloW Theory on Aigeb)Uie Equations Salem 1900 
Salmon G Modern Higher Algebi i Diblin 1876 
Sbbbbt J \ Handbiich tier Hiheren AJgeb)a Deulsciie Uebera v. 

b. ^^BRTHELM Leipzig 1878 
ToDHUKTBR I TheoTy of Equations London 1880 
VoQT, H Ite» iittion Alg^bnque des Squatio It Pan? 189 
Vi EBBR H Lehrbuch dm Alciebra BraiinaL.liWB)4, \ 1 I 1898 ; 

Vol II 1896 
Weber H Encyllcp td e dfi Elemcnta en Alilia u I 4 r^i/fs. 

Leipzig 1903 

Of these books soiiip have been used moie than otheis In 
the elementiry paith 1 lia^e been influenced bj the excelltnt 
treatment found m the fti-^t \ohtme cf Eninaide and Panton. 
In the presentation of the Galois theory I have followed the 
first volume of Weber's admirable Lehrbuch der Algebra. Kext 
to these, special mention of indebtedness is due to Bachmann, 
Netto, Serret, and Pierpoiit, 

I desire also to express my thanks to Miss Edith P. Hub- 
bard, of iihe Cutler Academy, Miss Adelaide ])enis, of the Col- 
orado Springs High School, and Mr. B. E. Powers, of Denver, 
for valuable suggestions and assistance in the reading of the 
proofs, and to Mr. W. N. Birchby, who has furnished solutions 
to a large number of problems, 

FLORIAN CAJOBI. 



y Google 



TABLE OF CONTENTS 

ClIArXER I 
Some Elbmentaet PnopEniiEs ov Equatjoss, §g 1-26 . . I 

CHAPTER U 
Elementary Teak sfoem at ions of Equations, §§27-39 . 31 

CHAl'TER III 
Location of the Roots ov an Equation, S§ 37-51 ... 13 

CHAPTER IV 
Approximation to the Roots of NttsiKKioAi, Equations, §§ 52-58 61) 

CHAPTER V 
Thg Algebraic Solction of the Cubic aisd Quahiic, §§ 5!)-e2 68 

CHAPTER VI 

Solution of Binomial EguiTioss anh Reciprocal Equations, 

§§ 63-67 U 

CHAPTER VII 
SrMMETBio Functions of the Roots, §§ 68-71 .... 84 

CHAPTER VIH 
Ei,im[nation, §g 72-77 02 



y Google 



VUl TABLE OF CONTENTS 

CHAPTER IX 

The HoaTOGRAFEiic and the T»(;hihkhausen Thansformations, 

§5 78-^ 99 

CHAPTER X 
On SuBSTiTUTioss, §g 81-03 . 104 

CIIAi'TER XI 

SlIHSTITUTION-GKOUPS, S§ 01-113 112 

CHAPTER XII 
Resolvents OF LAGEAKCii, §§114-110 . . . . . .129 

CHAPTER XIII 

Thm Galois Theory of Alqebkaic Numbehs. KEDUCiBn.nT, 

§§ 120-139 l-'A 

CHAPTER XIV 
Normal Domains, g§ 140-159 150 

CHAPTER XV 
Reduction of thk Gvlois Resolvent rv Awunction, §§ 160-166 174 



CHAPTER XVI 

Thb Solotion of Eqeations vibwed FaoM THE Standpoint of 

THE Galois Theory, §§ 167-169 184 



CHAPTER XVII 
Cyclic Equations, |§ 170-183 



y Google 



TABLE OF CONTENTS 

CHAPTER XVIII 
Abeuin Eotations, §S 181-lH!) .... 

CHAPTER XIX 
SOLL-TWN OF RyijATioNS, §S 190-201 



y Google 



y Google 



THEORY OF EQUATIONS 

CHAPTER I 

SOME ELEMEKTARY PROPERTIES OF EQUATIONS 

1. Functions. In the study of the theory of equations we 
shall employ a class of functions called cUyebraic. An algebraic 
function is one which involves only the operations of addition, 
subtraetion, innlti plication, division, involution, and evolution 
in expressions with constant exponents. Thus, ^ + ax + b, 

V2a^ + 1, — ^— are examples of algebraic functions: while 

x + o 
smy, e", log (! + »), tan'^a are examples of functions which 
are not algebraic, but ti-anscendental. 

A rational function of a quantity is one which involves only 
the operations of addition, subtraction, multiplication, and 
division upon tliat quantity. If root^xtraetion with respect 
to any operand containing that quantity is involved, then the 
function is irrational. An integral function of a quantity is 
one in wMch the quantity never appears in the denominator of 
a fraction. Thus, ay'^ + 6;/ + c is a rational, y^ +y^ + 1 is an 
irrational function of j/; ^ar' + -|a! is an integral function of 
X, while - is not an integral function. The expression /(«), 
defined thus, 

f(x) = a^' + Oia;"^' + a^^^+ — + «^-i^ + «», I 

is a rational integral algebraic function of x of the nth degree, n 
being assumed to be a positive integer. The coefficients «„, a„ 
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2 THEORY OF EQUATrONS 

Oj, ■■■, a,, are miniV)tM's independent of x. A vEiriety of furthei 
aBSiimptions relating tu these coefficients may be made. 

Thus, we may assume that they are variables, varying inde- 
pendently of each other. It will be seen that, in this case, the 
roots of the equation f(x) = are quantities independent of 
each other. We may also assume that the vai'iable coeffleients 
are rational functions of one or more other variables. Thus, in 
tx' + ^ + {f -\- 1), the coefficients are functions of the vai'iable (. 

Or, we may assume tlie coefficients to be constants — either 
particular algebraic numbers or letters which stand for such 
numbers. 

The nature of the assumptions relating to the coefficients 
will be stated definitely as we proceed. In some theorems the 
coeffleients are confined to real, rational. Integral numbers; in 
others, the coefficients may be fractions or complex numbers ; 
in the development of the Galois Theory of Equations, radical 
espressions will be admitted. But in no ease are the coefR- 
cienta supposed to be transcendental numbers, such as -n- or 
6 = 2,718 ■■■. 

Whenever, in the next ten chapters, the coefficients are rep- 
resented by letters, they may be regarded either as independent 
variables or as constants. Not until we enter upon the Galois 
theory is it essential to discriminate between the two. 

3. The equation obtained by putting the polynomial I in § 1 
equal to zero is called an algebraic equation of the nth degree. 
We designate it briefly by f{x) = 0. A value of x which 
reduces this equation to an identity is called a t-oot. 

When all the coefficients are independent variables, the equa- 
tion is the so-called general equation of the nth degree. Viewed 
from the standpoint of the Galois theory, it will be seen, § 111, 
that the so-called general equation is not the true general case, 
but really only a very special one. 

3. Theorem. If a is a root of the equation f(x) = 0, then the 
quantio f(x) is divisible by x— a, witho\it a remainder. 
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SOME ELKMENTARY PROl'BKTIES OF EQUATIONS 6 

Divide the polynomial /(r-) by x — ir. urtil a roinaindar is 
obtained which does not involve x. Designate the quotient 
by Q, the remainder by B. Then 

f{x) = ix-a)Q+R. 

By hypothesis, « is a toot ; hence, substituting a for x, we have 

/(«)=(«-«)Q + 7? = 0. 

Consequently, S=0, and the theorem is proved. The follow- 
ing theorem is the converse of this. 

4. Theorem. If the quantic /(ce) is divisible by x~ a without 
a remainder, then a is a root of f{x) = 0. 

By hypothesis, f(x) ={x-a) Q. 

The equation f(x) = may, therefore, be written (.i: — «) Q = 0, 
and thelatter is seen to be satisfied when « is substituted for x. 
Hence « is a root of f{x) — 0. 

5. The preceding theorem is a special case of the following 

Theorem. The value of the giiantia f(x), v;hen h is mbatituted 
for x, is equal to the remainder which does not involve x, obtained 
in the operation of dividing f(x) by x — ft. 

Let B be the remainder which does not involve x; then 

f(x) = (x-h)Q + M. 

Substitute h for x and we obtain /(ft) = B. 

6. Divisions of polynomials by binomials, with numerical 
eoefflcienta, may be performed expeditiously by the process 
called synthetic divieion. Suppose ic" + 5 k' + 4 sc — 23 is to be 
divided by x — S. We exhibit the ordinary process, and also 
that of synthetic division. 
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OF KQCATIOKS 

^ + 5x' + ix-23\x -&_____ 1 + 5+ 4-23|3 

+ 3 + 24 + 84 " 




We notioe that in synthetic division the coefficients are 
detached, the Jii'st term of each partial product is omitted, the 
second term of the divisor has its sign changed so that the sec- 
ond term of each partial prodiict may be added to the correspond- 
ing term of the dividend. Moreover, the process is compvessed 
so that the coefficients of the quotient and the remainder appear 
all in the SEune line. 

The process is as follows : 

Multiply 1 by 3 and add the product to 5, giving S, 
Multiply 8 by 3 and add the product to 4, giving 28. 
Multiply 28 by 3 and add the product to — 23, giving 61. 
The quotient is le^ + 8 w + 28 j the remainder is fil. 
. If in the dividend any powers of a; are missing, their places 
are to be supplied by zero coefficients. 
Divide x' -2x^ + x- 5 hy x + 5. 

1 + 0- 2+ 0+ 1- 5| -5 

-5 + 2 5- 115 + 575-2880] 
1 - 5 + 23 - 115 + 576 - 2885 
Hence the quotient is a:* — 5 ar* + 23 a;^ — 115 a; + 576 ; the 
- 2885. 



Ex. 1. Show that k* — 5 *' ■- 3 lc 4- 15 has 5 as a root. 
l-S+O-.'J-l-loU 
+ 5 + ^0-U\ 
+ ^ .S + 
The remainder is ; hence, hy § 4, 5 is a root. 
Ex. 2. Show tliat »^-a:* + lOx*'-9af' + 8a: + 099 = O is satisfied 
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SOME EI.EMRNTAItY I'KOI'KKTIKS OF EQUATIONS 5 

Ex. 3. Divide x' - 101s* + x' - GQs^ + xhy x -i- i. 

Bi. 4. If /(s:) =xfi-az* + 73fl + X'-i-x + 2, find the value of /(lO). 

Ex. 5. Determine tte yalue of the qaantic x' — ^x^ +4 a' + B a^ + 11, 

Ex. 6. If - 4 is a root of 2x^ + &x^ + 1 x + W -0, find the other 

Ex. 7, Show that, if /(k) is divided by x — h, each sacceaaive remain- 
der ia equal to /(A), when h Is substituted, throughout, for x. 

7. Tbeoxem. Every equation fix) = o/ the nth degree has n 
roots, and no more. 

We assume bere that every such equation has at least one 
root. Let «i be a root of f(x) = 0. Then f{x) is divisible by 
x—a, without remainder, S 3 ; so that 

X»j)=(«-«.)+,W, 

whore the quotient ^i(iii} is a rational integral algehi'a.ie func- 
tion of X of the (n ~ l)th degree. 

A.gain ^i(a;) = has a root. Denote it by Kj, then <^i(«) is 
divisible by a; — «2 without remaindec, so that 

U^)={x-a,)U^), 
and f(x)^{x-a,){m^a,)<f>,(x). 

Now ^i{x) is a rational integral algebraic function of x of 
the (n — 2)th degree ; hence <i>-i{x') — has a root. By continu- 
ing in this way we shall obtain n factors of J\x), viz., x — «„ 
x — ds, •■• !C — «,„ and the only other factor is a,,, which is the 
coefftcient of x' in the quantic /(ib). Thus, 

J{x) ^ aa{x - a{)(x - a^ ■■■ (x-n,). 

As the quantic f(x) vanishes when we put for x any one 
of the n numbers a,, Kg,---a„ it follows that /(ie) = has 
n roots. If X is assigned a value different from any one 
of these n roots, then no factor of J{x) can vanish and the 
equation is not satisfied. Hence J\p) = cannot have more 
than n roots. 
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6 THEOllY OF EQUATIONS 

8. Theorem. If tlie coefficieniit of f{x) = 'li are all real, than 
complex roots enter the equation in pairs. 

Let a + ib be & root of an equation f(x) = with real coeffi- 
eieuts, where i = \/— 1 and where a, bnt not b, ina,y be zero. 
We shall prove that the conjugate number, a~ib, is also a 
root. 

Substitute the root a + ib for x in tlie given equation. Then 
expand the powers of a + ib by the binomial theorem, and 
simplify. All the terms which do not contain i or which con- 
tain even powers o£ i will be real ; all terms which contain odd 
powers of i will be imaginary. Denote the algebraic sum of 
all real terms by P, and the algebraic snm of all imaginary 
terms by iQ. Then we have, 

P+iQ = 0. 
But this equation can be true only when P — und Q = 0; for 
the real and imaginary parts can never destroy each other. 

Now substitute a — ib for x in the equation f{x) = 0. As 
before, expand and simplify. All the real terms will be nn- 
changed ; all the imaginary terms will have their signs "changed, 
bnt otherwise will be the game as before. Hence the quantie 
f(x) now assumes the value P— iQ. But we have shown that 
P= and Q = 0, hence, 

P-iQ = 0, 
that is, the equation f{x} = is satisfied by x = a-~ ib. Hence 
a~ih is a root. 

9. Prom the preceding theorem it is evident that every 
equation of odd degree and with real coefficients must have at 
least one real root. Thus, a cubic equation must have either 
three real roots or one real root and two complex roots. 

The equation a^ — 1 = has evidently t.he real root 1. Divid- 
ing a!° — 1 by x — \, we are led to the quadratic a?' -|- tc -1- 1 = 0, 
both roots of which are complex. They are ^j — 1 ±V — 3;. 
The three roots are called the cube roots of unity. Observe that 
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SOME BLBMENTAKY PllOPEBTIBS OF EQUATIONS 7 

the square of either complex root is equal to the other complex 
root. Also, the sum of the three roots of unity is zero. 

10. An equation f(x) = is called complete when all the 
powei's of X from :e" to a^ are present. Au incomplete equation 
can be made complete in form by writing the missing terms 
with zero coefficients. 

When two successive terms in a polynomial or in an equation 
have the sajne sign, there exists a pe'i-manence of sign ; when 
two successive terms have opposite signs, there exists a varior 
lion of sign. In the equation x^ + a^ — x^ + 5 = (i the signs 
occur in the order + -| — -4- and thevc are two variations and 
one permanence, 

11. Descartes* Rule of Signs. An eq^iation f(x) = 0, the coef- 
Jidents of wkidi are real, has as many positive roots as it has 
variations of sign, or fewer by an eveii number: 

We shall show that if a polynomial f{x) is multiplied by a 
factor X — a, thereby introducing a new positive root, the varia- 
tions of sign in the product will exceed those in the polynomial 
by an odd number. 

In the function f(x), which is aiTanged according to the de- 
scending powers of a; and may be either complete or incomplete, 
) that the signs of the terms vary in the following 

+ + + ■■-, 

where the dots which follow a -H stand for any given number 
of consecutive terms which are positive and where the dots which 
follow a — designate consecutive terms which are negative. 

Let « be a positive root. Multiplying /(a:) by x — a, and 
writing like powers of x underneath each other, we obtain a 
product whose signs may be written as follows : 
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8 THEORY OF EQUATIONS 

The ± denotes an wnibiijuity ; tliat is tlie sig i jf i tLini s 
affected is here undetermined. We see tliat the dits which 
follow ± are ambiguitiea ; that is, etch peimanence of sign in 
f{x) is here replaced in (si — a.) ■ f(x) by in ambiguity We 
' see also that to every variation of sign mj(x) theie coirpsponds 
avariation in (x — a) -/(k). In the pioduct theie 11 in iddi 
tion, a variation introduced at the end Hence the podnct 
contains at least one more vaiiation than does f{%) It may 
contain more; for, successive peimanences like + + +01 
— — — ,oeeumngin/(a;)andreplaGed in (a.~«) /(l) bj ambi 

guities, may in reality be replaced by the signs -i 1- 01 

— i--— . But such elianges in sign always increase the varia^ 
tions by an even number. Hence in (a; — a) ■ /(x) the total num- 
ber of variations exceeds that in f(x) by the odd number 1 or 

i+2n. 

The same conclusion is reached when the last term in f(x) 

Descartes' Eiile follows now easily. Suppose the product of 
all the factors, corresponding to negative and complex roots of 
f(x) — 0, to be already formed. Designate this product by 
F{x). Since F(x) —0 has no positive roots, the first and last 
terms in F(x) have like signs. Hence the number of varia- 
tions in F{x) is an even number, 2 k, where k is zero or a posi- 
tive integer. Now, if F{x) ia multiplied by the factor x — a^, 
where «i is a positive root, we get in the product 2 fc^ + 1 vari- 
ations, where &,^fc. In tlie same way a second factor x — Oi 
gives rise to 2^3 H- 2 variations, and so on. Thus, the intro- 
duetioD of V positive coots results in 2k, + v variations, where 
k, is zero or a positive integer. Hence, the theorem is 
established. 

12. Negative Roots. To apply Descartes' Eiile to negative 
roots of f{x) = we write down an equation whose roots are 
those oif(x) = ivith their signs changed. The new equation 
can be derived by substituting in /(«) = 0, — a; for x. The 
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SOME ELEMENTARY PROPERTIES OF EQUATION'S S 

process merely alters the sigiiM of all the terms involving odd 
powers of x. It is readily seen that if « satisfies the equation 
f{x) — 0, then — « satisfies the equation /(— ai) = 0, Hence, 
each negative root otf(x) = (i, with its sign changed, is a posi- 
tive root of /(— si) = 0. Descartes' ilide may now be applied 

Ex. 1. Determine the nature of the roots ot 3? -\-^x+l ^d. 

Ttiere is no variation ; therefore, no positive root. Traiiaform tlie equa- 
tion by changing the signs of tlie terms containing odd powers of x. We 
get 3?-\-Zx — 'l = <i. Tlie new equation has one variation; hence, 
cannot have more than one positive root. Consequently, llie original 
equation cannot liave more than one negative root. The real root of the 
given cubic ia thus seen to be negative ; the otlier two roots nmst be 
complex. 

Ex, 2. Apply DeBcartes' Rule to /(a) = 3^ — r? -^1 x-\-Q =(i. Here 
f(_x) has two variations, and/(— *) has two variations. Hence /(a) = 
cannot have more than two positive roots nor more than two negative 

Ex. 3.. Apply Descartes' Rule to e'" — 1 = 0. Since r^" — 1 has one 
variation and (— xy^"- — 1 has one variation, the given equation cannot 
have more than one positive root nor more than one negative root. We 
readily see that + 1 and — 1 aie roots. Uenoe there are 2 n — 2 complex 

Ex. 4. Prove that if the roots of a complete equation are all real, the 
number of positive roots is equal to the number of variations, and the 
number of nep,tive roots is equal to tlie number of pennanences. 

Ex, 5. An equation with only positive terms cannot have a positive 
root. If the number of variations is odd, the equation has at least one 
positive root, but it cannot have an even number of positive roots. 

Ex. 6. A complete equation with alternating signs cannot have a 
negative root. 

Ex. 7. If all the terras of an equation are positive and t!ie equation 
involves no odd powers of ar, then all its roots aie complex. 

Ex. 8. If all the terms of an equation are positive and all involve odd 
powers of x, then is the only real root of tlie equation. 
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Ex. 9, Apply Desc^anes' RuIk to 

x^^»^ + Wx-Vo = 0. 
x* -\- bx^ - ix:' - a X + !• = 0. 

ar* + 1 = 0. 

K= + 1 = 0. 



!r.^-x* + x'- + l=0. 



Ex. 10. The equation a' - 41^ — 73^^ -)- 22 k + 24 = has no com- 
plex roots. How many are poaitive ? How many are negative ? 

Ex. 11. Show that 3^ — x' + x' — x^ — x'—l =:0 cannot have just 
two poaitive roots nor just one negative root, 

13. Relations between Roots and Coefficients. 

If f(x) = ,«" 4- «,*"-' + ■ ■ ■ -I- a,_,x + a, = 

has the roots «j, «,, ■■-, «„, then, by § 7, we have 

fix) s (^ - a,)ix - «,) ... (x - «„) = 0. 

If n be taken successively equal to 2, 3, or 4, we obtain by 
ordinary mnltiplication, 

f{x) s (a; - «i)(a: - Kj) = x^- (k, + (^)x + «,«2 = 0, 

+ ("1K2 + ni«3 + «s«3)i'i — «ias«3 = 0, 
/(«) = (a; - ni)(a! - ai)(a; - K,)(!ii- rt^) = x^- {,1^ + «j + re^ + aj)a;= 

4- (ai«3 + WiKg + Kjlij + fi3«3 + «2«j + K3«i)9!^ — (aiKjWg 
+ «i(£2«4 + «1«3«4 + th«^)^ +■ «1«3«3«4 = 0. 

These relations are seen to obey the following laws : 

in the equation f{x) = 0, in which the coefficient of xf is unity, 
the coefficient a, of the second tei-m, with Us sign tJuiiiged, is equoX 
to tJie sum of the roots. 
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SOME ELBMENTAliY I'llOl'ERTiES OF EQUATIONS 11 

ITie coefficient Of of the thi)-d Im-m is equal to tlte suvi of the 
■oroducts of the roots taken two by two. 

T/ie coefficient a^ of the fouHh tei-m, with its sign c/tanged, is 
equal to the sum of the products of the roots taken three by three; 
and so on, the signs of the coeffieienta being taken aitemately 
negative and positive, and the number of roots taken in eacJi prod- 
uct inGreaairtg by unity every time ive advance to a neiv eoef- 
ficiertt, until finally the last fe^-m in tJie eqitation is readied, 
wkicJi is numericfUty equal to tlie prodtict of all the roots and 
mhicli is positive or negative according us tt, the degree of the 
equation, is ei'en or odd. In syinbols, thee laws mnij be ex- 



ai = — («i + «2 + «3+ ■■■ +««)' 

Ha = — (Klf*i«3 + «l«sa4 + ■■- + «„-2«»-l«.,)j 

a„=(-lYihiu^ ■■■&„. J 

When in the equation f{x) = the coefficient «o of t^^e term 
a,'" is not unity, we must divide each term of the equation by a^. 

The sum of the roots is then equal to *, the sum of their 

products, two by two, is -^j and so on. 

Tbe laws expressing the relations between the coefftoienta 
of an equation and the roots were obtained above by observ- 
ing the relations existing in the three products obtained by 
actual multiplication. To remove any doubt which may be 
entertained as to the generality of these laws we proceed as 
follows. Suppose these laws to hold when n factors are multi- 
plied together ; that is, suppose that 

ii«"-' +■■■+«« 



{x-a,)(x-a.:):. 


{x-a:,-- 


where 


«„%, ■■■ 


have the values shown i 


nl, 
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12 THKdRY OV KQUATIU^S 

Multiply both sides of this identity hy anothev f aetoi' x — a„+„ 
and we get 

(a,_«,)(^_«,) ... (^_«„)(^_,^^,)-^"^' + C«>-««+iK 

But C(i — «„^.l =—(«! + Kj + ■ ■ ■ + H„) — 01„i.i, 

% - «1««H ! = («1«2 + «1«3 + •" +«„-!«„) + ("l +% 

Oa— %««+! = — («l«ii<3+ ■■■)- (lh'k + lhl^2+ ■■■)"n+i. 

Hence, if the laws hold for w factors, they hold for n + l 
factors. But from actual multiplication we know that the 
laws hold when v. = 4, tiierefore they must hold when h = 5. 
Holding for »i = i5, tliey must hold wlieii m = C, and so on for 
any positive integral value of n. 

14. It might appear that tli6 n distinct relations existing 
between the coefficients and roots of an ecjuation of the nth 
degi-ee should offer some advantage in the general solution of 
the equation, that one of the n roots could be obtained by tiic 
elimination of the (n — T) roots from the n equations. But 
this process offera no advanitu/e, for ou performing this elimi- 
nation we merely reproduce the proposed equation. Tako, for 
example, the cubic a;' + ct-i^ + a^x + ftj = 0. 

We have 

«3 =: — (i!,«5f%. 

To eliminate a^ and Kg, multiply both sides of the first equa- 
tion by di, both sides of the second by %, and add the results 
to the third equation. 



We obtain 



«i= + a^ac + u.jii + fla = 0, 
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SOME "KLBJtRXTARY PROPERTIES OF EQUATIONS 13 

which is simply the old equation with «, in place o£ x to vepre 
sent the unknown quantity. 

While the ecjuationa expressing the relations between roota 
and coefficients offer no advantage in the genei'al solution of 
eqiiations, they are o£ service in the solution of numerical 
equations when some special relation is known to exist among 
the roots. Moreover, in any algebraic equation they enable us 
to determine the relations between the coefficients which corre- 
spond to some given relations between the roots. 

Ex. 1. The cubic x^ + P,x^ - Wx -i» -0 lias two roota whose sum 
is zero. Solve the equation. 

We have «i + <j!s = 0, 

ai + «2 + tii = - 3. 
Hence (tj = — 3, Dividing the cubic hy a; -)- i!, we have 

ce^ - 16 = 0, x~ ±i. 
Ex. 2, The roots of the cubic ce' -^ z^ + 20 x — 24 = ate in arith- 
metical progreasion. Fisiil them. 

Let a — d, a, n -H (? be the three roots. 

Then 3ff = 9, 3a''~d^ = ^; therefore a = 3, (1 = 1, a-d = 2, 
a + d = i. The roots are 2, 3, 4. 

Ex, 3. Two roots of the cubic 3 a;S + «= - 15 ce - 5 = Q have the sum 
zero. Find all three roots. 

Ex. 4. The equation 2:^ + 7 X^ + ix- 5-0 has two roots whose 
sum Is — 2. Solve the equatloc. 

Ex. 5. The equation 2 x^ 4- 23 *'^ + 80 j; + To = has two nqual roota. 
Solve. 

Ex. 6. The biquadratic equation 8 1* 4- 42 a:' + 13 iC^ - 84 k + 39 = 
has two pairs of equal roots. Find them. 

Ex. 7. It the equation ttfi + aix* + a^ + aaX -|- 1/4 = has all its roots 
equal, what relation exists between its coefflcienta ? 

Ex. 8. Show that the sum of the nth roots of unity is zero. 

15. Symmetric Functions. If a function of two or more 
quantities is not altered when any twii of the quantitie.s are 
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14 THEOKY 01? EQUATIONS 

interchanged, it is called a symmetric function. For example, 
the trinomial a' + b^ + c^ is a symmetric function of a, b, c, 
because, if any two quantities, say a and b, are interchanged, 
the expression is unaltered in value. We are concerned mainly 
with symmetric functions of the roots of an equation. The 
simplest examples of such functions are those given in § 13, 

ftiKjKa + ctia-^iti + h a„_i(i^ia„, etc. 

These are the simplest, because in no term does any one of 
the roots occur to a higher power than the first. Other ex- 
amples of symmetric functions of the roots are 

We sliall represent a symmetric function by the letter 2, 
followed by one of the terms of the function. Given the roots 
and one of the terms of the symmetric function of these roots, 
it is usually not difficult to write down all the terms of the 
function. Thus, given the roots a, ^, ■/ of a cubic equation, then 





%t 


S« + ^ + V, 










^<:^ 


= «;8 + «y + ;8r, 










2a=^ 


= a'ii+a'y + iS'a + IS'y 


+ y« 


+ yV. 




»Ex. 1. Itx^+a^ 


' + ftK + c = has tlie roots 


«, 3, 7, 


express 


;llie value 


of Srt=|3 in terra 


IS of tlie coefficients. 








Multiply 




«+^+7--i 








by 




aji + uy + ^y = h, 








and we obtain 




S«=(3 + H a^y ^-ab 








and 




-Zir:'^ = ?,c - 


■ab. 






Ex, 3. Piiid S«* for tlie same cubic. 








•TliB i-esults 


i,. an e 


sample mmkatwitli^'uiU 


bB„S.d 


, in later 


esamples 
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BOMF] BT.EMKNTAKY PKOl'ERTIES OF EQUATIONS 15 

*Bjt. 3. Find Sa^ for the same cubic, 

MuHiply Uie functions 2« and Sk^ together, and the prodtiet is 
S«' + T.a% Hence Sk' _ s„ . s„2 _ ^a^j^ ^- a^ + Zab -3 c. 

Ex. 4, For tlie 3aine cnbic, find Za^^. 

Squaring boUi sides of n^ ^- at + |37 = h, we obUiiu. 

aS|S2 + aV + )3*>= + 2 «P7(« + ^ + 7) = 6^. 
Et. 6. For tlie saine cubic, find S«s^. 
Show that Sw^fi ■ Sn = Sw^ff + 2 Stt^^ + li «)57(« + ^ H- 7). 
Ex. 6. Tor the same cubic, find the value of {a + 3) (/J + 7)(7 + a). 

Ex. 7. If 9:^ + ciK^ + 6x'^+C3;+ i! = has the roots «, 0, 7, B, find the 
falae ul Sit^ 

Ex. 8. For the same quartio, find the value of Sw^^. 

Ei. 9. For the same quartic, find the value of Sa^fP. 

Ex. 10. Find the value, expressed in terms of the coefficients, of the 
sum of the sqivares of the roots «i, «2, •■■, «», of 

X" + niJT' -^ + 02^"-^ + ... 4- a«^,x + ffl„ = 0. 
Squaring S«i = — tii, wo get Shi^ + 2 2«i(*' = oi^, hence 

Sai^ = ni^ — 2 oj. 

Ex. 11. In the savne e<iualion, fiiul ^ — ■ 
By SU we have ^"^ 

(— ])"-'((„_] = Karts ■■■rt«4- (ii'ti--r(,i-i h r<i«3-- «,^i, 

(- 1)"%! = a-to-i — an- 
Dividing the former bj the latter we obtain 






^^2i.- 



Ex. 13. Find the sum of the reciprocals of the rooLs of the equation 
x^ + K^ + lOK + lOa^O. Find also V-?— . 

16. Graphic Hepreaentation of the Polynomial f{K). The 
changes in value of the polynomial /(a;)=Oo!C"+niie"~' + '*'+ci»i 

by the aid of graphic representations. 
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THEORY OiT KQUATTONS 



Let XX' and TT' be two perpendicular lines, called axes of 
reference. Their intersection is called the origin. Let values 
,,, of X be measured off from the origin 
P pS' along the axis XX' and valnes of 
-^ 'J be measured off from along the 

axis TY'. Positive values of x are 

I %, measured from toward tlie right ; 

negative values, towaM the left. 

Positive values of y are measured 

f I'om upward ; negative values of 

' y, downward. 

The distances of a point P from the axes of reference are 

called the coordinates of the point. Thus, Pm and Pn are the 

coordinates of the point P, both coordinates being positive ; Qr 

and Qr are the coordinates of the point Q, both being negative. 

Let y represent the value of the polynomial fix) ; that is, let 

Suppose now that y = Pn when x — Pm, then the position of the 
point P represents to th^ eye simultaneously the value of x and 
the corresponding value of f(x). If different values of x be laid 
off on the axis XX' and the corresponding values oi f(x) on 
ohe axis 7T', the points thus located will all lie on a line or 
;urve, called the graph of the polynomial /(a;). 

In the construction of the graphs of polynomials it is con- 
venient to use "plotting" or "coordinate" paper, ruled in 
small squares. 

Ex. 1. Construct the graph o! f(x) = x^ + i — 3. 

Putting ^ = K^ + a; — 2, we readily compute the following sets of values ■■ 

II x = 0, i, = -2. 

x=±h !/ = -n or -2J. 

K = ± 2, y = 4 or 0. 
x=±^, y=iO or 4. 
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I'loltiug h p h 

joined gutv H y taJt n 

to I of a ski 1 B, qua 

From th ap h u w 

see that wli la n "a, at d 
tlien/(a;)de a esand esa nin 

value when x F li 

luoi'easeB, th a 

is a parabo a a is X. 

two places a. are 

of X, lov wh a 

These two 
Hence 1 a J 
tion A*) = 

Ex. 2. Construct the gi'aph oif(_x) = i3^-\-» + 3. 
li « = l}, y = 3. 

x = ±\, y = H or2J. 

x^±2, y = <ii or 2'. 

*=±S, ^ = 9 or 3. 

K = it 4, y = la^ or 41. 



a X "V I 

,u V — e— / — -x^ 






real value of x makes 



u both iiimgioary. 
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THEOItY OV EQUATIOHS 



Ex, 3. Construct, the graph /(x) =x^ — x'^ + '2 



« 1' i S 



The curve crosses the axis XJC only once ; 
hence Ihere is only one real luot. The value 
of this root is aeen from the figure to be 
about 1.3. 

Ex. 4. Fhid the graph oix^ + x^+ ^x- i. 

Ex, 5. Find the graph of i» — 2 o; + 1. 

17. In constructing the graph of a 
polynomial f{x) we located a niim- 
ber of points and then drew a curve 
through them. The curve thus ob- 
tained was assumed to represent the 
continaons variation of the value of 
j'li), coitesponding to the continuous 
ini.ieabe of x. But thia assumption 
that the polynomial /(x) never jumps 
from one value to anothei. when v is made to vary continuously 
from one value to anothei, lequire-i proof. The proof will be 
given in § 25. It is facilitated by the use of derived functions 
and Taylor's Theorem. 

18. Derived Functions and Taylor's Theorem, In 

f{x) = fi^- + u.x'-' + cux"-' +■■■ + a„_,x+a,„ 
let X receive an increment It and write x + h in place of a:. We 
have 

f(x 4- h) = ao(a; + /')" + OiCa; + '0"'* + ■• ■ + "^-i {^ + '0 + «»■ 
Let each term be expanded by the binomial formula. Then 
collect the coefficients of like powers of ft, and we get 
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SOME ELEMENTARY PROPERTIES OF EQCATIONS 19 

fix + A) = a^v" + a.a;"-' + a^x-'"^ + ■■■+ o.^_yX + a, 
■ 2 c(„_si 



1-2.3' 



/(" 



1.2-3" 



■|«0'-l)(»-2)-2-]iao. 



The first line in this expansion is obviously /(:o). We shall 
call the coefficient of /* theirs! derived function and denote it 
hj f(x). Similarly we. shall call the coefficient of - — ^ the 

second derived function and denote it by /"(»); and so on. 
The j-th derived function is designated by fix). In the Dif- 
ferential Calculus these derived functions are caJled differential 
coefficients. Using this new notatiou, the above result may be 
written as follows : 
f{x+h)=f{x)+kf(x) + ^^f"{x) + 'ff'(x) + - + 'ff''(x), I 

In the Differential Calculus this scries goes by the name of 
Taylor's Theorem. We have here established the tnith of this 
theorem for rational integral functions of x, but the theorem 
has actually a much wider applica,tion. 

The results of this paragraph are true of complex numbers, 
as well as of real numbers. 

19. To arrive at a convenient role for finding derived func- 
tions, compare the following expressions : 

f{x) = Ook" + OiX'-'^ + a^"-^ + — + a„_iiB + a,„ 

f (x) = lido*"-' + (n — lyaix"-^ + {n-~ 2)a^''-^ -\ \- «„^„ 

f"(x) = nin~l)a^''~' + {n-l)(^n-2)a,x'-'+- + 2a„.,, 
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We obssuve that /' (x) can be obtained from f{x) in this man- 
ner : MvUiply each tei-M in f{x) by the exponent of x in that term, 
and diminisJi the exponent of x in tJie terin by unity. By this 
rule OflS;" becomes na,ftf^^, etc. ; «„, i.e. ffl„a?, becomes ■ n„!«~', 
or 0, Notice that f {x) can be derived from f {x) in the same 
way && f'{x) was derived from/(ic). 

Ex. 1. H/(a;) = :e5 + 3^4.5^ + 6^^73; + i(,, 
then /' (j;) = 5 a:* + 12 *' + 15 a^ + 12 a; + 7, 

/"(») = 20a;« + 30 *« + 30k-i- 12, 

/'■W = 120. 
Ex. 2. Jfind all Uie derived functions of 

a« + 3 3^6 + 7 *' + 8 K^ + 15. 

20. Another Form of f'{x). By § 7, 

f{_x) = o^{x ~ «i) {x- «s) (^ -«,)■■■ (3! - a„) . 
Letting a: increase to x + A, we liave 

/(3; + 70 = a„{3;-l-/i-a0 (» + /(- «.)-"(;B+/t-«„). I 
But, by Taylor's Theorem, § 18, 

■'"^1:2-' 

Hence the coefficient of A is/'(ai), and /"(x) must, therefore, 
be eqnal to the coefficient of 7t in the right member of I. 
That is, fXx)=a^{x—a^{x-ai)---(x—a,^-^o^(x—a.^{K'-o^ 

...(^_^,)+...= JM. + .£(^ + ... + iM_. II 

x— rt, a;— «2 X — «„ 

Formula II is still true if some of the roots are equal. Sup 
pose «, occurs as a root s times and a^ occurs t times, then 

f{x-)=a^(x-a^y{x- ai)' "-, 
and formula II becomes 



/w- 



,'_ML^m£Lj, 
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Ex.l. Ify(*)=(3;-l)(s;-2)(5;-;i). show that 

Ex.2. If/(j:) = (K-l)»<a-2)', show that 

Ex. 3. If/(3-) = Ca:-a)'(K-6)'(ic-c)", show that 

+ «C^-an^-&)'C:.-c)"-i. 
Ex.4. If;X*) = Ca-ai)(a;-ag)(a;-a3) = 0. show that 
/'(«,)= A^'A = («i-«!)(«i-«3)- 

21. Multiple Roots, If we cousidei- the general equation in 
the factored form 

(a! — «,) (a! — «i) (a! — Ks) ■ ■ ■ (a; — «„) = 0, 
it is evident that, in special cases, two or moi-e factors may be 
equal to each other, yielding equal or w,ultiple roots. 

Suppose that m roots are equal to ea^ih other ; then there are 
m equal factors, and /(a;) may be ■written 

Then f'(x) = m(x - ai)'-'4,{x) + (se - a,)'-'<l,'{x), 

and/{9;) and /'(a;) have the factor (x — a^"'^ in common. This 
fact suggests the following process for the discovery of mul- 
tiple roots: Find the highest common factor hettoeen f{x) and 
f'{x). Suppose this factor is (x — Ki)'", then f(x) has the factor 
(x — a{)''*\ and there are r + 1 equal roots. That is, a^ occurs 
as a root r + 1 times. Suppose the highest common factor to 
be (a; — «[)'■ (a; — Oj)', then «, occurs as a root r + 1 times and it? 
occurs as a root s + 1 times. 

Ex. 1. Examine 8 a^' — 20 e'' + S x + 9 = for equal roots. 

/'(a;) = 243!«-40a + 6, andtheH, C. 3-', of /(a:) antl /'(»), found by 
the process of successive divisions, is 2 a: — 3. Hence (2x ~ 3)^ is a fac- 
tor of f(x), and J ia a double root. The adjoining ^ure is the graph of- 



y Google 



THEORY OF EQUATIONS 



/(K). At E = I the ci 
the axis is tangent to 



is touched by the axis XX'. In other words, 
curve and meets it in (too cofncideiit points. 
Tliese reveal graphically the presence of a 
doH'uk root. The third root is seen from the 
figure to be a = — 4. 

If the entire curve were moved downward, 
both axes remaining fixed, then the axis OX 
would become a secant line ; instead of the 
two coincident points we would have two 
distinct points of intersection, and the two 
roots would be unequal. If tlie carve were 
shifted bodily upward, then the part of it to 
the riglit of the axis IT' would have no point 
in common with tlie axis XX', and, instead 
of two equal roots, we would have two 00m- 
ples roots. Thus equal roots are seen to be 
a connecting link between distinct real roots 
1 pi te 

1 il 1 urve upward corresponds 

t IS 1 value of the absolute term 

)'( ) h f in it downward corresponds 
II h fe the value of the absolute 



Ex. 2. Tell fi tl "1 pi F 1 § 10, by about how much the 

absolute term in /( ) at be d to yield equal roots ; to yield 
complex roots. 

Ex. 3. rind th Itipl ts ft + 20 »» + 18 j? + 7 a: + 1 = 0. 

The H. C. F. of /( ) nd f ( ) 4 +4 + 1 =(2 j; 4- ])'^ hence - J 

is a triple root. C t t th -aph f f{ ). 

Ex. 4. Pind the multiple roots of 

43^5 - 82* - 23 13 + 193^2 + 55j^ + 25 = 0. 
Ex, 5. Pind the roots and construct the graph of 

Ex, 6. Find the equal roots and construct the graph of 

a:' - 6 ckS -]- 13 a:^ - 12 * + 4 = 0. 
Ex. 7. l-rovc that, if a occurs as a root of /(3^)= m times, then « 
satisfies each of the equations /Ca)-0, /'(»)= 0, --/"— Ha;)=:0. 



ti — \\ __x 
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22. Graphic Repreaentation of Complex Numbers. lu the coii- 
atruction of graphs of polynomials y = f{x) we assumed a 
horizontal and a vertical axis, and from this point of inter- 
section measured off values of x parallel to the horizontal axis 
and values of y parallel to the 
vertical axis. A similar plan is 
commonly adopted for the repre- 
sentation of complex numbers 
or imi^naries. If e = x + iy, 
where x and y are real numbers, 
either -|- or — , rational c 
tiona!, then x and y are laid off 
parallel to the horizontal and 
vertical axis, respectively. If 
a; = OQ, y = QP, then z ie repre- 
sented in magnitude and direction by OP. The length of OP 
is called the modulus of s, and is equal to Va?' -I- y^* The 
direction of z is indicated by the angle 0, which is called the 
amplitude or argument of z. 




I, J/ = /)S1 



we have 



z = x-i-iy = p(cos ^ 4- i sin ff). 
This graphic representation of complex numbers is due to 
Caspar Wessel (1797). 

23. Addition and Subtraction of Complex Numbers, Let OP 
= a + ib and OP'^a' + ih; then, OP+OP'={a+a')+i<b+b'). 
Draw P'S parallel and equal to OP, then OT^a+a', TS=b+b; 
and OS=OP+OP. 

* This graphic representation is of great help to the malhematician. But 
attention should be called to the fact that the statement, that to eveiy itta- 
tional number there corresponds a Ihie of definite length, is do longer con- 
sidered self-evident nor demonstrahle ; it involves the geometric postulate; 
"If all pointa of the line tall into two classes In anch a manner that each 
point of the first class lies Ui the left of each point of the second class, then 
there exists one point, and only one, ivhich brings about this separation," 
See the Encyktopadie d. Math. Wi.ii., I A 3, No. 4. 
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Uaiiig tlie notation p = mod. 01', we readily see that, in tliia 

'^^^' mod. OS < mod. OP' + mod. PS. 

Thia meana Biiti ply .that two sides of a triangle are, together, 
greater than the third side. If OP and OP' had the same 
amplitude (that is, the same 
direction) then the modulus 
of their sum w j ild be pqtial 
to the sum of then moduli 
Extending these consiideia 
tiona to thiee oi moie im 
agmanes we leadily ariive 
it the foil iwmg theoiem 
'le moduli a of lite sum of 
o o) moie coiiiplev mmbms 
is less thai o at mo'.t equal to the sum oj tkur moduli In 
other words a stiaight line joinmg two points is shorter than 
the sum of the y iits of \ Lioken line connecting, the s\rae t^o 
points. 

84. Multiplication of Complex Numbers. The product of 
z = a + ib = p(cos + i sin &) 
and z' — a' + ib' = p'(cas $' + i sin $') 

may be defined as follows : 

z-s' = pp'\cos{e + &') + I sin(e ■\-d')\, 
that is, the modulus of the product of % and %' is equal to the prod- 
net of their moduli; the amplitude of their produd is equal to the 
Slim of their amplitudes. 

Ek. 1. To what power n must s = ^(00345" + 1310 45") be raised, in 
order that z" may have the same direction as s ? What are the conditions 
that s" = s P 

Theorem ; (cos e + ; sin fl)™ = coa mS 
n is a positive Integer. 
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85. Continuity of f{z). We wish to prove that /(e) varies 
continuoxtsly with z, that as the complex number 3 changes 
gradiially from a + ib to a' + ib', f{z) ohaiiges gradnally from 
f(a + ib) to f (a' + ib'). 

Let z vary from ?„ = a + ib to Zg + k, where h is likewise a 
complex number. The corresponding increment otf{ss) is 

and this, by Taylor's Theorem, § 18, is equal to 

where /* (2,,), /"N). •■; /"(^) are each finite complex numbers. 
Now, expression I is 

=»l/'W+Y^/"« + ■■■+'^.n'.)i- n 

Since each term within the parenthesis of II is a finite complex 
number, and the number of terms is also finite, it follows that 
the entire expression within the parenthesis has a finite value. 
Tor, by § 23, the modulus of the sum of two or more complex 
numbers cannot exceed the sum of their moduli, and no complex 
number with a finite modulus can be infinite, no matter what 
its amplitude (direction) may be. Hence, by § 24. as the 
modulus of h is allowed to approach the limit zero, the modu- 
lus of the entire expression II approaches the limit zero. But 
when the moduhis approaches the limit zero, the complex varia- 
ble itself approaches zero, no matter what its amplitude may 
be. Hence the expression II approaches the limit zero when 
h does. 

Since expression II represents the difference between /(iHo+li) 
and /(2o), ib follows that an infinitely small variation of the 
complex variable z corresponds to an infinitely small variation 
of the polynomial /(a), and the contimiity of /(s) is established. 
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The above reasoning remains valid if wo write the real varia- 
ble ■£ in place of the complex variable t. For, real numbers are 
only special cases of complex numbers. 

An examination of the graphs in § 16 shows that when x in- 
creases, /(a;) does not necessarily increase ; it may increase or 
decrease. What we have proved is that, whether increasing or 
diminishing, /(a;) passes from one value to another continuously, 
never ^Je*" saltum. 

26. Fundamental Theorem. We shall now demonstrate the 
important theorem which was assumed without proof in § 7, a 
theoreia which has been called the fundamental proposition of 
algebra.* 

Every ratAonal integral equation with real or complex coe_fficients 
has at least one root. 

If we can show that the theorem is true for the special case 
in which the coefficients of the given equation are all real, then 
the general case, in which some or all of the coefficients are 
complex, easily follows. For, if fj{z) is a function of z, whose 
coefficients are, respectively, the conjugate imaginaries of the 
coefficients of a second function fi(z), then we may write 
fr(z)=A + iB and Mz) = A-iB, and Mz) .Mz)=A'+B'=f(z), 
where f(z) has only real coefficients. Now, if f{z) = can be 
shown to have a root «[, then we must have either /i(a,) = 
01 /2(«i)='*- Suppose /,(ffi,)=0, then it follows that /3(«!) = 0, 
where «3 is the conjugate of «„ § 8. Hence f,{z) = and 
/j(3) =0 have each at least oue toot. 

Without loss of generality we may now assume that the 

* For hisWrical and critical remarks on the numerous proofs which have 
heen given of tliis theorem, see the fiiicytfcipadie'f Walk Wii^ IBla,No.7; 
see also Moritz in Am. Math. Monthly, Vol 10 t 151 t-lDBS gave four 
proofs of this theorem, the touith (134tl) being a simplitl ation of tlie first 
(1799). Tlie one given here ia in sulistanee t auso a proof o( 1B49. It is 
geometrical la character, and ia open to the objection raised in the foot-note 
of Sa 
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SOMK ELEMENTARY PROPEKTIBS OF EQUATIONS 27 

polynomial f{z) oi the ntli degree has real coefficients only. 
We wish to prove that there exists always at least one value 
of z, either real or complex, which causes the polynomial f(%) 
to vanish. 

Let z = x + iy, then, by § 22, the variable represents points in 
a plane, and the function f{z) has a deiinite value at each 
point in the plane. As in § 8, we may write /(s) =P + iQ, 
where P and Q are functions of x and y with real coefficients. 
To iiud expressions for P and Q, let x = r cos ^,y = r sin ^. 
By De Moivre's Theorem, 

z" = r"(cos ^ + J sin ^)"' = ^"(cos m<() + * sin nti^)- 

Substituting for z in f{z), we get, 
P=r''(;os)ii^+CTii'"~'cos(ji— l)i^ + (i2r''~^cos(«— 2)'^+ -■• +a„, 
^ = )■" sin n</. + fti'c" ' sin (w _ 1) ^ + a^r-^ sin {n—2)<\^^ 

A second expression for F and Q is obtained by letting 
t = tan 1^ tfi. We obtain, 

, ^ —f . , 'it (1 + iiV 

cos 6 = -, suiii = , z = 'r^^^^ — '-■ 

^ l + (^' ^ 1 + i^' 1 + f^ 
This gives, 

(1 + er (P + iQ) = r" (1 + Uf" + cV-'il + Uy^-' (1 + f) 

+ ...+0,(1 + 1^)". 

If we expand the binomials by the binomial formula, and 
arrange the result according to the powers of t, we get, 

P_ g(0 o„ Mt) 

where (/(i) and h(t) are rational integral functions of (, the 
degrees of which do not exceed 2 n. 

All points in the plane having the same value for )■ lie upon 
a circle of radius r, the centre of which is at the origin of 
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coordinates. . To determine the points on tliis circle tor which 
P and Q vanish, we must solve the equations g(t)^0 and 
h(t) = 0, for the given value of '/■. But we know by § 7 that if 
7t(() = and g(t) = have roots at all, they cannot liave more 
than 2ji. I'rom this it follows that neither P nor Q can be 
eqnal to zero at all points of an area in the plane, for in that 
event we could select r such that the circle would pass through 
that area, and P and Q would vanish at an infinite number of 
points on this circle. 

The value of Q may be written. 



■>(»-l)* + ^»nC»~2)*+...")- 



From this expression it is readily seen that r may be taken 
so large that Q has the same sign as ain n^ on all points of the 
circle where siiin<^ is numerically larger than some value t, 
which may be as small as we please, but not zero, Mark on 
the circle the points 

0, 5, ?5, ..., P '■-')', 

and designate them, respectively, by 0, 1, 2, ■-■, 2n—l. Thus, 



the circle is divided into 2 n a 




, (01), (12), (23), ■•■, (2 w-1, 0), 
in which sin nifi is alternately 
+ and — . The figure shows 
the division for n = 5. In 
passing from are (01) to arc 
(12), the function Q, for suf- 
ficiently large values of )■, 
changes from + to — , Since 
by § 2S, Q is a continuous 
function having real values, 
in going along the circle from 
+ to — , it must at the point 
I pass through zero. Simi- 
larly, Q must pass through 
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zero also at the points 2, 3, ■ ■ ■, (2 n — 1), but it does this at no 
other points of the circle. 

Similar remarks apply to P. It is readily seen that, for 
sufficiently large values of r, P and cos n4> have always equal 
signs; that Pis positive at the points 0, 2, ■■-, (2)i~2), and in 
their vicinity, and negative at the points 1, 3, 5, •■-, (2k — 1), 
and in their vicinity. 

We have seen that Q cannot vanish at all points of an area. 
Consequently the area within the circle can he divided into 
districts so that in some districts Q is everywhere positive, 
while in others it is everywhere negative. These districts are 
marked off by boundary lines along which Q vanishes. To 
aid the eye, the positive districts are shaded. 

An ai-c {2h,2k + 1) of the circle, along which Q is positive, 
lies in a positive disti'ict. This district lies partly inside and 
paiiiy outside the circle. Designate by I the part of it that 
is inside. Several cases may arise. The area I may terminate 
inside, as does (2, 12, 3), in which case {2 h, 2 ft + 1) is the only 
arc of the circle on its boundary. Or, the area I may run into 
another positive arc {2k,2k + i), or it may divide into two 
or more branches, each of which terminates in a positive arc 
(2 ;, 21 + 1). If there could be within I an area, like an 
island, in which Q were negative, then the conclusions which 
we are about to draw would still follow. 

Consider the boundary line within the circle, passing from 
2h + l to2k. Along this line Q = 0. But P is negative at 
the point 2h + l and positive at the point 2 7c. Since P is 
continuous and represents real vaUies, P must pass through 
zero in at least one point along the boundary line connecting 
2 ft + 1 and 2 k. Thus, at that point, we have not only Q = 
but also P = ; that is, f{z) ^P+iQ^O. Thus the existence 
of at least one root otf{z) = is demonstrated. 

The figure on the preceding page is taken from H. Weber 

and represents approximately the relatious for the equation 

s»_43_2 = 0. 
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Its roots are approximately 

« = 1.52, p=- .51, y = - 1.24, £ = .12 + i 1.44, . 

The root a lies on the boundary (1, 10, 0). 
The root p lies on the boundary (9, 10, 11, 6). 
The root y lies on the boundary {5, 11, 4). 
The root t lies on the boundary (3, 12, 2). 
The root f' lies on the boundary (7, 13, 8). 
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CHAPTER IT 
ELEMENTARY TRAMS FORMATIONS OF EQUATIONS 

27. Fiequentl^ it becomes necesuar^ to tiaiisform a given 
eqiiation into a new one wlio^e roots (oi coefticieiits) bear a 
given relition to the mots (or coeffifientu) of the original 
equation The discussion of the piopeitiea af in e ]in,tion is 
often facilitited by such trans for ications 

28. Change of Signs of Roots To change an equation into 
another who'iB loots iie numeiiuilly the sime at, those of the 
given equation, but oppcsite m sign, it is only neoe-jsavy to 
mbstitute ill the given equation — x for x. This transformation 
has been used already in the application of Descartes' Rule 
of Signs to negative roots, § 12. The signs of all the t^rms 
containing odd powers of x are changed by it. The proof is 
as follows : 

Let a be any root of the equation f(^) = 0. Then we must 
have /(a) = 0. If, now, we substitute — x for x, we get 
/(— X) = 0. Of this equation — e is a root, for when we take 
x = — a, we have /(—[—«]) =/{«), and this we know to be 
equal to zero. 

29. Roots multiplied by a Given Number. To transform an 
equation into another whose roots are m times that of the first. 

Put y = mx, and substitute ^ for x in the identity 

(i^'' + a,x"-^-\ +a„ = an(x-ii,){x-ai) ■■■ (x-n„) = 0; 

we get 

*'S+°'£S+-+"-=°"(™~"')(S-"')-(™""")"''- 
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Multiplying bj jji'Vwe have 

(tot/- + moiy"-' -i \-m''a„^aft{y—ma^)(y-mai)--(j/—nia^)=0, 

wliicli is the required equation. 

Hence, muUiply the second term hy m, the third by m?, ayid 

Bi. 1. Transform the equation a? ■\- \v? + \% + ^ = (} ivito ai\ equa- 
tion with integral ooefBoients and «„ — 1. 

Multiply the roots by m and we get x' +^s;^ + ^k + ^ = 0, The 
fractions will disappear if we take ni — 6. The result is 
i6= + 33:2 + 121 + 54 = 0. 

Ex. 2. Find the equation whose roots are 5 times the roots of the 
equaticai a' — a^ + a;^ — a: + J = 0. 

Bx, 3. Find the equation whose roots are — J times the roots of 

i4 + 4 a^ _ 4 a^ + 8 a; + 32 = 0. 

Ex. 4. Transform the equation Sk' + Ik^ — 5a; + 6 = into one in 
wbiuh the coefficient of s? is unity and all coefficients are integral. 

Divide the left member of tlie given equation by 3, then multiply the 
roots by m. We obtain 3? + ~o^^ _ 5^^ + ^B! ~ o. 

Taking m — 3, we get the required equation, a>' + 4a^ — 153; + 54 = 0. 

Ex. 5. Change the signs of the roots of the equation 
^jf^j^-dt^ + x + ^^r). 

Ex. 6. Remove tlie fractional eoefflcients from the equation 

kppping «u = 1. 

Ex. 7. Transform the equation Ul^ — fix^-\-1 x - ^^ = <) so that the 
coefficient of the highest term is unity. 

Ex. 8. Remove fractional coefScients from %x? ■¥ \v? — »-\- ^ = Q, 
also make the coefficient of the highest term unity, and change the signs 
of Ihe roots. 
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30, Reciprocal Roots. To change an equation into a, new one 
whose roots are the reciprocals of the roots of the first equa.- 
tion. In the eqiration 

put x = -, and we have 



-"•e-"^G-"^-G-)- 



Multiplying by ?/", 
a^" + a.-af-' + - + «„ = a^Jy - ^^ (y - 1") ...(y-~^^Q, 
the required equation. 

31. Reciprocal Equations. If an equation is not altered ^vhen 
X is changed into its reciprocal, it is called a Teoiprocal equation. 
Comparing coefficients of the first and last equation in § 30, we 
see that the conditions for a reciprocal equation are 

cs, a^ ' flo a„ ' a„ «„' «« a„ 

The last condition gives a^ = a^ and «„ = ± a-a. If «,, = +aot 
then the denominators in the equations of condition are all 
alike, and we see that the first, second, tJdrd ooefficienla, elc. 
tdk&ijrom (lie beginning, are equal respectively to the first, necond, 
amd third coefficients, etc., taJcen from the. end. If a„= — dot then 
these relations are modified in this, tJiat corresponding terrns 
/ram the beginning and end liave c^podte ^'gns. 

If a is a root of a reciprocal equation, - must be a root also. 

Hence the roots of a reciprocal equation occur in pairs «„ — ; 

1. ^^^ "' 

If the degree of the equation is odd, then one of the roots 
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must be its own reuiiJi'ocal ; that ia, oue of the roots must be 
either + 1 or — 1. If the coefiieients have all like signs, then 
~ 1 is a root; if the coefficients of the terms equidistant from 
the first and last have opposite signs, then + 1 is a root. In 
either case the degree of the equation can be depressed by 
unity, if we divide f{x) by a; + 1 or by ic — 1. The depressed 
equation is always a reciproccd equation of eiien degree with like 
signs for its coefficients. 

If the degree of a given reciprocal equation is even and if 
terms equidistant from the first and last have opposite signs, 
then the left member of the equation has ^ — 1 as a factor. 
For, the equation may be written in the form 

(x^ _ 1) + a,x{a.^~"- - 1) + flsx'(2^"-* _ 1) + :.. = 0. 

Dividing by «° — 1 reduces this type of reciprocal eqnaLion to 
one of even degree with all coefficients i)ositive. 

Since all reciprocal equations of odd degree and all recipro- 
cal equations _of even degree with half of the eoeflicients 
negative, are reducible to reciprocal equations of even degree 
with coefficients al! positive, the latter kind is called the 
standard form of reciprocal equation. 

Ex. 1. TJnder what coiidiUoiis is the equation 

X* + aix" + a-2X'> + ciix + ai = (l reciprocal ? 
Under what conditions is it in the standard form? 
Ex. 2. Reduce the following reciprocal equation to the standard form. 

x^ + aiiK" + a-:X* - n^if? ~aix~\ =.0. 
We may write it thus: Q# - ■[) .^^ ai.xia* ■- 'i) -^ a^^a-:^ - I) = f\. 
Dividiag by a^ — 1, a* + a\ifi + (1 4- ai) a:* + ma: + 1 = 0. 

Ex. 3. For what value of Oa, will 

*'"■ + ((ia:2«-i -i.fl.je2"-2+ ... ^ a^,'^^ - a^^ix"-^ - -.- - itiu: - 1 = 
be a reciprocal equation ? 

Kx. 4. Solve the equation ;c' + 3 *- - 3 a; — 1 = 0, 
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Ex. 5. Solve the equation ?,x^ + 2x'' -]- 2x + 3 = 0. 
Ex. 6. Given tliat c is a root o£ 

c«c= + (ft - rtc) s:^ - h<:x' ^ h^'' - (ri - he) x + ac = 0, 
find tiie other roots. 

32. Roots diminished by a Given Number. If an equation is 
to be transformed into anotiier whose roots are those of the 
first, diminished by h, then we take y = x, — h, and substitute 
a; = »/ + A in the given equation 

a0'' + a^x^-'+ ...+(r„==0. I 

"We obtain a^(^ + A)"+ ffi(2/+' '')""' H 1- «- = ^- ^^ 

If (« is a root of equation I, then « — /t is a rout of equation II ; 
for, substituting a—h for y in the latter, we gut 

flga" + Oi"""* -I ha„, 

which expression must vanish, sinne « is a root of T, Hence 
II is satisfied by. y — a^h. 

If we expand the binomials in II and collect the coeiRcients 
of like powers of y, we obtain, let us suppose, the equation 

^V +^1^""' + -<%""'+■" +A = 0. 
Since 1/ = x^ Ji, this equation is equivalent to 

A„(x ~ 7iY+Ay{x - /t)""' + ■■■ + A-i(3^ - '0 + ^, = 0. 
The form of this last equation suggests an easy rule for carry- 
ing out the actual computation. Dividing the left member by 
a; — A, the remainder obtained is seen to be equal to A^, the 
absolute term. If the quotient thus obtained is divided by 
x — h, the remainder is A„_-„ the coefficient of x. By continu- 
ing this process we can find all the coefficients of the trans- 
formed equation. 

If, instead of diminishing the roots, we desire to increase 
them, we take /( negative. 
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Ex, 1. Transform i^ - 5 k' + 7 e^ - 1 e + 5 = iiii 
whose roots are leas by 2. 

By synthetic division the process is as follows : 

1 _5 +7 -1 +&L2 
+ 2 -(! +2 -4 
-3 +1 -2 +1 



The numbers in l)laok type, 1, — 4, + 1, + 3, iiidioate, respectively, the 
first, second, third, and fourth remainder. Hence the reciuired equation 
is3^ + 3a;9 + a:3-4a; + l=0. 

Ex. 3. Diminish tlie roots of 3 a;= - x» + 10 * - 8 = by 5. 

Ex 3 Transfoim the equitjoii /* — 8p'+ i" + a; — 6 = into another 
in which the second term is wiuting 

Ihe sum of the roots o£ the gnen equation, by § 13, is + 8. In the 
required equation the sum shall be zero Heni_e the sum of the roots 
most be diminUhed by 8 , each wiigle root bv 2. Hence we get by 
synthetic division a* - 23 /^^ - 5fi j - 48 = 

Ex. 4. Remove the second term of j::^ + 10 ?,■* + z' + 1 = 0. 

Ex^ 5. Remove the second term of 4 a;' + 8 x' + k + 12 = 0. 

33. Removal of Second Term in the Cubic. In the transfor- 
mation of tlie general cubic 

6^1^ + 3 6iIo^ + ;; h.iK + lj.^=^Q 
into another, deprived of the second term, wo notice that each 
I'oot niufit be increased by ^, the sum of the roots in the given 
cubic being — j— '■ Vnty ~x-\- —, then x — y^j^- Substitut- 
ing, we obtain 
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A collecting the coefficients of the diiterent 
piDwers of y, we get 

where 6o^ = 6A-V-H, 

h'^Ss = b„\ - 3 bfiih + 2 6i= = G. 

Accordingly, the transforiiied cubic, deprived of the aecond 
term, is 

If the roots of this equation are multiplied by 6,1, by the 
process shown in § 29, and the letters H and G, as dehncd 
above, ai-e introduced for brevity, then the transformed onbic 
takesthefopm i^ + SH, + g^O. 1 

Since s = 6uj/ and y~x + - , we liave z = J'i;c + bi. 

The reader will observe that by the use of the binomial 
coeffleienta, 1, 3, 3, 1, in the original cubic, the expressions 
arising in the process of transformation are simpliiled some- 
what. The use of binomial coefficients is frequently found 
convenient. 

34. Removal of Second Term in the Quartic. Write the 
quartic with binomial coeflicieats, thus, 

b^ + 4 ftix^ + 6 &#? + 4 b^x + 6^ = 0. 

4 6, 
The sum of the roots being — y-^, each root must be increased 

by -'■ Putting y = ie + y, we have x=:y-~-r^- Substituting 

in the quartic and expanding the binomials, we obtain 
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where H and 6 ai'e defined in § 33. The last term of the 
transfonned quartiu it is most convenient to consider as 
composed of H and of a new function L Let I-^b^^ — 
4 (>i6, + 3 bi. Then we obtain the following : 

l,^})^ _ 4 hibihs + 6 b^^h^ - 3 W =• V {hh - ^ i>A + 3 h^) 
- 3 (6u&5 - bi-f = 6„'/- 3 H\ 
The transfovmed qnai'tic takes now the foi-m 

ba' i„= ^ \' 

or, multiplying the roots by b^ the form 

Z*+QHz^ + iOz + b„n~ 3 J/^ = 0. II 

Since z = h^i, and j/ = 3; + ,', we ha^e s = 6^1; + ii. 

Ex. 1. Compute It and G for tlie cutiic, obtained by tmns£oi'mitig 
s' + 8 a!^ + 4 a ~ 10 = 0, so that the second term will vanish. 

Ex. 2. Comput« H, G, and I for the qiiartio with tlie second term 
wanting, obtained from 2 a;* - 16 a^ - 3 cc^ + s; - 13 = 0. 

Ex. 3. Verify the results obtained in the last two exercises by trans- 
forming the cubic and quartio by the process of synthetic division, as 
in § 32. 

35. Equation of Squared Differences of Roots of Cubic. The 
formation of the equation whose roots are the squaves of the 
differences of every two of the roots of a given cubic is of 
importance, because the equation thus formed leads with com- 
parative ease to the criteria of the nature of the roots of the 
general cubic. Let the cubic be 

iox* + 3 ^a^ + 3 b^^ + 63 = 0. I 

Transforming so as to remove the second term, we have, by S 33, 

■where y = x-'i--^- 
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Let the roots of equation II be a, ^, y. Then the squares of 
the differences of every two of the roots are 

{«-»■, {,-yf, W-y)'. Ill 

Since the roots of II are the roots of I, each increased by — , it 

follows that the differences of the roots, two by two, of equa- 
tioLk II ai-e the same as the differences of the roots of equation I. 
Hence the squares o£ the differences, given in III, are the 
squares of the differences of tlie roots of equation I, as well as 
of equation II. In other words, both equations lead to the 
same " equation of squared differences." This last equation is 
evidently 

|z-(«-ft'!l!i-(«-y)'H2-tf-r)'l = 0. IV 

The coeificients may be calculated as follows ; liquation IV is 
satisfied by the equality 

We obtain from this 

. = .. + /? + y.-r.-^';fl. 

Now K^+;8* +-y* was shown in § 15, Ex.2, tobe equal to ai^—Sajj 
in the ease of equation 1 1, rti = 0, bj = ■— -* ^^> 









a' 


' + /)■ + /- 


v' 


while 








./)y = - 




Hence 


we 


may 


write 







where y^ and y are written for y" and y. This is allowable, 
since y is one of the three possible values that y can assume in 
equation II. 
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Multiplying the members of the last ec^uation by y, we have 

Subtracting equation II from this, we get 
'SH 3G n 

3(? 



" 6„^ + 3 Mb^ 

We have here 3/ expressed as a linear function of s. Sub- 
stituting this expression of y in equation II, we obtain, after 
some labor, 

^ ^^z' + ^^z + %{<?' + i IP) ^0. V 

This is the " equation of squared clifEerenoes " of the roots of 
equation I and of equation II, the roots of V being 

(a -ft', (,<-y)', 03-r)=. 
Multiplying the roots of equation V by ba% we obtain an equar 
tion free of fractions, 

K« + 18 Hz' + 81 lih + 2T ((?= + 4 H=) = 0, VI 

whose roots are . 

V(«-»', V(«-y)', VO-t)'- ' 
Here («-W(«-y)'C/J^,)' = ^g{0' + 4ff")aA 

where D ia an important function, known as the discriminant 
of the cubic. Since, by § 33, 

= b^\ - 3 bAh + 2 h% 

we obtain 

V-D = 27 (3 b,%^ + 6 b^bA ~ W - 4 ''oV - * h%) ■ 
In the discussion of the oubic equation we ehall freijuently 
make use of the discriminant. 
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Ex. 1. Find tlic equatidu o£ squared difierences of the I'ouLrf of llie 
cubiu ic' + Sa^-Sa;- 1 = 0. 

Here 6o = li 6i = Ij &2 = — 1^ 6a = — 1- Hence C ^ 4 ami 11 — — '2. 
The required equation is zs - ao s^ + y^i s _ 432 = 0. 

Ex. 2. The cubic in the previous example is a reciprocal eqiiatiuii. 
Solve it, find the values of tlie squared diSerenceH of the roots, and see 
vfhether they are really roots of the equation of Hqnared differences. 

The reciprocal equation of tlie standard form, obtained from the above, 
is a:^ + 4 3; + 1 = 0. The roots of the given cubic are 1, - 2 ± VS ; tiieir 
squared diflerences are 12, 12 ± 6V3. Dividing the left member of the 
transformed cubic by s — 12, thus, 

1 - 86 + 324 - 432 I 12 
+ 12-288 + 432 
--24+ 3(i+ 
we see, by § 4, that 12 is a root. Tlie depressed eiiuation, 3^-24 3+38 = 0, 
is satisfied by s = 12 ± QVS. 

Ex. 3. Find the equation of squared diSerences of the roots of the 
cubic x^ + x^'-x-l = 0. 

The required equation is 3" — 8 s^ + 16 z = 0. What inference can be 
drawn witli respect to the roots of the given cubic from the fact that s = 
is a root of the transformed cubic ? 

Ex. 4. rind the equation of the squared diflerences of the mots of 
a^ + 3K + 2 = 0. A7ts. 2» + 18 2^ +. 81 z + 218 = 0. 

It is icnportaut to observe that, since the last term + 216 is positive, 
and is equal to miiius the product of the roots, at least one of the three 
values of z must be negative. Now if the roots of the given cubic are all 
real, then tlie squares of their differences must be pfsiiive, and all the 
values of a must be positive. A negative value of z oan be obtained only 
when the given cubic has two imaginary roots. Hence x' + 3x + 2 = 
has two imaginary roots. Verify this by Descartes' Itule of Signs. 

Ex. 5, Find the equation of tlie squared differences of the roots of 
3^ + 6a^ + 5j;_18 = 0. 

The process is easier if we first transform the cubic to another whose 
second term is wanting. 

38. Criteria of the Nature of the Roots of the Cubic. We pro- 
<*ped to disc.nss the niitnrn of tlie roots of the general cubic I in 
S -■>.■), \vil-,l[ the lit;li) of the " cqujitiou of squared differences " Y. 
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To begin with, observe that, since the absolute term in V is 
eqiial to viiiius the product o£ the three roots of V, at least one 
of the three roots must be negative when the absolute term is 
positive. But a negative root cannot occur in V, if all the roots 
in I are real, A negative result can be obtained only when the 
number that is being squared is imaginary. Hence, a negative 
root in V indicates the presence of two himginary i-ools in I. 

Again, when all tJie jvots in V m-e positive, then I cannot have 
imaginary roots. I'or, the square of the difference of two con- 
jugate imaginary roots is always real and negative, making the 
absolute term in V positive and one of its roots negative. 

Beai Boots. Equation I has real roots when (?' + 4 if' is 
negative. For, to make this negative, H must be negative and 
4 H^ must be numerically greater than O^. That being the 

case, the signs of the coefficients in V are -\ 1- — . Hence, 

by Descartes' Eule of Signs, V can have no negative roots- 
Since all these roots ai'e i-eal, they must be positive. Conse- 
quently, equation I has all its roots real. 

Complex Boots. Equation 1 has two complex roots when 
G^ + iH" is positive. Tor, when this is positive, one of the 
roots in V is negative, 

Tv!o Equal Boots. Equation I has two equal roots when 
G^ +iH'' = 0. For, in this case, s = is a root of V, showing 
that two of the roots in I have zero for their difference. Thus, 
tJie vanishing of the disci'irninant indicates equal roots. 

Three Equal Boots. Equation I has three equal roots when 
Jf = and G = 0. For, V reduces to e* = 0. Since all the roots 
of V are zero, all the roots of I must be equal to one another. 

Ex. 1. Prove that equation V in § 35 cannot have three equal roots 
diflerent from zero. 

Ex. 2. If two roots in V are equal to each other, but not zero, what 
inference can be drawn about the roots of I ? 

Ex. 3. Compute the discriminant oi x" — C tfl + 3 x — i — 0. 

Ex. 4, Fuid the clisi 
inference can be drawn froi 
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CHAPTER III 
LOCATIOH OP THE ROOTS OF AN EQUATIOM 

37, In this chapter we shall deduce theorema giving limits 
between which all the real roots of an equation with real coeffi- 
cients lie. We shall also derive theorems which enable ua to 
separate from each other all the distinct real roots, and to 
ascertain the exact number and location of the real roots. 

38. An Upper Limit. If in the equation /(ic) = the coefficient 
of x" is unity, then the numerically greatest' negative coeffleient, 
increased by one, is an upper limit of the positive roots of the 
equation. 

Any positive value of 33 makes f{x) >(), if it makes 
a;"-Ka^'-' + a,-^+ .- +1)>0, 

»--!-~f>». 
where p is the numerical value of the greatest negative coeffi- 
cient. All the more ie f{x) > 0, if a positive value of x makes 

(=.--1)-p5^>o, 



('-)(-A)>«- 



But this last expression is always >0, or positive, if j)<a: — 1; 
that is, a x>p + l. 

Since any real value of x, greater than p+'i, makes /(a!)>0, 
every real value of a: which makes f(x) equal to zero must be 
equal to or less than p + 1. Hence p -|- 1 is an upper limit of 
the real positive roots of f(x) = 0. 
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39. Another Upper Limit. If the numerical valne of each 
negative coefficient is divided by the sum of all the positive coeffi- 
cienia which precede it, the greatest of tlw fractions thus formed, 
increased by one, is an upper limit of tlie positive roots off(x) = 0. 

Itet f{x) = a^ + a,^-^ — aiiJf^' + a^3f^ — a^''-^+ ■'■ +ii„, 
in which the coefHcients of af'^ and a;""* ate negative. Since 

wehave i!^ = (x-l){ar-'' + x''-^+ - +s; + l)+l. 

If we transform all the positive terms in f(x) by means of 
this formula, we obtain f{x) = 

at,(K-l)a^''-'+«o(«!-lK""+c(«(x-l)a;"-=+ao(a;-l)a:"-'+..- + ao 

—a^~^ 

+a3(a'— l)x"'*H 1-"3 

+ ■■■- 
If in this expression x is assigned a positive value large 
enough to make the sum of the ooeffieients in each cohnnn 
of terms positive, then /(a;} will be positive for that value 
of X. The coefficients in the first aiid third column are ])Ofii- 
tive, if x>i. The same is true of all other columns wliidi 
are free of negative coefficients. 

The sum of the coefficients in the second column, contain- 
ing the negative coefficient — a^ is positive if a; is large enougli 
to™^^« a,{x-l) + a,(x-t)-a,>0. 



Similarly, we obtain from the fonrth column, if 
a,(se-l)+a,(x^\)+a,{x~-i)^a,>0, 
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The same reasoning applies to any column containing a 
negative coefficient. Hence, if we take x equal to, or greater 
tlian, the greatest of the expressions thus obtained, then tlie 
polynomial f{x) will be positive, and the greatest expression 
constitutes an upper limit of the positive roots. 

Ex. 1- Find upper limits of the poailive roots of 
By § 88, 17 is an upper limit. 



By § 30, thB fractional expressions are - + 1 and - 



1 + 18^ 

Hence S ia an upper limit. The largest positive root is 5. Tius g 39 
gives here a closer limit than § 38. The limit obtained from § 38 is never 
smaller than that obtained from § 39, and usually not so small. 

Ex. 3. Find superior limits, by § 38 and by § 39, of 

(1) a;* + 45a;2-40« + 84 = 0, 

(2) 3 X< + 6a^ + 12x'' ~ ix - \0 = <i. 

(3) 2a:5+ 10a;* -72lc' + 5a^^ + 153: -30 = 0. 
^4) 2 3:= - 5 j:'^ + 1 4- 10 = 0. 

40. Lower Limits. A number not greater than ajiy of the 
positive roots of an equation constitutes a lower or inferior 
limit. Such a limit may be found by transforming the given 
equation into another whose roots are the reciprocals of the 
roots of the given equation. By § 30, this can be done by 
writing x=-- In the transformed equation we find a superior 
limit of y ; the reciprocal of y will be an inferior limit of x. 

41. Limits of Negative Roots. Substitute in the given equa- 
tion — y for X, and then find the superior and inferior limits 
of the positive roots of the transformed equation. 

Ex. 1. Find limits of the positive and of the negative roots of 
xi- 10zS-23a:- 7 =0. 

By § 38 and % 30 tiie upper limits are 24. Writing 1 for a, we get 
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7 j' + 23 !/3 + 19 S^ — 1 = 0. The upper limits of the roots o£ this equaiion 
are ) and fS; hence the lower iimits o£ tiie positive roots of the given 
equation are 5 and ^{|. 

Writii^ — y £or x, we obtain ti* — Ifi y^ + 23 y — 7 = 0. We obtain 20 
as a superior limit and ^ as an inferior limit ot the positive values of y. 
Hence the «e3a(tire roots of the given equation Ua between — j^and —20, 
and a]l the roots lie between 24 and —20. 

To convey an idea of how the limits oompaiii with the actual values of 
X. we give the roots: 4.8977 ■-, - S.fiasi — , ~.nU-; -.5622.... 

Ex. 2. Between what limits do the real roots of k' -)- 6 z* + lc^ — 16 j;^ 
- 20 K - 16 = lie ? 

By § as and § 41, the roots lie between 21 and -21. By §39 and §41, 
the roots lie between V and -6. The roots are 2, -2, -i, i(-l±V-3). 

Ex. 3. Between what limits are the real roots of 
(I) K» + 4a;»-5;'-16K-12 = 0, 
(3) 3;'-32» + 3i-l = 0, 
(8) 3^ - 11 !C* + 17 !C* + 17 E* - 11 a + 1 = ? 

42. Change of Sign of f{x). If two real numbers a and b, when 
substituted for x infix), give to f(x) contrary sigits, an odd num- 
ber of roots of the equation f(x) = must lie between a and b; if 
they give to f{x) the same sign, either no root or an even immber 
of roots inust lie between a and b. 

Since /(a;) varies coMlnuoushj with x (§ 25), and f(x) changes 
sign in going from /(a) to f(b), passing through all the inter- 
mediate values, it follows that f(x) must pass through the value 
zero. That ia, there is some real value of x, hetween « aud b, 
which causes /(a;) to vanish and is a root of the equation /(a;) =0. 
But /{«), in passing from f{a) to /(6), may go through zero 
oiore than once. When f(a) and /(&) have opposite signs, /(a?) 
must pass through zero an odd number of times. Since a real 
root corresponds to a point where the graph oif(x) crosses the 
axis of X, the statement just made simply means that, to pass 
from n point on one side of the axis to a point on the other 
side of it, we must cross the axis an odd number of times. 
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Similarly, if /(a) and /(6) have like signs, they represent 
two points on the same side of the axis. To pass from one 
point to the other, the graph either does not cross the axis at 
all, 01' it crosses the axis an even, number of times. Hence, iJ 
/(a) and f{b) have like signs, there are either no roots or an 
even number of roots between « and b. 

Ex. 1. Locate the roow of x^ +ix> - 3? - mx-U ^0. 
Trom Descartes' Rule of Signs (§ 11) we see that there citiinot be more 
than one positive I'l 



lot and not moi 


I'e than three negative roots. 1 


/(0) = -ll- 


/(-:)-+ 1. 


/(l) = -23. 


/(-3) = +l. 


/C3) = +l. 


/(-2.7) = -.0. 




/C-3) = + l. 


1 positive root 


lies between 1 ami 2, that the 



We see that tl 
roots lie reapectively between and —1,-2 and — 2.7, — 2.7 and — 3. 

Ex.2. Locate the roots of afi - bx^ + dz" -^x^ + bx -I = 0. 
By Descartes' Rule o£ Signs we see tliat tiiere we no negative roots. 
We obtain 6 as a superior limit of the positive roots. We have 
/(0)=-L /(2) = -3. 

/(.5) = +.09. /(3) = +H. 

/(l) =0. /(6) = + 2946, 

We see that 1 is a root ; that there is a root between and .5; also 
between 3 and 3. Two roots are stili unaccounted for; they are imaginary, 
as can be ascertained by Stnrtn's Theorem, to be given later. 
Ex. 3, Locate the teal roots of 

(1) 3:3-:5 3;5-Jfix-7I = 0. 

(2) z> + -ix''- '11 x^ - i2 ,r, + .Sfil = 0. 
(;() 3^*-- las',' + 863;=- 1701 + 110 = 0. 

43. Maximum and Minimum Values of f{x). Aw/ vahie of x 
which rmders f{x) a inaximum or a minimum is a root of the 
derived function of f'(cc). 

First. Let a be a value which makes f(x) 
Since /(a) is a minimum, it is less than both f(a 
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/(a + h), whore k is a sniall increment. By Taylor's Theorem 
{§ 18) we have 

/(«-'o-/(«) =-/'(«) -A+rw-f--, 

/(a + ft) -/(«) = +/'(«) ■ h +/"(«) ■ ~ +•- 

Since the left members of these equatioaa are Ijoth positive, 
the right members must be positive too. Now k may be taken 
so small that the sign of the right member of each equation is 
the same as the sign of the iirst term in the right member. 
Hence —/'(a) • ft and +f(a) ■ ft must both be of tbe same 
sign. But this is possible only when /'(a) = 0; that is, tflien 
a is a root of the first derivative. Since in each equation the 
right member is positive, and the first term in tliat member is 
zero, it follows that /"(a) is positive. 

Secmid. Suppose that x=^a makes /{m) a maximum. Then 
the left members of the above equations are both negative. 
That the right inemtei-s may lie both negative, for very small 
values of ft., it is necessary not only that /'(a) should vanish as 
before, but that /" (a) be a negative value. 

44. Rule for Maxima and Minima. The proof of the preced- 
ing article suggests the following rule for finding maximum 
and minimum values of f{x) : Solve the equation f {x) — 0. 
Each of its roots renders f(x) a maidmum or minimum, accord- 
ing as it makes f" (x) iiegaiive or positive. 



Ex. 1. Fiiid the ma 


.xhiia and miuima of /{x) = 2 k' + 1 5 s= + Sfi I 


Ilera 


f'(x) = <i^ + 30x + 3G, 


and 


f"(x)=^nx + SO. 


/'W =0 gives* = - 


2, ov - 8. We find that /" {- 2) is positive 


/"(-3) is negative. 


, Hence /C-2) is a mimmum and /(-S) 


maximum. 




Ex, 2. Find the ni 


.aximum and ininimum values of /(a) = 2 a-' 4 
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41) 



45. Rolle's Theorem. BeUveen two sticcessiwe reed roots « and 
b of the equation f(x) = there lies at least oiie real root of the 
equation f (x) = 0. 

Let the curve in this figure be the graph of /(a;) = 0. The 
points A, B, C, B, E, F, G represent maximiuu and ininimiiiu 
values off(x) ; the points M, N, /■* i*epresetit real roots of/ (a;) =U. 
Between the two roots M and jVthe euvve bciida down and 




then up Between the real loot at N and the double root at 
P the c rye croes u^ do vu up a d finally down. Evidently, 
between eacl pa r of 1 st cfc s cceasive real roots there must 
be at le'vst o e max o n n m value of /{a;). 

But eich 1 ax mu i o lu n p lint represents a value of 

3! which a a oot of tie eq it o /'(a!) = (§ 44). Hence 
Rolle 8 rheo en ] o e 1 

- From the exa at on of the fi<i- e we see that two sviecessive 
roots of tl e ler ed f ct on nij ot e^oraprise between them 
any real root of /(ai) = 0, as in case of the roots represented by 
D and E; they may eonipnse one distimtt root., as in case o£ 
the roots at A and B, B and 0, E and E, hut they can never 
comprise more than one root of f(x) — 0. 
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Ex. 1. Tlie equation j^i ~ 12 it^ + i7 3^ - 72 a: + 30 = has Uie i-ools 
1, 2, 3, 6. Locate the rooia of the equation 2x^ — ISa:^ + il x - 3ii =0 
by Kolle's Theorem, 

46. The determination of the number of real roots and of 
complex roots of an equation is a problem which lias engaged 
the attention of several great mathematicians. Reseai-ches on 
this subject have been made by Descartes, Kewton, Waring, 
Budan, Fourier, Sylvester, Sturm, and some more recent mathe- 
maticiana. Nearly all of the theorems and rules are defective in 
not giving the exact number of real roots or of imaginary roots, 
but of giving merely a superior limit to this number. Des- 
cartes' Rule of Signs, for instance, gives only superior limits 
for the number of positive and negative roots. 

The theorem of Sturm is free from this blemish. It tells 
always the exact number of real roots within a given interval 
and the exact number of imaginaiy roots of an equation. Be- 
cause of this unfailing certainty we select Sturm's Theorem to 
the exclusion of the theorems of Newton, Sylvester, Budan, and 
Fourier, even though it is laborious in its application. In prac- 
tice, the nature and situation of the roots are more usually found, 
when possible, by the theorem of § 42, combined with Des- 
cartes' Rule of Signs and the theorems oa the superior and 
inferior limits of the roots {§§ 38-41), Sturm's Theorem being 
used only when the other theorems fail to give us the desired 
information. 

47. Sturm's Functions. Let/(a:)=0 be an equation which 
has no equal roots. Find the first derived function of f{x), 
namely /'{m). Then proceed with the process of finding the 
highest common factor of f(x) and .f{ai), with this modification, 
tliat tlie sign of ear.h re^ihainder be changed hefore it is used as a 
divisor. Continue the process until a remainder is reached 
which does not contain x, and change the sign of that also. We 
designate the several remainders with their signs changed, by 
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/j(ic), fs(jB), •■•, f„(x), and call them auxiliar;/ fimctmifi. The 
functions /(k), /'(a!),/a(a;),/8(a;), ■■■, /„(»!) are called Stop's 
Junctions. 

48. Sturm's Theorem. //' f(x} — /io.s no equal roots, let 
any two real quantities a and b be sitbslititted for x in Stuj-m's 
functions, tlten the difference between the number of variations 
of sign in the series wlien a is substUvted for x and the number 
when h is siibstUuted for x expresses the number of real roots of 
/(x) = betioeen a and b. 

Whenf{x) = has muUiple roots, the difference between the 
nuwAer of variations of sign wlien a and b are substituted for x 
in tlie series, fix), f\x),fi{x), ■■-,/,(«), where f,{x) is the Mgltest 
common factor of f{x) and f'(x), is equai to the number of real 
roots between a and b, each multiple root counting only once. 

Fi7-st Case. No Equal Boots. In. § 21 the operation of find- 
ing the highest common factor between /(«) and /'(a;) was used 
for finding multiple roots of the equation /(a;) = 0. If there is 
no highest common factor involving x, there ai'e no multiple 
loots, and we are able to find all of the it + 1 Sturm's functions. 
The last function, /„(»;), is numerical and not zero. 

From the mode of formation of Sturm's functions we obtain 
the following equations, in which q„ q^, ■■•, q„_i are the succes- 
sive quotients in the process : 

/w =,,/'(!) -/,(«), I 



/„,W=9-./.-.(») -/.(»)■ J 



(1) Two consecutive auxiliary functions cannot vanish for 
the same value of x. For, if f^x) and /3(3;) vanish together 
when x = c, each would contain the fiictor x — c. From the 
second equation it would follow that k — c is a factor oE /' (x), 
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aud from the first equation that x — v is a factor oi f(x). 
Hence f(x) and /'(x) would have a couimon factor and {i 21) 
f(x) would have equal roots, which is contrary to hypothesis. 

(2) When any auxiliary function vanishes the two adjacent 
functions have opposite aigns. Suppose, for example, that 
f){x) is zero for a; = c. By (1), fi{x) and fi{x) cannot be zero 
when f^{x) is zero. The third equation, above, then reduces 
i'O fiix) s! — fi(x), showing that /^(a;) and fi(x) have conti'ary 
signs. 

(3) When x, in passing from the value a to the value b> 
passes through a value which makes an auxiliary function 
vanish, Sturm's functions neither gain nor lose variations in 
sign. Por, suppose that, for x = c, f,.{x) = 0, then /,. . [(o) and 
.iC+i(c) have opposite si^ns. As /,(»:) passes through zero, it 
changes its sign from 4- to — , or from — to +. Thus the 
three functions f.-i(x), f,{x), fr+i(p) will have one variation in 
sign just before x = g and also just after x = c. In other 
words, no matter which sign is placed between two \mlike 
signs, we have only one variation. Hence no variation is 
either gained or lost among Sturm's functions. 

(4) Wlien X, in passing from the value a to the value b, 
assumes a value which is a root of the equation f(x) = 0, then 
Sturm's functions lose one vai'iation in sign. By Taylor's 
Theorem, § 18, 

/(c _ k) ~/(.) = - hf'{c) + |/"(c) - .... 

/(c + /,)„/(«) = 

For very small values of h the sign of the right member of 
each expansion will be the same as the sign of its first term. 
lif{x) vanishes for a; = c, so that /(c) = 0, and iff{c) is posi- 
tive, /(c — h) is negative and f{c + h) is positive. That is, the 
signs of /(x) and /'(x) will be — ]- just before x — c, and + + 
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just after x = c. Thus one variation iu sign is lost. Iff'(o) is 
negative, then f(c — h) is positive and f{c + k) is negative. 
That is, the signs of /(k) and /'(a;) will be 4--^ ji^st before 

a = Cf and just after a; — c. Hence a variation is lost, as 

X passes through a root of f(x) = 0, whether /'(c) is positive 
or negative. 

We have now shown that, whenever x, in passing continu- 
oiisly from a to b, assumes a value which luakes one or more 
auxiliary functions vanish, while /{a;) does not vanish for that 
value, no variations of sign are gained or lost among Sturm's 
functions ; but every time that x assumes a value which causes 
f(x) to vanish, one variation is lost. Hence, the number of 
variations lost, as x goes from the real value a to the real 
value b, is equal to the number of real roots of f(x) = be- 
tween a and b. 

iSecond Case. Equal Roots. In the case of equal roots the 
functions /(a;) and /"(a;) have a common factor; hence the last 
of Sturai's functions is not a numerical constant, as before; 
this last function is now the highest common factor of f(x) 
mif(x). Let Sturm's functions be f(x),f'(x'),fi(x), ■■•,/,(»). 
If X paeses through a iMxit of f(x) = 0, which is not a mul- 
tiple root, then the reasoning of the First Case still holds. 
But if f(x) = has the multiple root r, and if x = r, we 
have a difEerent state of things; consecutive functions will 
vanish simultaneously. Suppose that r is an m-multiple root, 
then f^^-^ ^ (^ _ ^y(^ _ ,.^)(^ _ ,.^) ... 

and fix) = mix - r)-\x-n){x-r,) ■- 

+ ix-rnx-r,)(x-r,)- 
+ {x-Trix^r,){x-T,)... 

+ 

Divide f{x) and f'(x) by their H. C. F. (x — r)'^\ and we get 
two functions g{x) and gi{x). We notice that f(x) and gy{x) 
have no common factor and therefore cannot vanish simid- 
taneoualy. Let g'(x) be the first derived function of g{x). 



y Google 



54 THEORY" OF 1£QUATI0NS 

We find that gi(x) diffei-g from g'{x) only by tlie presence in 
gi{x) of the positive coeffiieietit m. I£ x=r, then !/,(«) and 
g'(x) have the same sign; for, (?,(>■) —m(j- — r,)(r — r2) ••• and 
^'()-) = ()- — )-,)(»■ — rj) ■■-. They have like signs also for 



We may therefore find the situation of the roots of g(x) = 
by taking g{x) and g,(K) as the first two of Sturm's functions 
aud forming from these two the i-est of them. This ia per- 
missible, siuce by applying the reasoning of the First Case it 
may be shown that this new set of functions possesses the two 
fundamental properties that as x passes from a to 6 no variar 
tious of signs are gained or lost when an auxiliary function 
vanishes, and that one and only one vaiiation is lost when 
(/(ic) vanishes. 

The number of variations in sign will always be the same for 
the series f(x),r(x),Ux),...f,.{x), 

as for g{x), glx), g^{x), - g..(^). 

For, corresponding terms of the two series of functions differ 
always only by tlie factor (x — )■)""', so that, for any value of 
X, the signs of the terms in tlie first series are all the same as 
those of the second series, or the sigus are all unlike. 

Hence, by examining the variations in signs of the first series 
we can find out how many real roots of the equation g{x) = 
lie between a and b, and this number of roots is the same as the 
number of real and distinct roots of the equation f(x) = 
between those same limits. This proves the second case when 
r ia a multiple root. If f(x) = has, besides r, the multiple 
root )■„, then a slight and obvious modification of our proof is 
necessary. 

49, In the application of Sturm's theorem, the following 
point must be borne in mind. ■ In finding the functions /a («), 
fi{x'), ■•■ it is allowable to introduce or suppress any monomial 
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or numerical factor, aa is done in the process of finding the 
H. C. F., provided that the factor is positive. Particular care 
must be taken not to change any of the signs, except of course 
the sign of a remainder, just before it is used as a divisor in the 
nest operation. 

If we wish to ascertain simply the total numter of real roots, 
without fixing their location, we need only substitute in the 
Sturmian functions the values a; = — co and x~ +<x> and 
observe the difference in the number of variations of sign. 

Ex. 1. Apply Sturm's Theorem ti0 3^ — 'j^ — lOx + I =0. 
Here fix) = 3 a'^ - 2 k - 10, 

/,(»)= 62 »^+l, 

Mx) = 38S13. 
We give tlie signs of the Sturm's functions for the indicated values of x : 

^ /W /'W M^) /^W 



three roots are real. The rt 

Ex. 3. Apply Sturm's Theorem toz^ - ox* + 9x' - '^x^ + 5x — i = 0, 
the eiiuatioii given in Ex. 2, § 42. 

Here f'(x) = e,x* - 20x^ + 27 x^ - lSx+ H, 

Mx) = x''^x, 

Mx) = - 193. 
When a; =^33 , Sturm's functions give one variation ; wiien x = — os, they 
give four. Hence there are three real and two imaginary roots. 
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Ex. 3. Apply Sturm's Tlicoreiii l.i2 3f' + 1 x* + Sx^ + 2x''-2x~l = 0. 
We find f'(x) = 10 x* + '2>i x^ + 2ix^ + ix-2, 

M^) = !l? + Sx^ + Sx+l. 
Here/aCa:) la found to be the 11. C. F. ot /(x) and f '():); lience-lisa 
(luadruple root. For x =^ +=o , tlie fanotions f(x), f'i.^), f2(x:) yield the 
slgiis + + + ; for x= — oD tliey yield — h — , Henee Iheve are twu 
distinct real roots, and all the roots are real. 

Ex. 4. Show that all the roots of a' + *.■= - a^ - 3 a: + 4 = are 
imaginary. 

Ex. 5. Required the number and situation of the real roots of 
2a;*-lia" + 8*-16 = 0, 
a« + llx2-102a: + 181 = 0, 
x'>-m'jfl + 12 X^ - 37 z + 72 = 0. 

50. Nature of the Roots of the Quartlc. In the study of the 
nature ot the roots of the cubic equation we began in § 35 by 
deducing the " equation of squared differences of the roots of 
the cubic." Then, in § 36, we used this ti-ansformed equation 
in the discussion of tlie roots of the given cable. The same 
mode of procedure might be adopted in the study of the roots 
of the quartic equation, But the formation of the " equation 
of squai'cd diilerences of the roots " is laborious, and we prefer 
to begin tlie discussion by applying Sturm's Tlieorem to the 
quartic with its second term removed. 

If we transform the general quartic 

into a new eq\ration, deprived of its second term and with coef- 
hcients integral in form, we obtain, as in § 34, 

/ + 6 Hy' + AGi/ + V-T- 3 -f^' = 0, II 

whei'e ^ — b^-\- 6j, 

S~ bA - hi\ 

(? = V3-3bnM5 + 2V, 
Zs b„bi - 4 6163 -I- 3 V. 
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Representing the left member of cqna-tion II hj /{y), we get 
iM = ,f + 3Hy + G, 
and, by diviaion, 

My) = - 3 Ilf -SGu- b,^I+ :i H\ 

Before dividing ^f'{y) by f2(y}, multiply \f'(y) by the posi- 
tive factor 3H^. We obtain, after dividing the remainder 

^^ ^ ' My) = {WHI -SG'~12H')lr,- GI- 

We find it convenient to let h^Iil^ G° — 4 H'' = h^J. 

Then /^(y) = (3 b^- 2 Hljy - GI. 

Now multiply f^^ij) by the positive factor (3 bnJ — 2 i/-^)^ 
and we obtain, after division, a remainder which, with its sign 
changed, is equal to 

iWI- 3 H=)(3 bj- 2 my + 3 G'/(3 &„./"- HI) 
= b^'HU^ - 27 ba^HM^ + T, 
where T= (9 6,*7J^-12 V-ff^^^+S** ''«ff''/"./+9 (>„fl-JJ) 

+ (3 b„^WP ~ 3 G-r-H~ 12 fl^'F) 
= 3 WJ{3 6„V-4 \^HI+\2 W+Z G^+Z W-PHJ 
= 3 &o W{3 6„»J"- 3 V-HJ+ 12 H' + 3 G=) 
= 3 !-„7J(3 b^J~ 3 !»„^rt = 0. 
If the remainder is divided by the positive factor biH'-, we 
obtJiin j^f^^ =P-2"i J-. 

We have now all of Stui'm's functions of equation II. 

(1) Ml roots real. If {P -27 J^> 0, (3 b„J - 2 lU) > 0, 
and 7r<0; then, for j/ = ao, the signs of Stnrm's functions are 

+ + + + + ; for )/= — CO the signs are -\ 1 1-. The 

excess of variations in tlie latter ease is four; hence all the 
roots are real. 
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(2) JU roots imarjinary. If P - 27 .P > 0, and if I£>0 or 
else (3bgJ—2jSr)<0, then the number o£ variations in signs 
for ^ = — 00 is the same as for y = o; ; hence there are no real 
roots. 

(3) 2too real roots. If 1^ — 27 ,P<0, then, no matter wliat 
signs H and {3baJ—2HI) may have, we get always a dif- 
ference of two variations for y = x> and y = — xi; hence there 
are two real roots and two imaginary roots. 

(4) Eqmlroots. When F-27J==0, it is evident from the 
theory of the H. C. F. that there are eqnal roots. If ^(^) is the 
only one of Sturm's functions which, vanishes identically, then 
f){y) is the H. C. F. in y and there are two roots eqnal to each 
other. If fsiy) is identically zero, vi'hich happens when /= 
and J= 0, or when (? = and 3 baJ=- 2 HI, then three roots are 
equal to each other or there are two distinct pairs of double 
roots. That is, if /= and J= 0, we get from the equation 
defining / the relation G- + i IP = 0, which makes f^tjf) a per- 
fect square. Hence three roots are equal. When 6^ = and 
3 60^= 2 HI, it follows that b„^I= J 3 H' and/2(i/) is readily seen 
to be composed of two unequal factors in y, indicating the ex- 
istence of two distinct pairs of equal roots. If we have J— 0, 
J= 0, and H= 0, then it f ollows-that (? = and f^(y) = 0; hence 
/'(as) =^ and all the roots are equal. 

This discussion of equation II applies also to equation I, 
representing the general quartic ; for, since 1/ = fiflX -)- h„ the 
values of x are real, imaginai7, or multiple values, according 
as the vahies of y are real, imaginary, or multiple values. 

Ex, 1. Compute the values ot H, G, 7, J for the equation 

Then discuss tlie nature of the roots. 

Ex. 2. Show that in equation II a double root is equal to 61 -i- 
(-3 bffT-2 HI), a triple root is equal to - IH^, a quadruple root is equal to 0. 

Ex. 3, Apply Sturm's Tiieoremto the cabic j/* + 3 Ky -I- ff = 0, and 

uerify the results of g ;ifl. 
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51. Discriminant of the Quartic, The expression P — 27 J' 
played an important role in tlie discussion of the nature of the 
roots of the qnai'tic. We shall prove that, when multiplied by 
the constant 256 bg'^, it is equal to the product of the squares 
of the differences of the roots. This product is called the 
discriminant of the quartic. 

Let P — 27J^ = R. When H vanishes, the quartic was seen 
to have equal roots. Hence (« — «i) must be a factor of R. 
Since fl is a constant for an equation with constant coefficients, 
it is unaltered when (« — Wi) is changed to («i— «), Hence 
(a — UiY must be a factor of R. This reasoning holds for the 
difference of every two roots. Hence 

(a — a,)\a — aif ■■•{u^- a^)-, I 

is a factor of B. Remembering that 61, h^, 63, b^ are symmetric 
functions of the roots, involving the roots to the degrees one, 
two, three, four, respectively, we see on examining the expres- 
sion for B, that it cannot involve products of roots of higher 
degree^than 12. But 12 is also the degree of the terms in 
the product I. Hence there are no other factors in B which 
involve the roots. Therefore, R differs from the product I by 
some numerical factor only. This factor can be easily found 
by using any simple quai'tic which lias distinct roots, say 
b^ — 1 = 0. Here R = — b^^, the product I is — 256 bo~^- Hence 

_25C^p_27js-j^j5^ 
where D is the discriminant. 
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CHAPTEK IV 

APPROXIMATIOH TO THE EOOTS OF NUMERICAL 
EQUATIOMS 

62. Solution by Radicals and by Approximation. The modern 
theory of equations is the outgrowth of attempts made during 
past centuries to solve equations arising in the consideration 
of problems iu pure and applied niathematics. The subject of 
the solvitiou of equations resolves itself into two quite distinct 
parts : Firstly, the solution of numerical equations whose 
coefficients are given numbers, by some method of approxima- 
tion to the true value of the roots ; seconiUy, the solution of 
equations whose coefficients ai'e either particular numbers or 
independent variables, in such a way as to yield accurate expres- 
sions for the values of the roots in terms of the coefRoients — 
such expressions to involve no other processes than addition, 
subtraction, multiplication, division, and the extraction of roots 
of any order's. The latter process is called the algebrak solution 
of equations. The former is of importance to the practical 
computer, the latter is of special interest to the pure mathema- 
tician. In the former each root may be detei-mined separately ; 
in the latter a general expression must be found which repre- 
sents all the roots indifferently. 

In the algebraic solution of equations no great difficulty 
presents itself as long as the degree of the equation does not 
exceed four. Kiit in spite of persistent attempts by many of 
the ablest mathematicians, no algebraic solution of the general 
equation of the fifth or a higlier degree has ever been given. 
In fact, we shall he able to show conclusively that uo such 
solution is possible ; that is, no solution can be given iu wliich 
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the roots are expressed in terms of the ooefficieiits by means 
of radical signs or fi'itetional exponents. In the quadratic 
^+ax+ 6=0 we know that x=^{—a ± Va^ — 4 6), In the 
cubic we shall see tliat x can be similarly expressed in tenna 
of its coefficients by indicating the extraction of certain square 
roots and cuhe roots, The same remark applies to the 
quartic. But in the general quintie x refuses to submit itself 
to this mode of treatment. A general solution of the quintio 
has been given, hut the solution involves elliptic integi-als 
and is, therefore, not aJ.gehraio, but trmiscei}defdal. 

The problem of the solution of numerical equations by 
approximation to a certain number of decimal places is much 
easier. Not only are we able to determine, with eompai'ative 
ease, the real roots of equations of lower degrees, but also of 
the qv\intic and of higher equations. 

Methods of approximation to the roots of numerical eqrra- 
tions liave been devised by several mathematicians — Newton, 
Lagrange, Budan, Toui-ier, and others. But the best practical 
method is that given in 1819 by William George Horner. 
We shall confine ourselves to the exposition of his method 
and that of Newton. 

53. Commensurable and Incommensurable Roots. A real root 
of a numerical equation is said to be comvieMnra.ble when it is 
an integer or a rational fraction ; it is said to l>e incomTnensiir- 
able when it involves an interminable decimal which is not a re- 
peating decimal. Since a repeating decimal can be expressed 
as a rational fraction, a root in that fonn is commensurable. 

54. Fractional Roots. A raiional fraction cuhnot be a root of 
an equation with integral coefficieuts, the coefficient of x" being 
unity. 

if possible, let -, h and h being integers and - a fraction 
reduced to its lowest terms, be a root of the equation 
3- + ,,^,,-1 + ffl.K-= + ...+ n„ = 0. 
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Writing - for a;, we get 

Multiplying by k"'' and traiisposiag all iiitegral terms, 

— = — «./(""'— aJi"~'^k — ajc"~^. 

h 

This eqiiatioii is impossible, since the fraction --, which is in 

ita lowest terms, cannot be equal to an integral number. 

Hence, ^ cannot be a root of the given equation. 

55. Integral Roots. Since the equation with integral 

coefficients, ,j.« ^ a{jf-^-\ \-a„ = 0, 

cannot have rational fractional roots, and since a, is numerically 
equal to the product of all the roots (§ 13), it is evident that all 
commensurable roots are exact divisors of a„ and may be found 
by testing the factors of a„. By § 4 a factor c is a root, if 
f{x) is divisible by a; — c without a remainder. 

It the coefficient of of is not unity, but a„, then we may 
divide through by «« and transform the eqiiation into another 
whose roots are those of the given equation multiplied by a,, 
(§ 29). In the new equation the coefficient of of is unity and 
al! the other coefficients are integral. Hence, all its commen- 
surable roots are integral. 

Ex, 1. Find ttie commEiisiirabte roots at :^ — 7 x — 6 = 0. 

The commensurable roots must be found among the vaUies ±1, ±2, 
±3, ±6, which are a!l factors of — 8. By Descartes' Eiile oi Signs we 
see that there is only one positive root. By substitution or by synthetic 
division we find that + 1 is not a root, that — 1 is a root. We may now 
eitlier depress the degree of the equation, by dividing by j: + 1 and then 
solve the resulting quadratic, or we may try the other factors. We obtain 
— 2 and + 3 aa the values of the other roots. 

Ex, 2, Find the oommensmablfi roots of 
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Dividing the left member by 3 and multiplying the roots by 2, we 
obtain j^ _ ;k2 „ 2 a; - 12 =^ 0. 

It is found that + 3 is the only commensurable root of this equation. 
Hence, + | is the only commensurable root of the given equation. 
Ex. 3. rind all the commensurable roots of 

a;3 + 4 kZ + 6 a; + 3 = 0. 

a« - 3 j^ - 22 a;2 - 39 K - ai = 0. 

3;S - 10 «» + 17 K^ - K - 7 = 0. 

k5 - 13 a^ + 34 k3 - 26 a^ - 18 a: + 22 = 0. 

6x^-25 3;a + 33; + 4=0. 

4k» + 203:2-23k + 6 = 0. 

56. Horner's Method. This method may be used advanta- 
geously for finding not only incommensurable roots, but also 
commensiu'able roots when the process of § 66 is inconvenient. 

In the application of Horner's method we must know the 
first significant fiffure of the root, to start with. The first digit 
may be found by the process indicated in § 42 or by Sturm's 
Theorem. 

Homer's method consists of successive transformations of an 
equation. Each transformation diminishes the root by a certain 
amount. If the required root is 2.24004, then the root is 
diminished successively by 2, .2, .04, .00004. The mode of 
effecting these transformations, by synthetic division, was 
explained in § 32. The method will be readily luiderstood by 
the study of the following example : 

Ex. 1. The equation k»-i(;-9 = 0, T 

has a root between 2 and 3, for f(2) = - 3 and /(3) = +15. The first 
iigure of the root is therefore 2. Transforming the equation so that the 
roots of the new equation will be araaller by 2, we obtain 

1 _1_0 _i -9 [2 

+2 +i +6 
+ 2 +3 - 3 
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Since the roots of the transformed equation 

x^ + e^+Ux-S-O n 

are equal to the roots of equation I leas 3, equation II has a root between 
and 1. Thia root being less than unity, ^' and i^ are each leas Ihamc. 
Neglecting a^ and 6 e', we obtain an appvosiinate value for x from 



11 K- 



= 0,0 



Transforming II so as to diminish tlie roots by .3, we get 

^3 + 6.0 aT- + 13.62 x - .553 = 0. Ill 

Neglecting a' + 6.6 *^, we find an approximate value for x in eqnatiim 
-II from jg^gg ^ _ g.^ ^ (,_ ^,. ^ ^ ^_ 

Diminishing the roots of III by tlie value .04, we have 

a:^ + 6. 72k^ + 14.0528a: -.000576 = 0. IV 

Brom 14.0528 x - .000576 = 0, we get a; = .00004. 

The root of equation I whose first figure is 2 has now been diininishud 
by 2, ,2, .04, .00004. Hence the root is approximately 2.240(M. Tlie sm'- 
cessive transformations may be conveniently and compactly i-epreaented 
as follows i 

1+0 - 1 - 9 I 2.24004 



4 


r 




11 




- .5.:;2 


2 1 1.24 




.051424 


6 12.24 




- .000679 


.2 


i,28 









2 


in. 52 






6 


4 


,26&(i 
13.785R 






2 




.2672 




6 


6 


14.0528 






04 




6 


64 
04 




6 


68 






04 
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The broken lines indicate the conclusion of the succeasivp transforma- 
tions. The numbers immediately below a hrolten line are the eoeffteients 
of tbe transformed equation. Thus, the second tranafumted e 
seen at once to be a;» + 6.9 a^ + 13.52 x - .563 = 0. 



Ex. 3. In the equation a' — 46.6 s: 
/(40) = - , /(60) = + . Hence there it 



-44.6 



ot, diminish the ro<: 
the transformed equatioi 
e^cplalned. The work in i 



a by 40, then find the first figure of tlie root in 
and proceed by Honiev's metliod as already 
i follows ; 



-6.8 
40 


- :m8.s 1 

1336 1 


- 12486.8 
11131.4 


r 1 


1027.4 
5fia.8 

1500.2 
611.8 


- 1.^65.4 
1355.4 


73.4 

7 




S0.4 

7 
87,4 


57 
2259 





95 

In the first transformed equation x" + 73.4 x^ + 1027.4 x - 12486,8 = 
we only know that the value of x is less thati 10 ; hence the method of 
Kx. 1, where we ignored the terms contwning s^ and ic'^, is not applicable. 
Since In this transformed equation /(7) = - and /(8) = + , we know that 
7 is the desired digit. 

In tlie second transformed equation we know that x iies between and 
1. Hence we find the first di^itot a from the equation 2202 a:- 1856.4 = 0, 

Since in the third transformation there is no remainder, we know liy 
■ §8that.6isarootof 3^ + S}4.4Ki + 22()fiE- 1355.4 = and that 47.8 is a 
eommeitgnralile root of the given equation. 

"When the fractional \iMt of the, root is being foiiijd and the 
values of the (ioefficienta x', a^,'etc., are sufficiently small, it will 
be noticed that the last two terms of etich trausfovuietl equation 
occurring in Horner's process have opposite signs. This is as it 
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should be ; for if the two terms had like sigus, the value of a; in 
the transformed equation would be negative, showing that the 
last digit in the root of the original equation had been taken too 
large. For instance, if in Ex. 1 the Urst decimal had, by mis- 
take, been taken as 3, instead of 2, then the second trans- 
formed equation would have been 3? -'r 6.9 3? + 14.87 x + ,867 = 0. 
The approximate value of x in this equation is — .05, show- 
ing that in diminishing the roots by .3 we took away too 
much. 

If, by mistake, a digit is taken too small, the error will show 
itself in the next step. Suppose that in Ex. 1 the first deci- 
mal had been taken to he .1, then the second transformed 
equation would have been a,-' -|- 6.3 ar' -f- 12.23 x - 1.839 = 0. 
From 12.23 x — 1.839 = we get approximately x = .15. This 
changes .1 into .25, and thus discloses an error in the estimate 
of the first decimal. 

To find the value of a negative root by Horner's method, we 
need only transform the given equation by writing — x for x 
and then proceed as before. 

Ex.1, Find the real roots of : 

(1) ix!' ~Zx>-2x'^ + ix-l(i = 0. 

(8) 7a;'-l-33^-Qa;2 + 43;_8 = o. 

(4) K' ^ a« -f- a:« -(- K' ^ !0 = 0, 

(5) s.5_4i,_.2 = o. 

57. Newton's Method of Approximation, This metliod is not 
as convenient in the solution of numerical equations involving 
algebraic functions as is the method of Homer, but it has the 
advantage of being applicable to numerical equations involv- 
ing transcendental functions. For instance, Newton's method 
can be used in finding * in 9! — sin x = 2. 

Let f(x) = be the given equation. Suppose that we know a 
quantity a which differs from one of the values of x by the small 
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quantity h. Then we have x^a + h. By Taylor's Theorem 



Siiioe h is small, we get, by neglecting higher powers of A, aii 
approximate value of h from the equation /(a) + hf'{a) — 0, 

namely, h= — i-^- We have approximately x = a~ iW. 
•*' /» ^^ /'(a)- 

Letting this new approximation to the value of x be repre- 
sented by b, we may repeat the above process and secure a 
still closer approximation, and so on. 



and 3. Take 



58. Complex Roots oi Numerical Equations. Recently methods 
for approximating to the complex as well as the real roots of 
numerical equations have been pei'fected.* The exposition of 
these methods is too long for a work like this. 

* Se« Emory McClintock, " A Method :Foi CalcalatingSimiiltsneausIy All the 
Roots of an Equation," in the AmeHean Journal of Mathetaaiics, Vol. XVII., 
pp. 89-110 ; M. E. Carvallo, MUhode pratique iitmr la S4solutUin, numtriqiie 
complete des Squalions algibiiques ou IraiMcendantex, Paria, 1896. 



Ex. 1. 1 


Solve X - 


siUK = 


2. 






The angle x, measured in 


L radians, r 


nust lie 


between 2 


at=2,5, 


/(«) = 


.5 - sir 


l2.5 = .6- 


sin 143° 


11' = - .09 




/(.«) = 


1-coa 


2.6 = 1.801 






Hence 


k = 


.0539, 1 


b^a+h= 


■ 3,5530. 




A second 


approximation gives us 








/(&) = 


-.00064, /'(6) = 1 


.8322, k 


= .0002947. 


Hence 


x^ 


h + h-- 


= 2.55*195. 
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CHAPTER V 

THE ALGEBRAIC SOLUTIOH OF THE CUBIC AHD QUARTIC 

59. Solution of the Cubic. There ai'e many different solutions 
of the general cubic equation, 

The one which we shall give is due to the Italian inathematifiian 
Tartaglia and was firet publishetl iu 154i5 by Cardan. Equa- 
tion I is first transformed into another whose second term is 
wanting. Prrtting, as in § 33, 3; = - ^ - ' , we get 

^ + SHz+G = 0, II 

where H = b„b.^ - 6,^ and G = bg% - 3 &o&i''« + ^ W'- To solve 
equation II, let z = u + v. Substituting in II, we get 

.,^ + ^ + 5(hv + II)(u + v) + G^0. 
"We are permitted to subject the quantities u and 11 to a second 
condition. The most convenient assumption will be 

uv + H=0. Ill 

This yields ie' + v' = -G. IV 

Eliminating v between III and IV", wc get 

u> -.iil=,-G, or w" + GuJ' = IP. 
The last equation is a quadratic in form. Solving it, we have 
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Then by IV, ^ = _ (? _ m^ ^ _ H _ ^^ + H\ 



'/ o, lip' 



,^+^::|_^l+^r 



VI 



The expression for the root of the cubic, given in formula VI 
is known as Cai-dan^s formnla. 

Since a number has three cube roots, it is evident from V 
that '( and v have each three values. It may seem as if with 
each value of u we might be able to associate any one of the 
three values of v, thus obtaining all together nine values for 
u + v, or z. As the cubic has only three roots, this cannot be. 
Of the nine values, six ai'e excluded by equation III, which m 
and V must satisfy. Eliminating v between z = u-\-v and equa- 
tion III, we get TT 

z = u-S., VIX 

where m has the form given in V. Since in expression VII there 
is only one number, m, which has triple values, this expression 
does not involve the difficulties of Cardan's formula. Let the 
three values of u be k, um, ito?, where w stands for one of the two 
complex cube roots of unity, — J ± i V — 3, Then the three 
roots of the cubic II are 



H 



7f<^= 



JT-) 



VIII 



Since ZT=h^ + 6„ we obtain the roots of the general cubic I 
by subtracting 6, from each of the three expressions in VIII, 
and then dividing the tliree residte by 6^,. 

60. Irreducible Case. — The general expression for the roots 
of a quadratic equation with literal coefficients may be used 
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conveniently Ln solving numerical quadratic equations. For 
each letter we substitute its numerical value, then carry out 
the indicated operations. It is an interesting fact that, in ease 
of the cubic, this mode of procedure is not always possible and 
that the algebraic solution of tlie cubic is of little practical use 
in finding the numerical values of the roots. 

lu § 36 we found. that the roots of the cubic are all real 
■when CP + 4 H^ is negative. In the attempt to compute these 
real roots of the cubic by substituting the values of H and G 
in the general formula, we encounter the problem, to extract 
the cube root of a complex number. But there exists no con- 
venient arithmetical process of doing this. Nor is there any 
way of avoiding the complex radicals and of expressing the 
values of the real roots by real radicals. This fact will be 
proved in Ex. 8, § 183. By the older mathematicians this 
c^e, when CP + 4=H^ is negative, was called the " irreducible 
case" in the solution of the cubic, the word " irreducible" hav- 
ing here a meaning different from that now assigned to it in 
algebra. See § 123. 

61. Solution by Trigonometry. The "irreducible ease" may 
be disposed of by expanding the two terms in Cardan's formula 
into two converging series with the aid of the binomial theorem. 
The imaginary tei-ms will disappear in the addition of the two 
series. But it is better to use the following tvigonometiie 
method (which is itself inferior, for the purpose of arithmetical 
computation, to Horner's method, § 56) : 

Let ~ f = *■ ^^^ ^> Vf ' + ^^' "" "' ^^"^ ^' 

We get «^ = r (cos $ + i sin 6), 



- r (cos e - i sin 6), 



-G 



^V'^IP 
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SOLUTION OF THE CL-BIC AND QOAKTIO 

\ 3 3 

2nw + e 



and " s = M+-(i=2V — -ff COS 

where n takes tho values 0, 1, 2. 

62. Euler's Solution of Quartic. Eemoving the second term 
of tlie quartic 

ferfc* + 4 h^ + G b^x' + 4 itj^e + ^^4 =- 0, I 

■we get aa in § 34, 

z^ + GHz-- + iGz + hil - 3 H- = 0, II 

where z = bv^+ 6„ //= b^h.^ - ?y,-, 7^ bJu ~ 4 ^ifij + 3 ?»/, 
G> ^ ft^^fta - 3 bJ>A + 2 W- 
Euler assumes the general expression for a root of equation II 

SqmriDg, «> _ ii - 1. - lo = 2 VS Vi" + 2 VS VS + 2 VJ Vw. 
Squaring again and simplifying, 

2'-22'(«+«+")-8 2v:v;vs+(.n-..+»)' 

-4(..>i + .« + .»)=0. 
Equating coefficients of this and equation II, we have 
-Sll=u + v + w, (? = -2VmVwVw, 
(» + „ + „)>_4(.» + «.(. + ™)-V-r-SJI', 

But — (m + 'w + ot), (wu + jtw + 'uw), —iiyri! are the coefficients 
of a cuhic whose roots are ti, v, mi. This cubic, called "Euler's 
cubic," is / 1 sr\ CP 

f + 3Hf + (3H'~^]y-^ = 0. Ill 
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Let y = h^x — H, and we obtain 

^b;^x'-hjx + j={), IV 

where V J = K^i -ilP-GK 

Equation iV is called the rediiciny cubic of the quartic. 
Since u, V, w are the three values of y in 111, we have 

.,, — I,-' _ hifi^ + ba^Xu ■I' — t)y^ — bab., + b^%, W := 61^ - b^b^ + b^'x^. 

Hence, 
z = VK-b^^~h^%+ ■Vl>^'-bA+i>a%+ Vb^-hjj^+b^^. V 

Or, since €f = — 2 Vu yfv V*", we may write 

^ = ^u + ^v -.—%--_■ VI 

In the expression for z in VI each of the radicals may be 
either + or — . Hence z has four values — the four roots 
of equation IT. In equation V there are apparently eight 
values of s, but four of them are ruled out by tlie relation 

From the above we see that the roots of the quartie are 
expressed in terms of u, i>, w. The values of the latter are 
given in terms of the coefficients of the quartie and the three 
roots a;i, x^, x^ot the cubic IV. To solve the quartie by the 
present method we must, thet'efoie, tirat solve the reducing 
cm6ic. There are many other algebraic solutions of the general 
quartie, but eveiy one of them calls for the solution of an 
auxiliary equation of the third degree. Thege'cubics are called 
resolvents. 

Ex. 1. Under wliat cotidltions can a quartie ba solved algebraically 
witlioal the extraction of cube rooLi ? 

It is only necessary tiiat the reduciug cvbie have a rational root, so that 
the other two roots can be expressed in terms of square roots. Euler'a 
cubic answers equally well. 
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Ex 2 Show Lli It Uic le In mg oubic of ri H > x" -|- x^ -2 -0 has a 
rational root. Solve the quaitic by square roote 

Ex. 3 show that in generil tl e value? of r and y in s^ + y = a, 
1/^ + x=b cannot be found algebraically without the extraction of cube 

Ei 4 Cin all tliP rallies f x and y in j-" + j = 11, j^ + a; = 7 be 
f ni V ho It thi" pxtra t ii f tube lunts ■' lor solutions, see the 
I Yltl Mrmthly, \ol. VI.,p. lo, \ul. Ml.,l=- ll^i see also Vol. X., 
1 19 
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CHAPTE]l VI 

SOLUTION OF BINOMIAL EQUATIONS AHD EECIPEOCAL 
EQUATIONS 

63. The Binomial Equation. 

where a is either real or complex, may be solved trigoiioiiietri- 
cally as follows. Let 

x" = a = r\aosi2k7r + ff) + isin{2k^ + 6)l, 

where k may assume any integi-al value. Theu, by De Moivre's 
Theorem, 

x= yf ; COS ^ ^''^ + ^ I .; -i„ 2 ^TT + ^ 1 

By assigning to k any n consecutive Integral values we obtain 
n values for x and no more than n, since the n values recur in 
periods. 

It is readily seen that the roots are all complex when o, is a 

complex number. For, to obtain a teal root, — ■■ ■ - must be 

zero or a multiple of ir; that is, 2kir + will be /eto or a 

multiple of tt; hence a itself must be real, which is contrary 

to supposition. 

When « = + 1, 

then a" = 1 = cos 2 fcn- + » sin 2 kir, 

2ftjr . , 2fc,r 
and sc^cos l-*sin j I 



y Google 



lil^iOMlAL AKD KECII'JIOCAI- EQUATJOXS (5 

where Ic may be assigned the values 0, 1, ■■■, (it — 1). If n is 
odd, then fc = is the only value of ft which yields a real root, 
viz. x = l. If It is even, then ouly the values fc = and & = - 
yield real roots, viz. a! = 1 and x — —1, 

When a = - 1, 

then k" = — 1 = eos (2 it + l)7r + 1 sin (2 fc + l)jr, 

where fc may take the values 0, 1, ■■-, ()i — 1). 

Then 



therefore n an odd number. If « = 2 A; + 1, that is k = ■ ■■■ — , 
we obtain the real root x = — 1. 

64. Geometrical laterpretation of the Roots of *■" = a. Tlie n 

roots may be represented graphically in the Weasel's Diagram 

{§ 22) by n lines drawn from the centre of a circle of radius Vi' 

to points on its cii-cuniferenee and 

dividing the perigon at the centre 

into equal angles of — radians. 

Thus, Ifet w = 3 and r = 1. The 

three cube roots of unity are se 

from I, § 63, to be 1, - ^ + ^ V^^, 
— ■^— -^V— 3. They are repre- 
sented, respectively, by the lines 
OA, OB, 00. These lines make 
with each other angles of ^ ir 
radians or 120°. The circumference is divided into three equal 
parts. In the general case the ciicunif eien< e i% divided into 
n equal parts. Hence the theory of the roots of unity is 
closely allied with the problem of insciibmg regular polygons 
in a circle or the theory of the Dtvi!.iuii oj tlip Circle. This 
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subject lias been worked out mainly by C. F. Gauss, 1801, and 
will be treated more fully in Chapter XVII under the liead 
of Cyclotomic Equations. 

65. Roots of Unity. We give a few general properties of 
the H.th roots of unity, some of which are evident from pre- 
vious considerations, 

I. The equation, a;" = 1 has no multiple roots. 

Here /(k) = sc" - 1, /'{x) = tiK"-'. Since f{x} and /'(a;) have 
no common factor involving x, there are no multiple roots 
(§ 21). 

II. If a is a root o/ a;" ~ 1 = 0, then, «* is also a root, k being 
any i'tUeger. 

Since ct'^l, it follows that (('" = 1 or {afy^l, where fc is 
zero or any integer, positive or negative. Hence «' is a root 
of unity. As there are only n roots, it is evident that the 
powers of a are not all distinct from each other, and «* is a 
periodic function, 

III. If m and n are prime to eacli other, tJie equat hii s x" — 1 = 
and ic" — 1 = have no common root except 1. 

Krst we prove the theorem : If m and n are prime to each 
otlier, then it is always possible to find integers a and b sitch that 
mb — na — ±l. The fraction — may be expanded into a ter- 
minating continued fraction, say 



The successive convergents are p, ?-5^, ^iHL+^l+Z. Sub 

" q qr + 1 

tracting the last but one convergent from the last, we obtain 
afraction whose numerator, pg(gr + l)+5r — (jiQ 4- l)((y»'+l). 
is seen to be equal to — 1. (By mathematical induction it may 
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be shown that if ^^^^ and — are any two successive conver- 
gents, then MbV„_i— )(„_.|ii„= ± 1.) But 

m=p(qr + i) + r,n^q,- + li 
hence, if we take a:^pq + i, b = q, we have 

jnA — cm — ± 1. Q.E.D. 

Now, if possible, let « be a root common to sc" — 1 = and 
x" — 1 = 0. Then «"=1, «" = 1 and «""^1, «"" = !, where a 
and b are numbers which satisfy the relation mh — nn = ± 1. 
Hence, k"^""" = 1, «-^' = l, or « = 1. That is, 1 is the only 
root common to the two equations. 

IV. If h is tlie highest common factor of m and n, then roots 
of xf — 1 = are common roots ofx" — ! =0 and a:" — 1 = 0. 

"We have m = hm', n = hn', where m' and n' are prime to each 
other. Hence It is possible to find integers a and 6, such that 
■m'b—n'a — ± 1. Mnltiplying by h, we get mb~na = ± ft. 

Now, if re is a common root, we have k"' = 1, «'' = 1, «'^-"° = l, 
or ci^'' = 1. This means that re is a root of .^■' — 1 = 0. 

Y. If a is a complex root of a,-" — 1 = 0, n bemg prime, then 
the roots are 1, «, a% a% -■-, «""'. 

By II, 1, «, a^, ■■■, «""', are all roots of the equation. They 
are all different; for suppose «''=«', then «''"' = !. But by 
III, a;" — ] =0 and it,*-' — 1 = cannot have a root in common, 
since n and (p — q) are prime to each other. Hence the equa- 
tion f^'" = 1 is impossible, and all the roots are included in 
the series 1, «, ■■■, «"-'. 

VI, The roots oft}m equations 

nf-l = (l, KT-1 = 0, ;if-l = 0, ••■ 
all satisfy the equation yf^— — 1 = 0. 

For if re is a root of af - 1 = 0, then a" = 1 and («")"■- = 1, 
or «""■■ = 1. That i.s, « is a root of x""'"" — 1 = 0. 



y Google 



78 TTIROEY OF F.QUATIONH 

66. Primitive Roots of Unity. A root of .1:" — 1 = is called 
3, priniilive root of that equation, if it is not at the same time a 
root of unity of lower degree. 

Take ie»-l = 0. By VI, § 65, the roots of a!=-l = and 
a;' — 1 = are roots of a;* — 1 = 0. These common roots are 1, 
— 1, — ^ij-V — 3. The other two roots are found by solving 
ic* + 1 = ; they are + 5 ± -^ V— 3, and are seen to be primitive 
roots of 3^ — 1 = 0. 

I. We proceed to show that primitive roots of unity exist for 
emry degree n. 

If n is prime, then, by III, § 65, a;" — 1 = has no root in com- 
mon with a similar equation of lower degree, except the root 1. 
Hence all the roots of a?" — 1 = 0, except the root 1, are primi- 
tive roots. 

If n =p"', where p is a prime, every exact divisor of p^, ex- 
cept p" itself, is an exact divisor of p'"~\ Hence, by VI, § 65, 
every wth root of unity which is at the same time a root of 
unity of lower degree, must be a root of a/*" —1 = 0. Since 
p"-^ ia a factor of p", it follows, moreover, that every root of 
x''^~' — 1 — is a root of a?" — 1 = 0. Thus, there are p""' roots 
which are not primitive, and the number of primitive roots is 

If n=p°'-q', where p and q are prime, then there are 
p"[l ) primitive roots of af" — 1 = and all ) primi- 

\ pj \ qJ 

tive roots of a?*' — 1 = 0. Wow, if « and ;8 are two primitive roots 
of these equations, respectively, then a^ is a primitive root 
of a;" — 1=0. For suppose (a^y=l, where r<n, then a'=(3~'". 
By II, § 65, oT is a root of a^" — 1 = and /S"'' is a root of 
a/ — 1 = 0. But the two equations can have no root in common, 
except unity, since p" and g* are prime to each other, by III, 
§ 65. Hence r cannot be less than n. Since, by II, | 65, «"=1 
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and jy — l, it follows that (rt,S)" = l, and «/3 is a primitive root 
of «"— 1=0. Since there are 



such products w ■ /3, this expression gives also the number of 
primitive nth roots of unity. 
It is easy to extend this proof to the case where Ji=p"9^r' •■-. 

II. We give, without proof, the theorem that ifa is a primi- 
tive nth root of unity, then a" is a primitive nth root of unity 
always «itd only wJien r and n are prime to each other. This 
theorem enables one to find all the primitive wth roots from one 
of them.* 

III, TIte roots of the e^icUionaf — l = 0, where n=p°i^ — r" 
andp, q, ••■ r are the prime factors of n, are the n prodticts of the 
form (3y ■•■ S, whetv ^ is a root ofx''" = 1, y a root ofx'''' = 1, ■■■, 
8 is a wot q/'x'° = l. 

Let a = ^y- 8. 

Here j3 represents any one of p" values ; similarly, y, ■■■, 8 
represent, respectively, if, ■■-, r' values. From this it may bo 
shown that « has n values, which are the n roots of af — 1 = 0. 

For, in the first place, we have ^'' = 1, /' = 1, -■■, 8^ = 1 ; 
hence, also, 0" = 1, y == 1, -.■, 8" = 1, and, therefore, a" = 1, 

In the next place, we show that the n values of a are distinct. 
If possible, let two values of a be equal, say 

fi'y' - 8' = ^"y" — &'•. T 

Since not all the roots in the left member of I can be equal, 
respectively, to tlie roots in the right member, let 0' and 0" be 
distinct. 

* For the proof, see Eui'nside and Paiiton. Vol. I, 1899, p. 96. Wc have 
followed, the exposition of the subject o( the roots of unity given by these 
authois. 
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From I we get 

and (y'-ay ^=(y"...8'r-" = l. 

We have ^<,*.....^ ^-f,'....,^^ 

Since ^' and P" lue disticct roots of 0!^"= 1, they are equal to 
two different powers of one aud the same primitive root ^, and 
we may write 

where m' and m + m' are each less tlian p". We get 



or ^■■■'* = 1. 

Hence, j3 is a root of both a!^ = 1 and iT^-" = 1, and also of 
cb' = 1, where sia the highest common factor of ^'' and mg* ■■■ r'. 
(Theorem IV, § 65.) But we have s^m, hence, s<jA Thus, 
^ must be a root of an equation of lower degree than^". Since 
|8 is primitive, this cannot be, and equation I is impossible. 

IV. ■ The roots of a:"" — 1 = 0, wJiere p is piime, can be found 
from, the roots ofeqnatio'ix of the form af = A. 

Let V!, be any root of a? == 1, w.^ any root ot 3f = w„ v.\ any 
root oi 3^= Wj, and so on, and finally w, any root of ;t* = w^,. 
Then the product « = M!iW3 ■■■ wia represents p' distinet roots of 
af = 1. 

For, since tv," = 1, %''^«i, etc., we obt 
relations, 
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V. The solution of x" — i= 0, ivhere n ia any composite number, 
is reduced to the solution of binomial equations in which n is a 
prime number. 

This impoiiant result, of which further use will be made in 
A later chapter, follows readily from the theorems III and IV 
of this paragraph. 

67. Depression of Reciprocal Equations. A reciprocal equation 
of the standard form (5 31) can ahvays be depressed to one ofhcdf 
the dimensions. 

Divide both sides of the given rpcipronal e<iuation 

a„x-""' + a,a,-^-'+--- +a,a: + a, = 

by x", and we get, on collecting in pairs the terms which are 
equidistant from the beginning and end, 

Assuming ?/ = a; + -, we obtaLu 



and generally 

By substitution in the above equation we obtain an equsu- 
tion of the mth degree in y. From the relation a! + - = ^ we 
see that two values of x may be deduced from each value of y. 
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Ex. 1. Eiiid the primitive roots of x^^ — 1 = 0, x' - 1 = 0, i-* — 1 = 0. 

Ex. 2. Find the roots of x^ - 1 = 0. 

Dividing hyx — l, vegetal + ^ + a^ + x + 'i.=0. 

Dividing this reciprocal equation by x^ and taking x + - = y, we obtain 

Solving s^ — ly + 1 = 0, we ai'i'ive at the following four roots : 
iri=_i(l + V5 + (Vl0^2V5), 5^2 = -1(1- VG-iVlO + a-\/5), 
ccj=_ j(l_ V6 + jVlO + 2V6), Xt = ~iCi + V5-(VlO-2V5). 

These four are primitive fifth roots of unity. Tlie other root La 1. 
Show that xs = *i^- 

Ex. 3. Find the roots of # - 1 = 0. 

Ex. 4. Find Uie roots of a;' - 1 = 0. 

Dividing by z — 1, we get a Kciprocal equation in Uie standard form 
which can be depressed to the cubio ^ + y^ — 2y — 1 = 0. 

Writing s = j) + ^, we have afl — ^z — ij — 0. By § 59 we obtain for 
y three values, a, a^, Oj, where 

cc = - ^ -i. i^/-2S +M\/^S + 1-^29 - SiV^^. 
From x'^ — xy + 1 = vie get the six values 

It ± -Vti:' — i ixt ± Vki^ — 4 f<3 ± Vria' — 4 
2 ' 3 ' 2 ' 

which, together with unity, are the seventh roots of unity. 
Ex. 5. Find the roots of x^ — 1. Which are primitive roots ? 

Ex. 6. Find the roots of a^— 1=0. 

Extracting the cube root, we get x'* = l or to or ii^ and x=l, w, w^, 
Vw, ui-Wo, fu'-Wu, v^, viV^, w^iAo^, where to and iifi are the primi- 
tive cube roots of unity. Give the primitive roots of a^ — 1 = 0. 

Ex. 7. Give a trigonometric solution of ici^ — 1 = and state which 
roots are primitive. 

Ex, 8. Find the primitive roots of x^'^ ~ 1 = 0. 

Ex. 9. How many primitive roots has x'^' — 1 = 0? 

Ex. 10. Find the sum of the primitive roots of a;" — 1 = 0. 
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Ex. 11. By ti'igonometry find approximate Yalues for the roots of 

Ex. 12. rrom the primitive rootn of a:^ — 1 = and r? — I = find 
the primitive roots of k^^ — 1 =^ 0. 

Ei. 13. Form the equation whose roots are the primitive roots of 
a;2i _ 1 = 0. 

There are 12 primitive roots. We liave 

The roots of *' — 1 = are non-primitive for a.'"- - 1 = 0. Since x^ — 1 
is a factor of *^ — 1, the tvvo primitive roots ot x* — 1 =0 are the tvi'o 
remaining non-primitive roots of a^i — 1 = 0. These two roots are roots 
of a2 + * 4- 1 = 0. Hence (e" + a;'' + 1) ^ (k^ + a; + I) = is the re- 
quired equation. This is a reciprocal equation which can be depressed 
to3^-x^-Qx* + 6:x? + Sx^-8x + lTzO. 

Ex. 14. If - V^^ is a primitive root of x" - 1 = 0, find n. If - V^ 
is a non-primitive root, what values may n take ? 
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CHAPTER VII 

SYMMETRIC FUMCTIORS OF THE ROOTS 

68. Wewton's Formulie for Sums of Powers of Roots. The 
sums of like powers of the roots o//(a;) = cait be expressed 
rationally in terms of the coefficients. The sum of the pth 
powei'S of the roots tt, 0, y, 8, ■■■ of the equation f(x)=:Q 
constitutes a symmetric function of the roots. The defini- 
tion and elementary discussion of symmetric functions wet'e 
given in § 15. Following the usual notation, we designate 

.,-«' + /3' + y" + S'+-, 
■>i = «' + ;3' + / + 8"+ ■••. 
To establish Newton's formulae, write (II, § 20) 

The indicated divisions can be exactly performed, § 3. 
If f{x) = x" + a^x''-'+-. +a^_,x + a,„ 

WB get £^ = x"-' +(a + (h)x-^ + («' + a,a + a^)^;'^ + ••■ 
4- («" + «,«"-' + CfciK"-' + -■ + "^K""^' + -. 

Similai'ly,performiugthedivisionsof -'^-!^-^, ^ ' , ■■■ , and 
adding all the quotients, we obtain ~ " ~ ^ 

fix) = na;™-' + (8, + ««,)k"-= -i- (sj + a,s, + na^)3f-^ + •■■ 
+ (■■*. + "A„-. 4- 'ts«„-j + -■ + «ff„)a.'"-"'-^ + ■■-. 
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By § 19, we know that 

f{x) = «x"-' + (» - l)a,x^~'+(n - 2)a,x-' + ... + «,_,. 
Equating coefficients of the same power of x io the two expres- 
sions for /'(ce), we ha.ve 

% + )iai,= {n ~ 1)0,, or s, + a, = 0, 

Sa + OiSi + 9(0; = (*( — 2)0^, or So + u,.fi + 2 113 = 0, 
and generally, when m<n, 

s. + .c,S.-, + 'lA.-, + - + >'". = (» - »>)«., 

From relations l,kiiowiiii^iVeM;toii's/o!f«i(ta, we derive easily: 

g, = — a„ % = ftj^ — 2 0^ sj = — a,' + 3 Ojas — 3 % 

S4 = «i' — 4 afOs + 4 aiOs + 2 03' — 4 a„ 
and so on, up to s^_|. To extend these results to the sums of 
all positive integral powers of the roots, viz. s„, s„^_i, •■-, multi- 
ply f(x) = by af"", whei-e m > ii, and we have 

af + ttiic"-' + a^-^ + ■ ■ ■ + a„K""" = 0. 

Substituting for x in succession the roots «, ^, y, S, ■■■ and 
adding the results, we get 

s« + «is„_i + «A-, + ... + a„s_„ = 0. II 

If we give m, successively, the values ii, n 4- 1, jt + 2, -■. and 
observe that s,, = «, we obtain 

s« + ais„-i + aA-2 + ■■■ + ita,, = 0, 
s«i + a,s„ + rt^„_, + ■■■ + a„si - 0, 
s„v + OA,, + a^,, + - + «„8. = 0, etc., 
which enable us to find expressions for s„, s^^„ ■■■. 

To find the sum of negcUive integral powers of the roots of 
f(x) — 0, put a; = - and find tbe sums of the corresponding 
positive powers of the roots of the transformed equation. 
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The values of k„ may be expressed in determinant form 



% 1 I 
2ajj Mil' 



«i 1 




2 02 «, 1 , 


84= J. 


3c(, a, «i 


^ 



10 

2«i «! 1 

% Oa tti 1 

4 a, ff, do a. 



69. CoefEciente expressed in Terms of s^. I'rom the forimiliB 
of § 68 one readily obtains 

J,, 1 01 j;' 1 » " 
\^ „ ' ■*-• '•'• '•■ ^ ''*"' 

Ex, 1, Find tlie sums o£ positive powers of the roots of 
x« + x= + 3^-^ + K + 1 = 0. 
We have s, = — oi =^ — 1, 

sj = — ais, — 2ai = — 1, 
s^ ^ — aisa — ua^i — 3 % " — 1, 
Si = — fliSa — OjSs — OaSi — 4 04 = — 1, 
and so on. The roots are tlie primitive lif lii roots of unity. Verify our 
result for sj by actually sq^uaring the roots given iu Ex, 2, § 67. 

Ex. 2. Find tlie sums of positive and negative powers 0! the roots of 

a;3 _ 2 J^a + 5 j: - 4 = 0, 

81 =i 2, Si = — 6, 33 = - 10, Si= -V 18, and so on. To get s_^, put z = -, 

y 

and the equation becomes x^ — %x'^ ^-\x~\ = (>. Then 3_i = J, *_ a = ^, 
S-3 = il, and 30 on. 

Ex. 3. Find the auma of positive and negatiife powers of the r 
a:" + l = 0. 

Ex. 4. Show that if the sum of an even power of the roots is ; 
negative, the equation has at least two complex roots, 

« Ex. 5. ^how that, for r" - 1 = 0, a„ = n or 0, 
divisible or not divisible by n. 

Substitute for au ■••, On their values in I and II, § 



a of 



y Google 



aVMMETlUC i'UNCTIONa Ob' THE ROOTS B7 

70. Fundamental Theorem of Symmetric Functions. Every 
rational syininetric fimctioit nf the roots of an ulgebrate equation 
am lie expressed rationally iit tenns of the coefficients. 

To begin with, we shall find the vahie of the symiutitric 
functiou Sct^jS^, in wliicli each tei-ni involves two of the roots. 

We 1'^^^ . „., am, .., 

«m = « +P +y H 1 

s^ = u'- + P' + Y+-. 
Multiplying, we get 

that ia, s„h^ = .v+^ + S'^™;8^, 

hence, Sa^jS' - s„s„ -- «wj.- I 

This result has been obtained on the supposition that m and p are 
unequal integers. If they are equal, then the terms in S"'"^'" 
become equal two and two, and S«'"^ =^ 2 2(a(3)'' = s„^ — s^. 
In either case the symmetric function is expressed as a rational 
function of the sums of powers of the roots. But by § 68 the 
sums of like powers, s„, can be expressed rationally in terms of 
the coefficients of the given equation. Hence ^a"^ can be ex- 
pressed rationally in terms of the coefficients. 

Next we express the value of the symmetric function ^a'°^y, 
where ea^h term involves three roots, as a rational function of 
the coefficients. We have 

Sf."^" = <r^>- + «™v'> + ^y + -, 

s, = u" + l3' + f + -. 
Multiplying, we have 

s,^ar^ = u'- ^■'^- + ^'•'^^f + y-^V + ■■■ 

+ a^fi"^-' + /S""/ ■ " + 7'"^^"+' + ■■ • 
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The tevms on the right-hand side constitute three sets, rep- 
resented in our notation, respectively, by ^a"*"^, Sk"^'^', 
Stt^^V*. Hence 

Transposing and substituting for the symmetric functions whose 
terms involve only two roots their values aa determined by i, 
we obtain 

Sa"^/ = s„SpS, - s„+j,s, - s„^,s^ - J*„s^+, + 2 .5^,.;,+,. II 

This supposes that m, p, q are unequal. If m=p, we have 

2 2(«/3)™/ = s^\ ~ s^s, - 2 s^^.^s„ + 2 Sj„,^,. 

If wt=:i) = 5, we obtain for S't^^y' the value 2 . 32(o!jSy)™ a.id 

6 S«"^7' = C ~ 3 S5„s„ + 2 s^. 

Thus, ta"^"-/^ may always be expressed rationally in terms of 
the coefficients of the given equation. 

This method inay be continued to any extent, and the proof 
may be given for any function %ii"'^^-/'^ ■■■. 

In every symmetric function thus far considered all the terms 
were of the same degree ; the function was Itomogeneous. If 
any rational symmetric integral function is not homogeneous, 
then it is the. sum of two or more homogeneous symmetric 
integral functions, such as a + ^ + y + a^-\-uy + ^y. Hence 
it is evident that a rational symmetric integral function can be 
expressed rationally in terms of the coefhcients, whether the 
function be homogeneous or not. 

Finally, we* observe that no fi-aational function can be sym- 
metric unless it can be so reduced that its numerator and 
denominator are each integral symmetric functions. Hence, 
also, IX fractional rational symmetric function can be expressed 
rationally in terms of the coefBoients, and our theorem is 
established. 
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71. By tlie aid of the theorem of § 70 we can calculate the 
value, in terms of the coefficients, of any rational symmetric 
function, But this method is laborious, and usually other 
methods are preferable. For convenience of reference we state 
here some of the results obtained in § 16, viz., 

For the cubic x' + aa;^+te-fc = 0, 

Sfe=^ =^6^-2 ac, 
■%o?j3 =d'b-2b''~ ac, 
(« + ,3)(/3 + 7)Cy + «) = c-a6. 
For the qnartic s^ + ax^ + ba? + cx + d = 0, 
So^jS -3c-a6, 

Ex. 1. For the cubic find the value, expressed in terms of the 

Kjc. 2. For the quartio find the value ot the itratirmal symmetric 
fimctioji Vs«'j3. 

Ex. 3. For /(e) = calculate 2o!i^ttjK3, where Bi, k^, ■■-, a„ are 



and S«i^a2«a = aioa — 4 Oj. 

If the calculation is carried on by § 70, II, we have, since p = q = l and 

" ' 2 Scti^BjKj = SsSi* — 3 S3S1 — Sa^ + 3 34. 

Substituting for si, S2, S3, % their values, § 08, and carrying out the 
indicated operatioiis, we get the same answer. 
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Ex. 4. Show that for the general equation /(a) = 0, the general form, 
in terms of the coefiioients, obtained for Sixi'wa^ ia the same as for the 
quartic equation. 

Ex. 5. Calculate Ski'ixs for /C.t)= and from the result tlerive the 
special value it assumes for the cubic. 

Ex. G. Calculate Sui^KB^Wa for the quratic equation. Is the result 
the same for the general equation ? 

Ex. 7. Find the value of the symmetric function 
,« - (3)^4- (p - 7)^-1- (y - ay for the cubic 6o!6« + 3 bi3? + 3 62* + 6^ = 0. 
Deduce the same result from V, § 35, 

Ex. 8. By aid of § 85 compute the value of (« - )S)'(« - -l)^(? - lY 
for the cubic )fi + 'j? + x+ 1 =0. What relation haa this symmetric 
function to the discriminant of the cubic ? How many values does the 
function (a — 3)(«~7)(|3 — t) assume when the roots are interchanged? 
Why is this function not symmetric ? 

Ex. 9. Show that for the quartic 

X* + Hix' + a^x^ + dsx +ai — 0, 

Ex. 10. Show that for this quartic 

(«? + 78)tV« + p5) + (ap-f 7S)(^7 + «5) + (f37 -I- «5)(7K + (3S) 

= aidi — 4 (t4. 

* Ex. 11- Form the cubic equation having for its roots 

rep + 7S, ay + |35, j37 + «5. 

Ek. 12. Show how tlie general quarUe may be solved with the aid 
of the roots of the cubic in Ex. 11 and the relation a^yS = Oi- 

Ex. 13. How many different values will the function np + yS assume, 
as the roots arc interchanged in every possible way ? 

* Ex. 14. Find the equation whose roots are 

p = V2 + v^, PI = V2 + ij \^5, p2 = ^2 4- u= v^S, 

P3 = -V2 + V^, P4=-V2 + wv'&, p5=-V2 + io=v'6. 

Let the required equation be 

'jfl + Oi«* + aix^ + asx" + air? + 03E -I- (19 = 0. 
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We have ni = 0, and therefore as = Sppi = — I ^f' = — fi- Multiplying 
2ppi by Sp, we have 3 tppips + Zppi' = 0, hence 

(i3 = - Sppipa = i Sppi^ = - ^ Sps = - 10. 
Multiplying Sppipa by Sp, we obtain 

4 Sppipaps + Sppipa^ = i Sppipa^ = Sp^^ - 2ppi — Sp^^ . Sp + Sp^' 

= Spa'^.Sppi + Spa' = — 48, 
hence 04 = 12. 
Similarly, we get 

5 Sppip^papi + 2ppip.pa^ = 0, Sppipipa^ = Sps' ■ Sppipa — Sp^^ . 2ppi 

— Spa^ = — 300, 
hence aj = — 60. We liave cio = 17. 

* Ex. 15. Find the value, in terms of the coetHcieiits of the cubic, of 
(« + WW! + u^Ki)" + (a + i^'u\ + wna)*, where lo is a complex cube root 
of unity. 

■ * Ex. 16, Show that for ttie quartic 

3^ + 4 &,# + 6 bsx'^ + ij,.^x + h, = 0, 
the following relations hold : 

S«»ai = 1538 6i*6a - 2304 bi^bi^ + 432 &a^ - 258 b,^bi + 072 bibibs 

- 48 6a= + 16 bj%i ~ 36 6264. 
S()l*«i«s = 266 fijSfts - 288 616263 + 48 6a^ - 16 6,^6, + 12 6264. 
Sa'cti'ns = 96 bib^bz - 48 63^ - 48 6,^64 + 24 6a6(. 
Za^ai^ = 216 62' - 288 61626s + 48 6a^ + 48 6j264 - 18 6364- 
Sft3rti%s«3 = 6 6a6j. 
S«^ = 16 6i« - 12 62. 
S«2(ti«a = 16 6163 - 4 64. 
*"Ex. 17. Find the cubic whose roots are 

(«~ ai)(«a-«i). («-«2)<(t3-«i), («-rta)(«i- Ka). 
* Ex. 18. Show that, for the quartic x^ + ai'^+ a^x^ + asx + «4 = 0, 

(« + «!- (ta — ai}(tt— «i - «2+ nO(« - ((1 + «a — «a) 
= — Coi^ — 4 aiQa + 8 «3). 
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ELIMIHATION 

72. Resultants or Eliminants. Let us determine the condi- 
tion that tile two equations 

/(a!) = ao^-I-a,a: + % = 0, 

shaJl have a toot iu common. Designate the roots of the 
second equation by y3i, ^5. The necessary and sufficient con- 
dition that |8i or ^2 shall satisfy the equation f(x) = is that 
/((81) or fifi^ shall vanish ; in other words, that the product 
/(ft) -/(^i) shall be zeco. Multiplying together 

we get 

«o%w + «o«,o3,/3./ + mi) + "ofl.c^f + m + <^^^M2 

+ -ha^iPi + Pil + «/■ 
Multiplying by c,,* and substituting for the symmetric func- 
tions of j8i and /^^ their values in terms of the coefficients of 
F{x) = 0, we have 
Oo'co^ — oofiiUiCs + aiftifi,^ — 2 a„a^t,fii + kj'coCj — aiajCoC, -j- a/V. 

This expression is called the eliwdnant or reswUant. Its van- 
ishing is the condition that the given equations shall have a 
root in common. 

If from n equations involving 91 — 1 variables we eliminate 
the variables and obtain an equation fi = involving only the 
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coefficients of the ecinations, the expressiuii R Ir called the 
eliminant or resultant of the given equations. 

In the above example the elimination was performed with 
the aid of symmetric functions. This method generalized is 
as follows : 

73. Elimination by Symmetric Functions. To find the eon- 
ditiooa that the two equations 

f(x) 3 0^ + ai3f-i + «^"-' -\ h <■'„ = 0, 

F(x} s c^ + CiX«-' + apf"^ -H ■■■ + c„ = 0, 

shall have a common root. For this purpose it is necessary 
and sufficient that some one of tlie roots ;8„ ^Sj, ■ ■ ■, ^„ of F(x) = 
shall satisfy f{x) = 0, in which case the product 

must vanish. 

We liave/03i) s a^fi," + a,(ir^ + ...+«„, 



/(;S„) = <(i,/3„" + a,/5„"-' + ■ 



Multiplying these together, we obtain, after substituting for 
the symmetric functions of jS-,, 0j, ■■-, ^„ which occur in the 
product their values in terms of c„,Ci, ■■■,c^ and after clearing of 
tacHon,, Ji.^./W.) -/(A) ■■•/(«■ 

Here E is the eliminant and is a rational integral function of 
the coefficients of /(^) and F(x). Its vanishiny is the conditioii. 
that the two given, equations haim a root in common. The degree 
of the resultant in the coefficients of the given equations is in 



It is easy to see that we obtain the same eliminant by sub- 
stituting the roots 0.1,0^ ■■•, «„ of /(«) = 0, in succession, foi' x 
in the polynomial Fix). 
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74. Euler's Method of Elimination, lif(x) = and F(£) - 0, 
as defined in §73, have a root a in common, we may write 

f(x) = (x-<z)Mx} 

where /i(a;) = A^x"^^ + A^-^ -\ + A„, 

F,(x)^C,x''-' + C^—^+ — +C„, 

the eoefftcients ^j, ■■■, ^^and Ci, -■-, C„, lieing undetetmined 
quantities. 

We obtain easily tlie identical equation of the (in + n — l)th 
deg,ee/W-if,(^)sP(a,) ./,(==). 

Performing the indicated multiplications and equating coef- 
ficients of like powers of a;, we obtain m, + n homogeneoiis 
equations. Eliminating the undetermined coefficients, we ob- 
tain the required resultant. 

Thus, find the resultant of 

Bnic' + aiK +■ Os = 0, <^ + c,x + C2 = 0. 
If they have a root in common, we obtain the identity 
(CiX + Q(a,vB^ + a,x + a^ = (A^x + ^aXtyB^ -I- o,a; + c^) 
or (CjOa - A^r^)!)^ + (Cya, + C^„ — A^Ci — A/^x^ 

+ (Gia^ + Ojffli — Afi.^ — Af.{)x + Oa — -4«s = 0. 
Equating coefRcients, 

C,% -A,% =0,1 

Cini+CsOo— Aci — -dsCo = 0, I 

Cittj + C.fi,i — AyCi — A^i = 0, 

0^., - Ax, = 0. ) 

In order that the fonr homogeneous equations I may be cou- 
Kistent with eaeh other it is necessary that 
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tti i) 



This vaaishiiig determinant is the resiiitaiit. 

[To recall the reason for this, observe that if each member of 
the four equations 1 is divided by A^, we have really only three 

unknown quantities, viz. — , — ^, — - If their valnes, which 

Ai Ai A3 
may he obtained from the first three equations, are substituted 
in the fourth equation, then we obtain a relation between the 
coefficients of the two given equations which is the same as that 
i hy the above determinant.] 



75. Sylvester's Dialytlc Method of Elituination. To eliminate 
X between f{x) = and F{x} — 0, equations of the degrees n 
and m, defined as in § 73, multiply the first successively by 
3^, x\ 3?,—, x"'^, and the second successively by af, a;', v?,—, a:""'. 

We obtain thus tlie in, + n equations 

Fix) = 0, xF{x) = 0, ^F{x) = 0, ■■■, x--'F{x) - 0. 

The highest power of x is ™ + n — 1. If /(a;) = and 
Fix) = have a common root, it will satisfy all the in-^-n 
equations. If the different powers of x, viz. x, a?, a,-*, ■■■, af^"~', 
be taken as m + n — 1 unknown quantities satisfying m +n 
linear equations, it is evident that a relation must exist between 
the coefficients of the equations. This condition of & 
is the vanishing of the resultant.* 

* The above proof of Sylvester's method 
Attention should b« called t" the fnet tliat it i 
different powers of x have values that 
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Thus, to find the resiiltant of 

f{x) = ri^'^ -I- a,x^ + ft^^• + a^ = 0, 

and F(:e) = c^»? + ^iX -f- (^s = 0, 

we have /(a:) == a^'' + aaii' + a^a; + ctj = 0, 

xf{x) = a^ii^ + ttja^ + a^^ + a^ =0, 

F(x)= +c^^ + c^x+c, = 0, 

xF(x) = +e,(i? + Ci!x? + c^ =0, 

x'Fix) = c^+Cia?+c^ =0. 

That the four unknowns x, n?, y?, iB*, may satisfy the iivo 
equations, it is necessary that 

a„ fl, a., 



R is the resultant. 



76. Discriminant of f{x) = 0. It was proved in § 21 that if 
fix) =^0 has a multiple root, that root satisfies /'{a;) = 0, The 
condition that /(a;) = aiid/'(a!) = have a root in common is 
expressed by the vanishing of their resultant. The resultant 
of /(x) = and f'{x) = is called the duci-m.inaiit of /(a;) = 0. 
The discriminant of an equation f(x) ~ may be otherwise 
defined as (fee aim/plest fmwtion of the coefficients, or of the roots, 
wJiose vanishing signifies that the equation Jias equal roots. 

If f(x) = and/'{«) = have a common root, this root will 
satisfy also nf(x) —fix) = 0. Instead of finding the resultant 
of /(x). and /'(k), we may therefore find the resultant of 
<(«) -/'(«) = and f'{x) = 0. The latter mode of procedure 
is preferable, because it gives us the resultant clear of an 
extraneous factor. 
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The discriminaats of the general quadratic, cubic, and 
(juartic are, respectively, as follows ; 

Quadratic disc. = Tl(^'^ ~ ^"^^ > 

Cubic disc, § 35, = -^1(0°- + HI^', 

Quartic disc, § 51, = ^^f{r ~ 27 J"). 

77. Discriminant expressed as a Symmetric Function of the 
Roots. Since tlie discriminant of the equatioD f{x) — vanishes 
always when at least two roots are equal, but under no other 
conditions, it follows that cti — o^ Jnu=!t be a iactoi of the dis 
cnmmant For if u^ and (1^ aie the equal loots, «, ~ (t. is the 
only simple factor whic-h will ^ ani^h because of this eqiialitj 
But an mteichange of ani/ tiio loots, say «i and its, must not 
altei the numeiieal value oi the iign of the discnmmant since 
the disciiminant is a constant nhen the toefBcieiits of the 
equation aiP constants Hence the lowest positive power to 
which the fa«toi «i — ». uiii occui in the disciiminant is the 
second power In othei woi Is, (a, — a) is i f n toi of the 
disciiminant 

Since this leasonmg applies to in^ t^^o luots \iliitLH'i, 
{«i — «j)^ is a factor , also («, — Uf)", and ^o un 

Hence the product 

D = n («, - u,y = (a, - a,)%<^, - a,r- - («„-„ - <f 
is a factor of the discriminant. If the multiplications indicated 
in this product were carried out, each term would be of the 
n(« — l)th degree in the roots. 

The resultant of f(x) = and /'(x) = may be expressed by 

§rai,s <•/'(«,)•/'(«.)•■■/'(«.). 

where re;, «,, ■■■ , «„ are the roots of f{x) = 0. One teuu of this 
product is («a(i^)"(iti«i'" «„)"""'; the degree of this term iu the roots 



y Google 



98 TUKORY OH' 1'XJIJAT10;;S 

is n{n — 1). Tins product is homogeneous, for if in any other 
term, say (n — l)"«o"ai''([iir<2-" «„)''~^ we substitute for the eo- 
effieienta their equivalents in terms of the roots, by the relations 
of § 13, say «, + it3 + ■■■ + a. for — ^, we see that this term 

likewise is of the degree 7i{n — 1) in the roots. Hence the 
product n(ai — t^f is of the same degi'ee in the roots as the 
resultant of f(x) = and /'(k) = 0, and, therefore, as the dis- 
eriminant of f{3t) = 0. Consequently, this product can differ 
from the discriminant by a numei-ical factor only. 

Ex. 1. Show that the reeultimt of x^ — if. - 43 = and x'^ + ix-lT =0 
is zero, proving that the left members of the equations liave a eoimiion 
factor, 

Ex. 2. Find the resultant of 
alp^' + a^a:^+a2a^ + «3 = OandCo3:' + (!l^;= + C2S+ 63 = by Euler's method. 

Ex. 3. For wliat value of a will the two equations a^ 4- ax'^ + 2—1=0 
and 3fi + Sx + l = have a roc 



Ex. 4. Using Sylvester's method of elimination, find the discriminant . 
of i'oai=+3 6i#+3 b^+b3=Q- 

Ex. 5. Find the discriminant ot x," — 1 = 0. Has the equation equal 

Ex. 6. Find the discriminant of j'-n - 1™ - 1 + 1 = 0. 
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CHAPTER IX 

THE HOMOGRAPHIC AND THE TSCHIKWHAUSEM 
TRAHSFOBMATIOKS 

78. Homograpliic Transformation. All the transformations 
of equations exijlained in §§ 27-34 are special oases of tlie 
homographie transformation, in ■whioli x is connected with the 
new variable y by the relation 

where A, k', ii, fi.' are constants. Thus, if X — — y.' = i, \' = jk = 0, 
then ^ = — 9:, as in § 28; if X^ii' = l and X'=0, then >j=^x + ij., 
as in § 32. 

By solving for x we readily get 

If this value of x is substituted in a given equation of the 
nth degree, we obtain a new equation of the iith degree in y. 

If (i,ji,y,... are the roots of the original equation and «', ^', 
y',.-. the corresponding roots of the transformed equation, then 



Subtracting, we get ,c'-j3'= j ' "- - ^^lY, ^''^) - '^^^ obtain 

(X'l3+l>.'){Xa.+i>:) 
similar expressions for a' — y', S' — 0', S' — y', etc. If now we 
take any four roots a, jB, y, S and the corresponding roots n'. 0'. 
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y', 8', "we obtain by me.aus of these expressions the following 
■■etetion; („'^^')(y-y) _(.-/;)(6-,) 

(«'-y')(8'-« («-y)(S-«' 

The geometrical significance o£ each of these fractions becomes 

apparent, if taking as origin, we put a=OC, ^ — OA, 

y = OB, 8 = on. Then 

-1 ^ 7 ■" a^^^AG,,.-y=BC, 

'^' '' '■ B-p = AD,8~y = BD, 

and the fraction on the right-hand side is equal to -^^-J- ■^^■ 
This ia the cross-ratio (anharmonic ratio) of the points C and D 
with respect to the points A and B. See Ex. 10, § 113. 

Siuiilavly, the left-hand fraction expresses the cross-ratio of 
points C and D' with respect to points A' and B'. Hence, if 
the roots a, p, y, 8 represent distances on a line, measured from 
an origin O, then the cross-ratio of the four points thus deter- 
mined is the same as the cross-ratio, similarly formed, of the 
points, determined in the same manner by the corresponding 
roots a', ;8', -y', S', of the transformed equation. 

Thus, we have on the same line two ranges of points, 
a, (3, y, 8, •■■ and a', ^', y', S', ■■■ such that the cross-ratio of any 
four points of one range is equal to the cross-ratio of the 
corresponding four points on the other. Such ranges are called 
hotnocirapkic ; hence the name, homographic transformation. 
To a point in one range corresponds one, and only one, point in 
the other. In other words, there is a one-to-one con-espondence 
between the two ranges of points. The homographic trans- 
formation ia the most general transformation in which tliia 
correspondence holds. We proceed to coirsider transformations 
which are not usually homographic. 

79. The Most General Transformation. The m< 

rational algebraic transfoitnation of the roots of an equati 
f(x) = of the litli. degree can be reduced to an integral tra 
formation of a degree not higher than the {v, — l)th. 
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Every rational function of a root a,„ can be expressed in the 
form of a fraction whose numeratOT and denominator are each 
rational integral functions of the root, viz. 

Multiplying both n 
same quantity, we may write 

KO K«i)-''('<2)-- ''(««) 

We aee that the denominator h(a{) ■ h(a^ ■■• A(a„) is a sym- 
metric fimction of the roots «,, «2, ■■-, «„ of the equation 
f(x) = 0. By § 70 this function can be expressed rationally 
in terms of the coefficients. Hence «„ can be made to dis- 
appear from the denominator of the fraction representing the 

value of ■ — — . In other words, it reduced to an integrai 

A('t„) KO 

function of ii„. 

Again, the numerator of this fraction, viz. 

K«0-''(««-i)-''Kti) ■■■'<«-), 
is a symmetric fimction of the roots a,, •■• (i„,-\, «„+ii ■•■ «n of the 
equation ■' '^ ■ ' = 0. Hence it can be expressed as a rational 

function of the coefficients of this equation. These coefficients 
are rational integral functions of «„ aiul the coefficients of 
/(a;) = 0, as may be seen by performing the indicated division. 

Hence — — and also 2l!]iW can be expressed as an integi'al 

rational function of «,„. Let the integral function (?(«„) = °.. ■■■■ • 

If G(a^) is of a degi-ee higher than the jith, divide G(x) by 
f{x), and we obtain 

G(x) = Q-f(x) + H{x), 
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where the degree of the fiinetiou H{x) does not exceed n — 1. 
Now write a„ for w. Smce /(«„) = 0, we have G («^) = H{tt„), 
and the theorem ia proved. 

80. The Tschirnhausen Transformation. The most general 
rational algebraic ti'ansformation of a root ot 1;lie eqaatioii 
/((b) = can therefore be represented by the integral functions 
of the (n - l)tli degree 

y = rfi + d^ + d;^ + ■■• + d^x"-^. 

This is known aa the Tschirnhausen transformation. 

By its aid Tschirnhausen sircceeded in reducing the general 
cubic and quartic equations to the form of binomial equations. 
We shall do this for the cubic, 

6^ + 3 6,3^ + 3 6^ + 63 = 0. 

We assume y = di+ d^e + x-, where d^ and d.^ are coeflicieuts 
whose values must be determined. 

Iiet the roots of the given e^juation be a„ (^ a^ and the 

corresponding roots of the required equation ^ — c = be 

^, u)ft tj'p, where <o and lu' are the complex cube roots of unity. 

Then 

^ = (!, + d^u, + «/, I 

u)^ = d, + d.^u.j -t- «3=, j- I 

o,^j3 = d, + rf^K,j + «3^ 1 

Adding, we obtain 3 d, + ti^s, + % = 0. 

Multiplying the second equation by 01, and the third by ui^, and 
adding, we have (a^ -|- (o«a + ay'ii^jd^ + u^' + mnj^ + uj-ct,- = 0. 
Whence 



rfj + Si = ds + «! + «i 4 



(4] 4- tUrtj + tu'^Kj 



Since u> may represent either one of the two complex cube 
roots of unity, there are two possible values for this fraction. 
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By a aomewliat laborious operation, theae values may be shown 
to be roots of the quadratic 

(bj}^ + b^-)^ + (6A - \h)x + (Pih^ - h^ = 0. 

The coefficients of this quadratic being known, we can find 
its two roots, hence also the reqi\ired values of di and d^ 
Then, multiplying together the members of equatiou I, and 
substituting for the symmetric functions of Ou Kg, «3 their values, 
we arrive at the value of c in ^ — c = 0. 

After reducing the cubic and quadratic to the binomial form, 
Tschirnhaiisen hoped to be able to transform the general 
qnintic to the form y' — c = (}. Since this fovm admits of 
algebraic solution, he hoped to find the much-sought-for gen- 
eral algebraic solution of the qnintic. But in the determina- 
tion of the coefficients di, d^, d^, d^ d^, unlooked-for difficulties 
presented themselves, calling for the solution of an equation 
of the 24th degree. While the Tschirnhausen transformation 
is worthless for the general solution of the quintio, it enables 
one to remove the second, third, and fourth term of the quintic 
and of equations of higher degrees. 



Ex. 2. Find Uie integral transformation of a degree not higher than 
the seMind, wliich ia equivalent ta the transformation y = —~ — fur tlie 
cubic a^ + a^ + 2 + 2 = (I. *' + ^ 

Here -^- =^ + (a; -f l)z + (c^s^ ^ r;, + i), 

__L_ ^ (fti' + DC ci a'-H) _ tti^Ka" + ai ' + fta ^ + 1 
a^^ + 1 («i^ + l)(«i2 + 1)(«32 + 1) ai^oa^oi? + Stti^ai^ + Siti^ + 1 
= («2^ + «2 + 1)* — a^,y= — (x + I)^. Ana. 
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CHAPTER X 

OH SUBSTITUTIONS 

81. Hotation. In tlie aiiaiigeiiieiit or pernmtatioii of four 
letters, aiO-^i^^, let each letter be replaced by one of the others ; 
put, foi' instance, «, foi' ai, a^ fou a,, «! £ov o.j, and ts^ for o,, then 
this operation, called a mibsl.ituiion, may be designated by the 
notation , 

where each letter is replaced by the one heneath, or by the 
notatioii (a[fl.,a^), where eaeh letter is replaced by the one 
immediately following, the last letter, «„, being replaced by the 
first, fli- We shall use more frequently the second notation. 

Observe that M^i^'s'j ^ (x^x^^), 



■ihaj 



/I 2 3 4 5\ 
U 4 C 3 ij 



and that U , ; , , = (1 2 4 3 5). 



Just as the aiihstitutioii (aia+asaa), effected upon the arrange- 
ment aiaaflaOj, gives the new arrangement ajCisOiaj, so when 
effected upon a^asa-ia^ it gives a^iata^. 

We shall agree that in a substitution a, letter may be replaced 

by itself, but that no two letters can be replaced by the same 

letter. Accordinglv 

faiU^aA 

is a substitution, but ((tia^^a^t) is not, because in the latter 
('i and aj are both replaced by a^- 
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Ex. 1. Show that (xfjzv!) is the same substitution as (ways). 

Ex. 2. Show that (ai<h ■■■ ii,) is equal to 

(a»_nau-^i ■■■ a„aia3 ■■■ a»-m-0 1 
that, therefore, the same suhstitutioa may be represented \n sfiveral ways 
and that its form is consequently not unique. 

82. Product of Suhatitutions. By the notation (oiOa -■•a„), 
(6,6j-"6,,) we mean that the substitution (ctiM^ ■■•«„) ia per- 
formed first ; then, upon the result thus obtained, the substitution 

is pei'fonncd. We eall the two substitutions, placed in jux- 
taposition, theii- product in the given set-iuenee. 

If the product (1 2 3)(4 5 3) be applied to the digits 
12 3 4 5, taken in their natural order, the substitiition 
(1 2 3) yields the arrangement 2 3 14 5. The substitution 
(4 5 3) applied to this result gives the arrangement 2 4 15 3. 
But this last arrangement may be obtained from the first by 
the substitution (12 4 5 3). Hence the product of (1 2 3) 
and (4 5 3) is equivalent to the single substitution (12 4 5 3). 

The indicated product (1 2 3)(4 5 8) may be carried out conveniently 
aa follows : 1 is replajjed by 2 in the first substitution, and 2 is not re- 
placed in the second Bubstitation ; hence 1 is replaced by 2 in the prod- 
uct. Again, 3 is replaced by 3 in tlie first sabstitntion, 3 is replaced by 
4 in the second auljstitutioa ; hence 3 is replaced by i in the pi-oduct. 
. Likewise, 4 is replaced by 5 in the second substitution and also in the 
product ; 5 is replaced by 8 in the second substitution and in the product. 
Hence the result of the multiplication is the substitution (12 4 6 8). 

Ex. 1. Show that (4 5 3)(1 3 3)-(l 2 3 4 5). 

Ex.2. Showthat (a6ciJ)(a«!fl) = (o&(fc«). 

83. Commutative and Associative Law. Notice that the 
product of (1 2 3)(4 5 3) is not the same as the product of 
(4 5 3)(1 2 3). On tlie other hand, we see that (1 2 3)(4 5) 
= (i 5)(1 2 3) and that (xy)(zw)(_xz)(:yto) = (x^)(jf>,<)(xy){zw). 
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Hence it follows that in the multipUcfition of substitutions the 
eommutative law is not, in gene)-ai, obeyed. However, we shall 
find that the associalive laiv is always obeyed. 

Ex. 1. Show Lliat if s™ S/,, s, are substitutions, 

Assume that s^ replaces an eiecnent p by 2, 
that St replaces an element q by r, 
that s, replies an element r by s, 
then SaSb replaces an element p by r, 
and SiSc replaces an element g by s. 
Hence, SoSitf,;, (sa8t)So, s^CsiSc) each replace j) by a. 

84. Identical Substitution. A substitution which i-eplaces 
every symbol by that symbol itself is an identical substitution. 

Example:! ' j, which may also be written {n^(ii^(a^. In 

(a,) the letter a,, is at the same time the first and the last letter, 
hence it is replaced by itself. As the identical substitution 
plays a r61e analogous to that of unity in the product of 
numbers, it is usually represented by 1, 

85. Inverse Substitutions, The inverse of a given substitu- 
tion is one which restores the original arrangement, so that a 
given substitution and its inverse constitute together an identi- 
cal substitution. Thus, the inverse of the substitution 



Let the inverse of the substitution .9 be designated by s~\ 
Then the inverse of s~' is a. The fact that any substitution, fol- 
lowed by its inverse, gives us the original arrangement may be 
expressed by the symbolism .^ ^ ^_i _ ^tt 

We have also s~' -8 = s", 

where s" signifies an identical substitution, i.e. s" = 1. 
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The repetition of a substitutiou s or .i~', r times, is denoted 
by s' or s"'. Hence exponents ai'e used here in much the 
same way as are integi-al exponents in algebra. 

86. Cyclic Suhstitutiona. If we suppose the letters of the 
substitution («,%-■■ a„) to be placed in the given order on the 

circumference of a circle at equal intervals of ■ — — , the given 
Bnbstitirtion is equivalent to a positive rotation of the circle 
through - — -. Hence such a substitution is called a ctide or 
a cyclie aubstUviion, oi a ei)o«ia) substitution Ihe jioduct 
(abe-- d)(xyz--w) is called a substitution of two (jiles 
Similarly we have substitutions of thiee oi moie f jcle5 Tlie 

substitution (01=71 ? c) '-"'^^i^*'^ °^ *'^® '•"'* '•J'-l^^i 
(1 3 5)(2 4 7 6); (01 1 is replaced Ity ■? 3 bv 'i 5 b> 1, ind 
we have one cycle, again, 2 is leplaced by 4 4 bj 7 7 by fi 
6 by 2, and we have the second cycle 

In this uaanner any substitution can be resolved iuto cycles 
so that no two cycles luive a digit in common. This resolution 
can be effected in only one way. 

A cycle may consist of a single element, say (5). The sub- 
stitution (o f, . -, -) may also be written (1 3 4){2)(5), or 
(1 3 4)2 5, or (1 3 4). 



Ex. 2. VerifytherelaUons(acft)(a6c) = l,(o''c)C<itO = (a«''),Ca'')(a'; 
= (a;.c), (6c)Cae6) = (nc), (6e)C6c) = l, (abc)(acb) = i. 

Ex. 3, In wliicli of tlifi following products i3 the 
obeyed: (_abc)(ac), (^bcXacb), (bca)(bae)? 
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87. Finite Number of Distinct Substitutions. The Tuiiuber ot 
distinct substitutions which can be performed upon a linice 
number of elements «,a2 ■■■ ci, is finite, tot the number of 
substitutions cannot exceed the number of permutations, and 
this is known to be finite. Hence, if upon ax% ■" «« ^^ per- 
form an unlimited sei-iea of substittitions s, .•f', x', s*, ■■■, the 
results of those substitutions cannot all be distinct. There 
will he certain powers of s which give the same result as does s 
itself. Let m + 1 be the lowest power of this kind, then m""'"' = s. 
This may be written s"-s — s. !Hence 

■ and s'''^!. 

We call m the oi-der of the substitution. 

The order of a fiu'i»titutioii. is the least power of the substitu- 
tion which is equivalent to the identical substitution. 

,, /12.S4-\,, .. n2V.i\ 3 /12 3 4\ 

^^ ^ = (234l}'^"^"'^" = (;j412}^=(4123> 

,. = /-1234> /1234\ ^^^_ 

^1234/ \,2341/ 

Heucem-|-1 = 5, )B = 4, ands* = s" = 1,s" = m', and generally, 

This substitution s is cyclic. It is evident that the oirler of a 
ct/dic or cuvtilar substitution is equal to the nuaibe-r ofit8 elemeut.t 
(digUs). 

If 8 = (123)(45), then 8^=(132), .<^=(45), s' ^ (I 2 D), 
s* = (1 3 2)(4 5), / = 1. Hence the order is C. 

If )ii,ii2j'*3)* "denote the number of elements in the successive 
cycles of a substitution, theu its order is a number exactly 
divisible by each of the numbers n„ n^, n^, ■•■ ; that is, its order 
is the least common multiple of n^, n^, «3, •-■. 

Ex. 1. Show by actual substitnti (HI that the order of s= (1 2)(3 4 5). 
(67 8 9) is 12 or the L. C. M. of2, 3, 4. 
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88. Theorem. TJie pmdnct t-'^st imiy be coiivenieMhi obtained 
from, the substitutions s and t by jmrformivg upon eaxh cycle of s 
tlie aubstitution t. 

Let s=- {abc--)(a'b'c' — ) — 

a^d ,^(abc...a'b-c'...\ 

Take any one of the letters a, p, y,-- , a', /3', y', — , say p. 
By ("^ fi is replaced by 6 ; by s, & is replaced by c ; by t, c is, 
replaced by y. Hence by t-Ht, ^ is i'eplaced by y. 

Now, if by t we substitute fi for b and y for c in the cycles 
of 3, then, instead of the sequence b c, we have in s the sequence 
^y, which replaces ;8 by y, as before. As this consideration 
applies not to ^ alone, but to any letter, the theorem is 



In the operation t~ht, t is said to transform s; the operation 
is called a transfoi-viation. 

Ex.1. If s = (123)C4667),f = (5723), thenri== (3276). To 
illuslvate the theorem jual proved, apply f' to tUe arraugeuitnl 12 345 6 7 
and we gel 1 7 2 4-^6 5. To this result apply the substitution 8, and we 
have 2 4 3 5 17 0. To this last arrangement apply (, and we obtain 
finally 3 4 6 7 2 0. 

This same final arrangement is obtained more easily, if in place of per- 

foL'miiig tlie three substitutions, we perform upon the arrangement 

) 2 3 4 6 6 7 only one Bubstitntion, namely a' = (13 5)(4 7R2). News' is 

gotten from a by performing upon each cycle of s the Biibstitution (. 

Ex. 2. If s = (1 2 3)C4 5 6 7) and ( = (3 4 3 7), find (-isS by theorem 

Ex, 3. If s = (<i'j)(erf). ( = (a!)C), determine the result of operating 
witli r'si upon the arrangement abed. 

89. TranspoBitions. A transposition is a cyclic substitu- 
tion containing tiro elements. Thus, {nb), (be), {1 2) are 
Iranspositions. 

Ei. 1. S^h'iw ihiit the wqoiire of any transposition Is the Identical 
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90. Theorem. A substitution may he expressed ns the producl 
of transpositions in an unlimiled number of ways. 

We am easily verify that 

(12 3...<0 = (12)(13) -{In), 
and that (1 2 3)(4: 5 6 7) ■■■ = (1 2)(1 3)(4 y)(4 6)(4 7) -. 

From this it appears that every substitution can be expressed 
as the product of transpositions. 

The number of ways of doing this is unlimited, for between 
any two ti'anspositions just found we may interpolate the indi- 
cated square of any transposition without modifying the sub- 
stitution; or we may pretix or annex the square of any 
transposition, and we may continue this ad libitum. Thus, 

abc = (a&)(«c) = {ca){ca){cfJ)){bc){bc){a^). 

91, Theorem. TIte number' of trani^osithns into whidi a 
substitution is resolvable is eitlter always even or always odd. 

The effect of any transposition, say (fi]«a) upon the aqiiare 
root of tlie cUscriminant, V2), is to change its sign. To show 
this write (^ 77) 

ViJ = («i - «.)(«, - «3)(«i ~ <^a) - («, - «.). 

t«2 - «s) («3 — «4) • • ■ («2 — "J > 

K-r/4)-("r,-«.), 



The transposition (re, Kj) alters the sign of the factor («, — wj) 
and interchanges the remaining factors of the first row with 
the factors of the second row. The factors in the remaining 
rows remain unaltered. Hence the sign of VD is reversed by 
a single transposition. 

Since any substitution can be expressed as the product of 
transpositions, the effect of any substitution on VO must be 
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either to alter oi' not to alter ita sigu. If the sign of V2J 
remains tindhanged, the substitution must contain an even 
imtiiber of transpositions ; if the sign of VZ> is changed, the 
number of transpositions must be oikl. Henee no substitution 
is capable of being expressed both by an even and by an odd 
number of transpositions. 



92. Eyen and Odd Substitutions. A substitution e 
aa the product of an even number of transpositions is oalle<l 
an even substitution ; one esjiressible by an odd number of trans- 
positions is called an odd substitution. Identical substitutions 
are clasaiiied aa even. 

Ex. 1, Ave the following substitutions odd or even ? 

_M2345 0N ,„/13 3W4507\ 

U 335C4J' "UaiH^GT 5j' 

s" =(4 6 6)(1 J 4 G 2 3), s'" = (123 4)3. 

Li siibstitiition 



93. Theorem. Alt even substituttonn can be en^jwenaed a-i the 
product of cydio substitutions of three elements. 

If two transpositions have one element in conimoji, we have 
an equality like the following: 

(1 2)(1 3) = (1 2 3). 
If two transpositions have no clement in common, wc have 
the following relation i 

(1 2)(3 4) = (1 3 4)(1 3 2). 
Thus, since any two pairs of transpositions are expressible 
in tenns of cyclic substitutions of three elements each, it fol- 
lows that any even substitution can be thus expressed. 

Ex. 1. Express the even substitution (12 3 4)(2 i .5 G) as the prod' 
net of cyclic substitutions of three eletnents. 
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SUBSTITUTIOH-GROUPS 
94. Example of a Group. The substitutiona 

1, (1 2 3), (1 3 2), I 

are distinct and possess the property that the pioduct of any 
two of them, in whichever sequence they are taken, is equal to 
one of the three. Thus, 

(1 2 3)(1 3 2) = (t 3 2)(1 2 3) = 1. 
1(1 2 3) = (1 2 .S)l=(l 2 3). 
d(l 3 2) = (1 3 2)1=(1 3 2). 

Moreover, the square of any substitution gives a substitution 
in the set. T'or, (1 2 3)= =(13 2), (1 3 2)^ = (12 3), 1^ = 1. 
The three substitutions I, possessing these properties, are said 
to form a group. 

95. Definition of Substitution-group. A set of distinct sub- 
stitutions, tlie pi'odnet of any two and the square of any one of 
which belong to the set, is called a group of substitutimis, or a 
svhstUution-gronp. 

When tising the term group we shall always mean a substi- 
tution-group. 

The substitutions (1 2), (I 3), (1 2 3) do not form a group ; 
for, while ea«h substitution is distinct and while some of tlie 
products yield substitutions in the set, otliers do not. Thus, 
(1 3)(1 2) yields (1 3 2), which does not belong to the set. 

Ex. 1. Prove thai the product of three or iviore aubatitutions of a 

group is a substitution beloni;iii,i^ Lri llie group. 
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96. Degree and Order of a Group, 'flie jutmber of elements 
(letters or digits) operated on by the substitutions of a group is 
called the degree of the gi'oup. The number of substitutions in 
a group is called the order of a group. Thus, the group 

1, (uhc), (acb), (ab), (etc), (be) 

involves the three elements a, h, c and has six substitutions. 
Hence it is of the third degree and sixth order. 

Sx. 1. Tell tlie degree aiid order of tlie group !, ((ic)(M)- 

Ex. 2. Prove Uiat the identical Hubstitution satisfies the conditions of 
a group. 

Ex. 3. Show that any positive integral power of a substitution of a 
group is a substitution of that group. 

Ex. 4. Prove tliat the identical substitution belongs to every group. 
■ *Bx, 5. Prove that the Inverse of any Bubstitutiou in a group belongs to 
tlie group. 

Ex. G. Every substitution s in a group is equal to the product of two 
substitutions of tlie grouii- 

97. Theorem, Uiion iJte distinct letters a, a^ ■■■ «,i "'^i-e eaa he 
perfomied n ! substitutions whidtform a gmup. 

!Proni elementaiy algebra we know that the total number of 
permutations of n distinct letters, taten all at a time, is 

,(„_l)(,_2)...3-2-l_„!. 

Take any one permutation P. We may change it into any one 
of the other petniutations by performing a substitution. But 
for no two of these other n\ — \ permutations is the substitution 
the same. Hence there mnst be one less than n I such substitu- 
tions. Counting in the identical substitution, we have in all w ! 
substitutions. 

These n\ substitutions form a group. For with any one of 
them operate upon the permutation P, then upon tJie result 
thus obtained operate with the same or any other substitution. 
The second result will, of course, he some one of the n ! permu- 
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tationa which can be obtained fiom the peimutation P directly 
by performing one of the given substitutions. Tiius it follows 
that the product of any two substitutions or the squai-e of any 
substitution is ec[uiYalent to one of the given siibstitutious. 

Ex. 1. 'riie letters aiBafls admit of the six perrautalJonB, aiogiti, aiOaOa, 
aiHiast iiiitsciu laffiina. asaooi. Sliow tbat tiiese six permutations are 
obtained, respectively, from aiOaOa by performing the substitutions 1, 
(aiX^ia), («i«3)(03), (aia^os), (aiasoO^ (ninaJCua)- Sliow that these 
substitutions form a group. 

98. Symmetric Functions and Symmetric Group. A symmetric 
function of n letterK «i, %,■■■, «,„ being unaltered in value when 
any two of the letters are interchanged, undergoes no change 
in value when it is operated on by a substitution belougiug to 
the group given in the preceding theorem. Because of this 
invariance the symmetric function is said to belong to that group, 
and tlie group bears the name of aywanetrlc group. 

Ex. 1. By applying each of the eubstitutiona of the symmetric group 
1, (omsOs), ((tiOsas), (djaa), C«i«b), (ai«5)i show the invariance of the 
symmetric function, oiOi + uioa + "aoa. 

99. Theorem. All even mibstitidions of n letters form together 
a group. 

Even substitutions are each resolvable into the product of an 
even number of transpositions, § 92. Hence the product of any 
two of them and the square of any one of them yield even 
substitutions. 

Ex. 1. With the letters a, b, c we can form du-ee transpositions (ab), 

(ac), (be-). Talting the products of every tvjo of tliese in either sequence 

and the square of every transposition, we obtain the following distinct 

substitutions, all even, which form a group ; 

1, (_ahc}, (acb). 

Ejt. 2. Show that the odd substitutions of n letters do not form a 
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100. Alternating Functions and Alternating Groups. Let 
a„ CTj, •■■, a„ be n magnitudes, all different. A function of 
these, such that an interchange of any two of them changes 
the sign of the function, is called an alternating function. 

Example : («i — aj)(ai — a^{o,i — a^ — (% — a„) 

(%-«,,)(«.-".) ■■■(•".-«.) 



An even substitution performed upon this function will not 
alter its value. For, au even substitution, which consists of an 
even number of transpositions, will reverse the sign of the 
function an even number of times, awd ■will, therefore, restoi-e 
the function to the original sign. 

Since the eveu substitutions of n letters leave an alternating 
function unaltei-ed in value while all the odd substitutions 
reverse its sign, the group comprising all these even substitu- 
tions is called the alfei-nating group of the «th degree. Because 
of this invarianco for all the even substitutions, but for no 
others, the alternating function is said to belong to the alternat- 
ing group, 

* Ex. 1. Show that the square i-oot of the discriminant of an equation. 
o( the ftth degree, expressed aa a function of the roots, is a function which 
■belongs to the alternating group of the reth degree. 

101. Cyclic Functions and Cyclic Groups, Tlie powers of any 
substitution form, a group. The number of distinct substitutions 
s,s',^, •■; resulting from taking the different powers of the 
substitution s, cannot exceed the order of the substitution (§ 87). 
If this order is m, then 8" = 1. If, therefore, we square any one 
of the m distinct substitutions, or multiply any two of them 
together, the result is always one of the m distinct substitu- 
tions. Henee the m distinct substitutions s, ^, s', ••■, s" ai'e a 
group. 
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The powers of the cyclic substitution of n letters (aiftj ■ ■ ■ a„) 
constitute the cyclic group of the degree n. 

A function of n letters which is unchanged in value by all 
the substitutions of the cyclic group, but by no others, is called a 
cyclic Junction. The simplest cyclic function belonging to the 
cyclic group of the degi'ee 7i is 

a,a/ + ra#3= -\ 1- a„_ia„' + o^Oi^ 

Bx. 1. Show that the function (tins' + a^.a-s' -V asai^ belongs to the 
cyclic group 1, (aia^aa), (a^a^ai). 



Ex. 3. By raising (ai<i-i<i;iai) to powers find the cyclic group of the 
degree 1. 

102. Transitive and Intransitive Groups. In the group 

1,(1 2)(3 4), (1 3)(2 4), (I 4)(2 3) 

the second substitution replaces 1 by 2, the third replaces 1 by 
3, the fourth replaces 1 by 4. Similfirly, by means of these 
stibstittitions the digits 2, 3, or 4 can be changed into every 
other digit operated on by the substitutions in the group. This 
group is said to be transitive. 

A substitution group is called transitive when it permits any 
element to be replaced by evecy other. 

A group that is not transitive is called intransitive. As an 
example of the latter we give the following group, 

1, (1 3), (2 4), (1 S)(2 4). 

Here neither 1 nor 3 can ever be replaced by either 2 or 4. 

103. Primitive and Imprimitive Groups. If in the transitive 
group consisting of the six substitutions 

1, (1 2 3 4 5 6), (1 3 5)(2 4 G), (1 4)(2 5)(3 6), (1 5 3)(2 6 4), 
(16 5 4 3 2) 



yGoosle 



SUBSTrriTTION-GKOUrS 117 

the di^ts are divided into the two sets 1, 3, 5 and 2, 4, 6, then 
we notice that each of the three substitutions (12 3 4 5 6), 
(1 4){2 5)(3 6), and (1 6 5 4 3 2) replaces the digits of one set 
by the digits of the other set, while each of the two substi- 
tutions {13 6)(2 4 6), (15 3)(2 6 4) simply interchanges the 
digits of one set among themselves. This group is called 
imprimiU'oe. 

A transitive group is called imprimitive when its elements can 
be divided into sets of an equal number of distinct elements, so 
that every substitution either replaces all the elements of one 
set by all the elements of another, or simply interchanges 
the elements of one set among themselves. Otherwise it is 
primitive. Example of a primitive group ; 

1, (1 2 3), (1 3 2). 

There are three imprlmitive groiips of degree four, twelve of 
degree six, and no iiiiprimitive groups of degree two, three, and 
five. 

Ex. 1. Show that no group whose degree is a prime number can Le 
imprimitive. 

104. List of Groups of Degree Two, Three, Four, and Five. We 
give here a list of the groups of the first five degrees, omitting 
only the group 1. By 6'^'*'' we mean a group of the degree p 
and order q. We give also the notation for groups used. Viy 
Cayley and others. In their notation the symmetric group of 
degree four is designated by (u6cd) all; eye means "cyclic" 
substitution; pos means "positive" or even substitution. For 
a list of all groups whose degree does not exceed eight, see 
Am. Jour, of Math., Vol. 21 (1899), p. 326. In the list of 
groups of degree n, we give only those which actually involve n 
letters. But it must be understood that any group involving less 
than n letters may be taken as an intransitive group of the nth 
degree. Tor instance, G^'^' = 1, («&) may he written as a group 
of the third degree, thus; 1, (a6)(c). 
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T)egree Two. 

G^''> = {ah) s.ll = -i, (ah). 
Degree Thkee. 

Cfl™ = (nte) all = 1, ((tbc), (acb), (ah), {ac), {be). 
Gs'^> = («£«) fiyc.= 1, {abc), (acb). 
Degree Foub. 

GV*' = («''«0 all = {ahccl) pos. + (ab), (cd), {achd), (mlbc), 
(be), (ad), {aalb), (abdc), (ac), (bd), {abed), (adcb). 
G^'*' = (abed) po3. = 1, ((i&){cd), (ae){bd), {ad){bc), (abc), 
(aed),{bdc),{adb),{acb),{bcd),{abd), 
{adc) . 
G,<« = (abed), = 1, {ae){bd), (ac), (M), (afi)(ctO, (ad)(&c), 
(titcd), (artcS). 
Gj»«i = (abaV) eye. = 1, (ac)(bd), {abed), (adcb). 
G.'-'Hl = {abed), - 1, iab)(cd), {ae)(bd), (ad){bc). 
G.'nu = (o6 . cd) s 1, (a6)(c(0, (a6), (cd). 
I?/*' = (ac . 6d) = 1, («c)(M). 
Degree Five. 

(?ij„<-^i = (a6c(fe) all s (a!>a!e) pos. + (abccT), (afidc), (a5cc), 
(o6ec), (a!*de), (abecT), {acbd), {aedb), 
{acbe), (aceb), {acde), (aced), (adbc), 
{adcb), (adbe), {adeb), (odce), (odec), 
(oefic), {a^eb), (aebd), (aedb), {aeccl), 
(aedc), {bede), (bdce), {bced), (bdec), 
(becO), (bedc), {abc){de), {acb){de), 
{abd){ce), {adb){ce), («6e)(cd), (aeb)- 
{cd), {acd){be), {adc){be), {<ue){bd), 
{aec){bd), {ade){be), {aed){bc), (bed)- 
{ae), {bdc)(ae), {bce)(ad), {bec){ad), 
{bde)(ae), {bed){iw), {cde){ab), (ced). 
(ab), {ab), {ac), (ad), (ae), {be), (bd), 
(be), (ed), (ce), {de). 
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— {abcde)])oa. = l, (abcde), 
(abecd), 



(adbec), 
(aecbd), 






(abced), (abdec), (abdce), 
(abedc), (acbde), (axibed), 
(acdeb), (aeebd), («c 
(adebe), (adecb), {adebc), 
(adbce), (aebcd), (aebdo). 
(aecdb), (ciedcb), (aedbc), 
(abc), {acb), (acd), (adc), (ade), (aed), 
(abd), (adb), (ahe), (aeb), (ace), (aec), 
{bed), (bdc), (Me), (bed), (bee), (bee), 
(cde), (ced), {ab)(cd), (<i6)(ee), {db){de), 
(ac){bd), («c)(6e), (a^)(de), («e)(6d), 
(ae)(6c), (ae)(cd), {ad)(bc), (ad)(be), 
(ad)(ce), {bc){de), {bd)(ce), (6e)(cd). 
(abcde)^ = 1, {abcde), {acebd), {adbec), {aedcb) 
{bced), {acbe), {aecd), {abdc), {adeb), 
{bdec), {adce), {abed), {aebc), (acdb), 
{be){cd), {ae){bd), {ad){bc), {ac){de) 
{ab){ce). 

1 1, (abc), {acb), {abc:){de), {acb){de) 

{ab){de), iac){de), {bc){de), {ab)., 

{cic), (be), {de). 

{abcde), {aeebd), {ctdbeo), (aedcb), 

{be){cd), (ae){bd), («d)(6c), («c)(de; 

{ab){ee). 

^{abc) all (de); pos = l, (abc), {acb), {ab){de] 

{ac){de), {bc){de). 
{abc) eye. (de) = 1, {de), (ctbc), {abc){de), {acb), 
(aeb){de). 
eye. =1, {abcde), {aeebd), {adbec), (aedc6). 



Gi-P = (abc) all {de) = 



= {abcde), = 
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Ex. 1. Show that the orilur of any alteriiaUiig group is ■ — '-, wliei'e it is 
the degrt'i; of tlie grimp. 

Ex. 2. Tell by tlie ordeiB of Uie groups which of the gi'oups of the first 
five degrees aro the symmetric, 'wtiicli are the alternfitiiig gi'oup'i, 

Ex. 3. By inspfidjon, find which of the giBupa of the degrees two, three, 
and foiii' are traiiaitiye, IntranBitiye, primitiye, imprimitiva. 

Ex. 4. Show that the iinprimitive group in § 103 may have its elements 
divided into the three sets 1,i; S, f> ; 3, (1, and that it Is imprimltive Mith 
respect to these seta. 

Ex. 6. Show that, of the groups of the fifth degree, three are intrausi- 
tive, viz. Gia'^), W=>I, Gi'mi. 

" Ex. 6. Show that the intransitive group G4WIII la obtained by multi- 
plying every substitution of the group 1, (nd) by every substitution of the 
group 1, (cd). 

• Ex. 7. Show that the intransitive group Go'^'II is obtained by multiply- 
ing the substitutions of the group 1, (a&r), (acb) by the sabstitutions of 
the group 1, (de) ; that Ga**'! is the product of the gronp 1, (afte), (ac6) 
and the group 1, (at) (de) ; that ffial^l is the product of Gs'^l and the group 
1, (de). 

Ex. 8, Show that a group of the third degree may be regarded an an 
intraiisitive group of a higher degree. 

105. Sub-groups. Tlie alternating gi'oiip of degree 4 is 
(S 104) 

. 1, {1 2)(3 4), (1 3){2 4), (1 4)(2 3), (1 2 3), (1 3 2), (1 3 4), 
(i 4 2), (1 2 4), (1 4 3), (2 3 4), (2 4 3). 

We observe that, of the 12 substitutions, the following four 
make up a smaller group of their own : 

1,(12)(3 4), (13)(2 4), (14)(2 3). 

Thus we may have groups within groups. If from the sub- 
stitutions of a group we can pick a set which form a group all 
by themselves, this second group is called a sub-group of the first. 
The terms group and aub-groiq; are only relative. A sub-group 
considered by itself is called a group, and a group may, in turn, 
be asub^roup of another of still higher order. 
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Ek, 1, By inspection, find sub-groups of 

Ex. 2. liow many Eub-groups has ^24'*' ? See g 104. 

Ex. 3. How many sub-groupa haa fta'" ? 

Ex, 4. What sub-groups has («6cde)u)? (liftc)all ((te) ? {ahcde) all ? 

106. Theorem. Ilie order of a svb-groiq-i is a factor of llie 
oi-der of the group to which it belongs. 

Let the substitutions of the sub-group be s„ Sj, Sj, •■-, s„, 
atid let ( be any substitution of the group which does not occur 
in the sub-group. Then, by the definition of a group, we 
know that 

are all substitutions belonging to the group, but none of them 
belong to the sub-gi'oup ; for suppose Sit = .■;„ then 

Since Sj"' is a substitution of the sub-group (see Ex. R, § 96), it 
follows that its product with s„ namely t, belongs to the sub- 
group—which is contrary to supposition. 

Moreover, the new substitutions in I are all distinct ; for sup- , 
pose sai = sj., then it would follow tliat % = Sj. 

If the substitutions in I do not exhaust the substitutions in 
the group not belonging to the sub-group, tlien suppose the 
substitution tx is among those left over. Then 

Si'i) ^^\i ^a'n ■"! sjiy I! 

are distinct sulistitutious of the group not found in the list 
3i, Sa •■■,s„ for reasons just mentioned; nor are they found in I; 
foe suppose Sit = Sjf,, then (, = sf^Hit = sJ:, which is some sub- 
stitution in I, a conclusion contrary to the asaniuption coneern- 
ing f,. Continuing in this way, the subntitutions of the group 
are divided into sets of n substitutions «iw,h. As the, number 
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of substitutions is assumed to be finite, tiiia process must o 
to an endj aud we have the sets 



8/, sst, s^, ••■, sj:, 
Sitf, Sjti, Sjii, ■", s„(i, 

Sl^M Sst„, %(„, ■■•, s„(„. 

The total number of substitutions in the group is therefore n 

times the numbtir of sets, or (m + 2)n. But (m + 2)n is the 

order of the group, and n the order of the sub-group. Hence 

the order of the sub-group is a factor of the order of tbe group. 

107. Index of a Sub-group. If w is the oiiler of a group G 
and m the order of a sub-group (?i, tlie quotient — is called the 
index of &i under (?. Thus the index of an alternating group 
under the symmetric group of the same degree is Jt ! -^ ~ = 2. 

Ex. 1. Give the ijidex of every group of the fifth degree under tbe 
symmetric group. 

Ex. 2. Show tliat a group whose order ia prime can have no sub-group 
(except the substitution 1). 

108. Normal Sub-groupa. — If Gi is a sub-group o£ G, and s 
any substitution of G which does not occur in (?i, the groups (?, 
and 8~'CrjS are called conjugate sub-groups of G. By the trans- 
formation s~^GiS, we mean the result obtained by subjecting 
every substitution s, of the sub-group (?i to the transformation 

8~'S,8. 

If Gi and s~'Gi8 are identical to each other, whatever substi- 
tution s is of G, Cr, is called a normal sub-group, or a self-conju- 
gate 3vh-group, or an invariavt sub-group of G. 

109. Simple Groups. — A simple group is one which has no 
normal sub-groups, other than the group consisting of the 
identical substitution. 
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It can be shown that the alternatuig group of every degree 
above four is simple (§ 198). It ia rejuiily seen that all groups 
whose order is a prime number are simple. There are only six 
groupa whose orders are not prime numbers and do not exceed 
1092, which are simple, viz., the groups of the orders 60, 168, 
360, 504, 660, 1092. Those of order 60 and 360 are alternating 
groupa of the degrees five and six, raaiJectively. 

A group which is not simple is called composUe. 

Ex. 1. Find the groups conjugate to ftji*! under Qijf*l 

It we tranaform Sj = («e)(6d) by s = (ofic), we get s-^sis = (ab){cd). 
latlie same way transforming si=: 1, we get 1. Hence a group conjugate 
to GjW is 1, (ab)(e<l). We obtain the same conjugate group by taking 
for s Iha substitutiona (acd) and (ad6). 

The trauaformation of s-'ft'^'s, where s = (hac), yielda the conjugate 
Bub-group ((ifr)(6c), 1. The same result is obtained if we takes— (««&), 
{bcfl), (aM), or (ode). 

Taking $— (ac)((ici) or (niiKiic), tlie conjugate groupa obtained are 
ideutieal with Gjf*'. Tlie distinct conjugate sub-groups of G^W under Gn^*^ 
are, therefore, j^ (ac)(bfl), 

1. (flJ)(6c). 

We aee that ffa'*' Is not a normal sulj-group of ffi^*\ 

Ex. 2. Find tlie conjugate groups of (?al*' under Q,(*) L 

Ex. 3. Find Uie conjugate groups of (Jo'"' II under Gi^"^. 

Ex. 4. Find the conjugate groups of Gif^' I under G\s^^>. 

Ex. B. By actual trial show that Ga'"' is a normal aub-group of ffa*^ ; 
that G2'*> is a normal sub-group of G+t*) II ; that &,,'*' II is a normal sub- 
group of Gji*! ; that Gi'*> I is a normal aub^oup of Ga'-'K 

Ex. 6. Show that every group has identity as a normal sub-group. 

Ex. 7. Prove that the alternating group ft'"'i,ii is a normal sub-group of 
the symmetric group &<">„, See Ex. 2, § fl2. 

Ex. 8. Prove that a cyclic group of prime degree is simple. 

Ex. 9. Prove that the alternating group embraces all circular sub- 
stitutions of odd order, but none of even order. 

Ex. XO. Tlie substitutions common to two groups constitute a group 
by themselves, the order of which is a factor of the orders of the two 
given groupa. 
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110. Ifonnal Sub-groups of Prirae Index. Of apecisil interest 
ill the theory of equations are the series of groups 

80 related to each other that each group P^+i is a normal sub- 
group of the preceding group P^ the index of /^+i under P, 
being a prime number. Such an assemblage of groups is called 
a principal senes of composition. If the restriction of a prime 
index is removed, then the assemblage is called simply a aes-tes 
of co^nposUmi. 

Ex. 1. Show that a prinnipal series of oompofdUon is (a) for groups of 
the third degree, Oa'^J, G^f^i, 1, (6) for groups of the fourtli degree, Gai'^l, 
GuW, S^W n, Gy»>, 1. 

Ex. 3. Show that, for the group of the fifth degree (?ai''', a principal 
series of composition is fJsoi'', Gio*"', I?;*'', '- 

Ex. 3. Show that Gi'^^II is a normal sub-group of Oj**), ffia'*>, and 

111. Functions which belong to a Group. When (?, is a sub- 
group of 6, a rational function of n letters «,, Wj, ■■■, «,, is said 
to belong to 0„ if the function is unaltered in value by the sub- 
stitutions of 6], but is altered by all other substitutions of O.* 

* It the coefficients of /(k) = are iitdeiieudeat variables, flien its roots 
are independent of eadi other. A function of the roots innst therefore be 
looked upon as having an alteration in value whenever the function esperi- 
ences an allfiration \a/unn. In other words, when the roots are independent 
of each other, two functions o( these ro.ots are equal to each other only when 
the; are identically equal. In the pi'eaent chapter the roots are so taken. 

When the coefficients of /(ji) = represent particular numeriaal valves, 
its roots are flxecl values. Two functions of these roots may be numerically 
equal to eac/i other even when they have different forms. Hence, in an equation 
whose coefficients have special values, a function of the roots raajheformully 
altered by a substitution and yet experience no change in iivmerieal value. 
Take, for instance, the equation with Bpeoial coefficients, j!" = 1. If lo is one 
of Its complex niots, we may write «o = ai, Oj =^ w*. rtj = u'. The fuoctiou 
Mo'«l is altered in form by the substitution {a^ite^K,), hut not in value ; for, 
«(»((, = rti^niii = 01. ' That fnuctions of «„, «,, «j, may have different forms, 
but the same numerical value is seen also in the equalities 



y Google 



SUBSTITUTION-GROUPS 125 

We have seen that the alteruatiug group, regarded as a sub- 
group of the symmetric gi'oup, has the alternating function 
which belongs to it (§ 100). Similarly the cyclic gioup, re- 
garded as a sub-group of the symmetric group, has the cyclic 
function which belongs to it (§ 101). The cyclic function still 
belongs to the cyclic group when the latter is considered as a 
snb-group of a sub-group of the symmetric group. 

The function Xi + Xs — Xi — x^ belongs to the group 1, (1 S^j: 
(2 4) when this group ia taken as a sub-group of 1, (1 3) (2 4), 
(1 2)(3 4), (1 4) (2 3), but the function no longer belongs to 
that group when considered as a suh-group of the symmetric 
group ; for the substitution (1 3) occurs in the symmetric group, 
but not in the given sub-group, and yet (1 3) leaves the func- 
tion unchanged. When we say that a function belongs to a 
group, but do not mention of what other group the given group is 
a sub-group, we shall understand that it is under the symmetric. 

112. To find Functions which belong to a Group. Let Gj be 

a Bub-grovip of G, O being of the degree n, and let «i, a^, ■■■, it„ 
be distinct quantities. Let also 

P-=f{tc„ ■-,«„) 
be a rational function which may have rational coef&cients and 
which will assume a diiferent value foi' every substitution of 
the group G. If the order of the sub-group (?, is m, we obtain, 
on operating upon p with the substitutions in Gi, m distinct 
™l"s^' P, P„ P2, —, P..-1- I 

If now we operate upon the functions I by any substitution 
in G„ these quantities are merely permuted among themselves ; 
for, any value p' thus obtained as the result of two substitu- 
tions, «! and Sa, of the sub-groiip 6^, is the same as that obtained 
from p by the simple substitution, », = Sj ■ s^ of this sub-group. 

These facts point to the unfixpfiPtBd imiiiqIiisIoii thnt, ill the tlieory raider 
devehipiiiBiit, tlie equatioLi / (,v) =C may represent ji mnre'irnneval iiaHS wlien 
the coetticieiits are p:nti<;iilai' iiiiiLihfirstliaiL when tlipy aro viiriables. 9ee5 3. 
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If, howerer, we apply to the fiinetiona I a substitiition of G 
which does not occur in G^, we obtain a series of functions 



of which at least p' does not occur in I. For, if p' did occur 
in I, we would have two identical functions, distinct from p, 
resulting from the application to p of two different substitu- 
tions. This is impossible. 

If now we form a new function i^ thus, 

^ = ('-p)(* -Pi) ■■■(*- P.-i)- 
where ( is a variable, it is evident that <J! remains invariant 
when operated on by the substitutions of the aub-gi'oup Gi, but 
varies for any substitution in G which does not occur in G^. 
Hence tjiis a. function which belongs to Gj, takeu as a sub-group 
of fi. 

We are at liberty to assign to t any rational value which will 
keep 1^ distinct from any value obtained for it by application 
to ^ of a substitution ia G that is not in Gi- One such value is 
( = 0. 

113. This method of finding functions belonging to a group 
does not usually furnish simple results directly, as will be seen 
from the following example, 

Ex. 1. Form a function o£ «i, (Cj, fj, fit, which belongs to 
Gi<-*> = I, (1 3) (2 4), taken as a, sub-group of 
Gi(*'II = l, (l3)(-2 4), (12)(3 4),(14)C3 3). 
Assume p = Ci^i -t- cjo.^ -^ Cs«i + Ci«(, such thai p assumes four distract 
values for the substitutions of Gi"'!!. The substitutions of fi^w applied 
^Pf'^^^ ,. = c.«, + c,«, + e,r^-l-c,«4, 

Pi = Ci«3 -i- CjKi -H Csrtl + Cf«2, 

hence if- = ({ - p) (( - p{) =t^- (rti + «s) (tCi + U-t) - («j + «4) {td +tc,) 
+ (rtii* + as^CiCs -I- (KjS -I- «*') cjcj 

-I- (K2«3 + rtl«4)(ClC» + C3C4) + («l«2 + a-Mi'j{KiC4 + t.Cj). 
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^ Is a required luncUon. By inspection we see that ^ is composed of 
parte whicli are themselves functions of the kind Bonght for. Tliese parts are 

- («l + Ka)Oci + iCs) - («2 + «4)((C2 + tCi), 

W + aa^ycics + (ma^ + «tiO'^c»> 
«iwa(ci^ + Ca^) + aiUiics^ + Cj'), 
'For ( = 1, ci = Cj = — 1 and Cs = Ci = + 1 we obtain the simpler form 
rti + «3 — «a — «4. 
For i = 0, ci = Cs = 1, c:2 = 1:4 = i, we obtain the simpler forms 

tti^ + «3^ — «2^ — Kl", 
«i«a — a5«4- 
Ex. 2. Assuming p = tti — «2 + i«j, derive functions which belong to 
W'' as a sub-group of Ge'^'- 

Tafcing ( = 0, we get (i - 2)(aiaa2 + ^gn^a + f(^„,j) + (i + 2)(asa3i' 
4- Ka«i^ + rti«i^). Then show that UiOii' + OaUs^ + a^ai^ and ostea^ 
+ «3«i' + rti«a* each belong to Gj'*). 

• Ex. 3. Find the group to which («i + «8)(a2 +K4) belongs. 
We find, by trial, which of the substitutions of tbe symmetric group of 
the fourth degree leave the function unaltered. These substitutions are 
1, (KiOaXwa"*)! («i(M)(«a«l)i (Ki'<4)("2«s)' («i«a)t («2«4), («iK2«8«4), 
(«i(i4«a«2)- Tliese substitutions constitute tlio required group. From 
I 104 it is seen to be Gs*''- From tbe behavior of this group towaid tbe 
given function, show that the group is imprimitive. 

Bk. 4. Find the group to which «i«3 + ri^a, — (rti«s + asat) belongs. 

Ex, 5. Fiud the group to which (a — ai)(K2 — wa) belongs. 

Ex. 6. Find tlie group to which (reifta — a3((4)'(«iKa + a^iMf belongs. 

Ex. 7. Prove that the substitutions which leave mialtered a function 
of it distinct letters, form together a group of the nth degree. 

* Ex. 8, Show that «i''«3' + a^rtt^ + ■■■ + Ka^i^Wi.' + a^'ai", where p 
and 3 are distinct positive integers, is a cyclic function. 

Ex, 9. By inspection show that {(a — Wa) -I- i (Ki — ("s)}* belongs to 
Gs<'l as.a sub-group of (?a4'''- Compare with Ex, 1. 

Ex. 10. Show that the cross-ratio of four points aid,)k=~-^ — 
when k is not equal to — 1 or to w. is a function which belongs to Gti^'ll ; 
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tliat It iias then sIk distinct conjugate values ; that when k = — lork — a, 
the conjugate values are formally diflerenl ; thai the nHinericai values coin- 
cide in pairs wheu k-= — l.aiid in triplets when k = ui, u being a complex 
cube root ol - I, See § 111. 

Ex. 11. Find the values of the roots oi x' -- x^ ~ x + 1 = 0, and show 
that, for these values, the function rt^ai + «i''«2 + ((j^Oa + iti^a does not 
belong to the cyclic group, although this function is formally altered by 
all substitutions in Oaj"' which do not occur in (?4<'II. 

• Ex. 12. Show that, for the general quartlc. Hie following functions 
belong to the cyclic group ; 

(re + 2 «,) («i + 2 rts)(it3 + 2 «3) («3 + 2 a), 
u.'u,{a^ + 2 «,) + «i''a2(«i^ + 2 1*2) + «2'a8(«2^ + 2 tts) + «3*« C«3^ + 2 a). 
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CHAPTER XII 

KESOLVEHTS OF LAGRANGE 

114. Resolvents. Expressions, known as "resolvents of 
Lagrange," are of great importance in researches on the alge- 
braic solution of equations. The term resolvent is used in two 
different senses : first, to I'epcesent cei'tain auxiliary equations 
used ill the resolution of given equations j second, to represent 
certain frnvMons used in the resolution of equations. The 
Lagrangian resolvents are of the latter kind ; they are functions 
of roots of unity and the roots of the given equation. 

115. Definition. Let /(ce) = be an equation haring the 
roots «, K), ■■-, «„_]. Let to be any one of the nth roots of 
unity, and let the function [to, «] be defined as follows : 

[cu, a] = a + oiU, + u>-«2-|- ■■■ + u)""V-i- I 

The expression I is a Layraitgian resolvent. 

116. Roots expressed m Terms of Resolvents. If we write 
the Lagrangian resolvents, 

[«, «] s « + «.(, + «,',(, + ... 4- «<"-'«„-„ 1 

[0,1, «] = « + a,i«, + «,,=.., + ... + a,i-'«„ .„ J 

and add them, we get 2 [ui, «] = na, i i 

where S signifies the sum of all the [u, «], olitaiiieil by writing 
in succession oj, tu,, w^, -.-, <a„_, in place of m. 
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If we multiply the equations in 1 by w"', lo,**, -■■, o)„.f', 
respectively, and then add, we have the more general result, 

2«)-*[<», «] = w«t. Ill 

Hence, if we are given the values of tJie Lagrangian resolvents 
of an equation f{x) = of the ntli degi'ee and the mth roots of 
unity, the equation f{x) = is solved. 

117. Theorem, If we operate upon the subscripts of a in 
[<u, «] ivith the cyclic substitnlion (0123 •- (n-1)), [«., «] 
becomes ui^' [u, «]; if we operate with (012 ■■■ (m — 1))*, [lo, it] 
becomes o)-^ [ui, a\. 

If we operate upon 

■with the substitution (0 1 2 ■■■ (w — 1)) and observe that 
u)"-^ = <o~', etc., we get 

0,-'[a., «] = (/, + <ufi3 + a,V(,+ -- +u-->«, 

= tO-'(« + -W^l + -"'«2 + ■- + <"""'«„-,). 

Operating in this manner k times, we can easily establish the 
truth of tlie second part of the theorem. 

118. Theorem. Tficith tJis cydic suhdiiution 
(012... (»-l)) 
roe operate wpon tlte subscripts of u in [w, a], the subscript of the 
eoeffident of each power of a> in [m, «]' unflei-goes the cyclic sub- 
stitution (0 1 2 ■■■ (m — 1))", V being any positive integer. 
By the Polynomial Formula expand 

[»,«]- ■(.+ «, + ... + »-V,„)', 
and by the relation lu" = 1 reduce all exponents of oi to 
exponents less than n. Then combine all term:s having like 
powers of m. We get 

la>, «]- = A + ">^i + -''A, + - + .o-^'A-i, I 
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where Ad, A„ ■■■, A„_i aue expressions of the degi-ee v with re- 
spect to a, tt„ «2, ■", «,,_„ and have integral numerical coefficients. 
If in formula I we re[jlace lo by w, u),, loa, ■■■, oi„_i in sncccs- 
sion, we get the following n formulEB ; 

[«,, «]" = A„ + «,A + a,H + ... + a,'-'A-l, 

[u,„ a]- s A + «>iA + "-lM, + ■" + <-'J_„ 



II 



It was shown in § 69, Ex. 5, that the sum of the pth power of 
the wth roots of unity is n or 0, according as p is divisible or 
not divisible by n. Kemembering this and raultiplyijig the n 
expressions in II by <o~', w,"", ■■■, u)„_i~', respectively (fc being 
any integer), we get, after adding the n resulting expressions, 

«^, = s<o-* ■[<«,«]% in 

where S indicates the sum of all the expressions obtained by 
writing in succession m, ia„ uij, ■■■, (ii„_i in place of ai. If now we 
operate upon the subscripts of a, occurring in each of the v fac- 
tors [lo, «] in the right member of III with the cyclic substitu- 
tion (0 1 3 .-. w - 1), we get, § 117, 

So.-" . [., a]". IV 

Now, by writing k + v for Ic in formula III, we obtain 

S. '[..]= 4 
In other woi Is the sub-^tit tion (0 12 ■ (ii — 1)), applied 
to the subaciipts of a m thp light membei of III causes A,, 
to be lepla^-el ly 4.^ But A^ is tiansformed directly into 
A+ by the appli ation to its subsciipt of the substitution 
(0 12 ■■■ (ii — 1))". Hence the theorem is established. 

Ex. 1. Illustrate this theorem by the roots «o, (S|, «3 of the oubin, 
taking 1- = 2. 

We liave [«, «o] = «o 4- wKi + ur'n-i, 

wlierc jlii = «o^ + 2 WiOa, Ai = a^^ + 2 ao«ii -Aa = «i'^ + 2 I'-aa^. 
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Operating upon the subscripts o£ a. in [m, «] by (0 1 3), we get 
«i + ■"Ka + w^«o, 
and. («! + u«2 + Qj^rto)^ = j^a + -■iou + jliui^. 

"We see tiiat An^ A\_, Ai, wlien operated on by (0 1 2)-, beoome respec- 
tively A^., ,4(1, ,4.1. 

Ex. 2. niastrate this theorem by tailing )• = 3 in Ex. 1, and show tliat 
the function belongs to tbe cyclic group. 

Ex. 3. Show that (0 1 2), applied to tLe subs riits of o, 
[ui^ of = (rto + i"'"! + '^o-if = ^0 + A^i^ + Ai<^- I ro luce tl e aan e 
effect as (0 1 2)* applied to the subscripts of jlr>, A 4 

Ex. 4. Show that (0 13 S) applied to the subs pt of «- 

in [u», «.f= («o + oj^tti + uSob + u'Ob)' = ,4o + Ay>^ + 4 or- + 4 1 

a~-i, produces the same effect as (0 1 2 3)^ appi e i o the s b \ 
of Jo, A\, A-i, A^. 

119. Theorem. If with the cyclic substitution 

(012. ..(»-!)) 

we operate upon the subaa'ipts of a, tJie subscript of the coe^ient 
of each poioer of ui tit the product of [ui, u]" ■ \ji>\ ay^ • [ja*-', «]"» 
■■• suffers the substitution (0 12 ■■- (ji — l))""'"'i''i'''Vi+"-, inhere 
V, vi, va ■■■ areposUive integers aiid X„ X^ ■■■pfmtioe or negative 
integers. 

This theorem is a generalization of the preceding and is 
proved in the same way. The product yields the equality 

[., .]- . i,\ «]-. . [»'., „]■.-= B. + ,B, + ^B,+ 
■■■+>,-'B._„ 

where B„, B^, ■■■, B„_i are functions of ilic roots a, «„ ■■■, it,^..^. 
Replacing <u successively by w, lou oij, •■•, 'u^_i, we have all 
together 11 expressions. Multiply them by at"', lOi"', «ia~*, ■■■ 
respectively, then add tlie vesnlting products, and we get 
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To the subscripts of a m the right membfir of I apply the 
subatitutioa (0 1 2 ■ ■ ■ (ji — 1)), and we get 

V-'-.'.-[., .]'■[«'.,.] , 

which expression is recognized by I to be equal to nBt^^^^^^^^ .... 
But B, is replaced by Bi.|.,t^^,>-' '^ ''^'^- opfi-'^*^ np""^ A with 
the substitution (01 2-"(i(--l))''+Vi+-, Hence the theorem 
is established. 

* Ex. 1. Sbow tliat tlie fujiclioii [uj, «]" belongs to the cyclic group ot 
the degree n. 

If we operate upon [w, «] witli any such Biibstitution (0 1 2 -■■ (« — 1)) 
of the cyclic group, the effect is the same upon the coefBcieiite Bt ot 
[u, «]" as If the substitution (0 12 ■■■ (ii — 1))" were applied to the 
subscripts of Bt directly, § 118. But (0 12 ... (ij - 1))" is the iden- 
tical subatitutjon ; hence it brings about no change. Consequently 
[lu, «]» is invariant for tlie cyclic group. This invariance holds for no 
substitution of the symmetric group of degree n, except the sabatitullons 
which occur also in the cyclic group. Hence [u, a]" belongs to the cyclic 
group. 

• Ex. 2. Show that the product [w, k]"-^ - [lo*, «] belongs to the 
cyclic group of degree n. 

By § 118, lY, the cyclic subfltitution (0 1 2 ... n — 1), effected upon 
the subscripts of a in [u, «]"-* gives tu-"+A [u,, a]"-^. When operated 
upon those in [ai*, «] it gives ^-■"■[lo*, «]. Hence, when operated upon 
the product of the two, we get «-"+'^-^[u, «]"-* . [m*, w], where 

Ex, 3. Show that ((( — !«i — «a 4- ("a)' belongs to the cyclic group of 
degree four. 

Sor conyenience, let — i ~ w, and we have (.^ + !u«, + w^tta + i^ai)*, 
which, by § 118, IV, becomes w— '(a4-uj«i + w*«i + w^Ca)* when operated 
upon by (0 1 3 3). 

Ex. 4. Notice if the following functions belong to the cyclic group of 
degree four s 

(a + iKi — «s - Uto)*, 
(« - tei - «3 + ias){<i + i«i - a, - i«3), 
{«-«! + «!- «s) (K - i«i ~ «i + iaB)^ 
£« - ai + Ha - ct»)K 
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THE GALOIS THEORY OF ALGEBRAIC HUMEEKS. HEDUCIBILITY 

120. Definition of Domain. A set of numbers is callecl a 
domain of rationality or sifnpiy a domain, when the sums, dif- 
ferences, products, and quotients of any numbers in the set 
(excluding only the quotients obtained through division by 0) 
always yield as results numbers belonging to the set. 

All rational numbers (integers and rational fractions, taken 
both positively and negatively) constitute such a domxiin, for 
this system of magnitudes is complete in itself in the sense 
that any of the four operations involving any of these numbers 
never yields as a result a immber which does not belong to 
the set. 

The integers by themselves do not constitute a domain, for 
the quotient of two integers may be fractional. 

All the numbers of one domain O may be contained in a 
second and larger domain H', In this event the smaller domain 
O ia called a Aivisor of the other D', and O' is called a domain 
over CI. 

For example, the complex nirmbers of the form a + ib, where 
i=V— 1 and a and h signify rational numbers, are a domain 
of which the domain of rational numbers is a divisor. 

Another example of domains of numbers is the one embrac- 
ing all real numbers, whether rational or irrational. Still 
another is the domain consisting of all numbers, a + ib, where 
a and b are rational or irrational, 

• In tlie exporitiou at the Galois theory in this and tlie RuccHedlng ehaptecs 
we Lave followed the treatment given by H. Welier iu his Lehrbudh der 
Algebra, Vol. I, pp. 491-698. 
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121. The Domain n,,). The doniaiTi o£ rational nuiiibei's is 
a divisoi' of all domaiua, for each doiwaiii contains at least one 
number n different; from ; hence it contains also n -¥■ n or 1 , 
But if unity belongs to the domain, then it embraces all num- 
bers obtaiued by addition and subtraction of units, that is, all 
positive and negative integers ; from the latter ive can by divi- 
sioQ derive all rational fractions. Hence the rational numbers 
occur in every domain. Hereafter we shall indicate the domain 
of rational numbers by Q(i). 

122. Adjunction. Let fl signify any domain. If we add to 
it any number « which does not already belong to it, then the 
new system of numbers does not constitute a domain unless we 
add also all numbers arising from a finite number of additions, 
subtractions, multiplications, and divisions involving « and all 
numbers in the domain £1. Let us designate the new domain 
thus obtained by 0|„). It is evident that (1 is a divisor of 0(^. 

This process of obtaining the domain 0,„) from il is called 
adjunction. We say that we adjoin re to O and obtain iJ,^,. Ey 
the adjunction of * to the domain of rational numbers il^,) we 
obtain the domain of complex numbers nji^,,. This embraces 
all numbers of the kind a + ib, where a and b have rational 
values. In general, if we adjoin « to O^,), we get iid.^)- 



Ex. 2. Show that U Batiafies the definition of a (loviiain. 

123. Reducibility Defined. Let the integral function 
f(x) s orfc" + a,af-' + - + a„„,!B + «.. 



«i, ■■■, ffi,, all of which belong to some 
domain jl. Then we shall say that /(x) ia a function in O and 
f{x) = is an equation in O. If the function /(x), in which n 
is some integer > 1, can be decomposed into factors of lower 
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degrep, with respect to x, such that the coefficients of the fac- 
tors are numbers belonging to tlie domain ii, then the function 
/(«) is called rei^uctfife in O; otherwise it ie caJled irredueible 
in il. 

Thus, if ii designates the domain o£ rational numbers, 
then a?~-f is reducible in O, because it yields the factors 
(a: + y) (x — y). On the other hand, -^ ^'Jy^ is irreducible in 
n, because some of the coeiRcients of its factors 

(ic + V3y)(x--^3y) 
are not rational. 

If, however, we form a new domain by the adjunction of 
«=V3 CO the domain of rational numbers, we obtain Q,;], „), 
embracing numbers of the kind n + V3 b, where a and b ai-B 
rational. With respect to this larger domain the functions 
3^ — ^ and x^ — Sif are on an equal footing, for both are 
reducible in Q|i,„), since the coeflcients of the two factors of 
each function ai'e numbers belonging to the same domain O,,, ^. 

Ex. 1. Find out whicli of the following functions are reducible in the 
domain of rational nunibcrs IJ(i) : 

(«) ic'-^2x -i- 1, 
W i'^+ x'^ + h 
Co) x:'+ x-^l, 
C<i) x^+ X +1, 
(e) x-' + l. 

Ex. 2. For each of the above functions which are irreducible In ii(i>, 
find by adjunction the smallest new domain in which the function is 
reducible. 



124. Algebraic Numbers. All numbers which are roots of an 
ilgebraic equation 

f{x) = a^"- + a,x'-' + -■ + a,-x^ + n„ = 
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with integral coefficients are called aigebiuic nuinhefs. Numbei-a 
which cannot occur as roots of au algebraic equation are called 
traHScendental. It was first proved by Hermite (1873) that e, 
the base of the natural system of logarithms, is a transcen- 
dental number. In 1882 Liudemann tii'st demonstrated that 
TT, the ratio of the civcumferenee of a circle to its diameter, is 
also transcendental. If to the domain of rational nninbers 
O,,) we adjoin jr, we obtain a ttxtiiscendentcd domain. If the 
luiiiiber adjoined to Qf„ is algebraic, the new domain is called 
an algeln-aic domain. 

125. Irreducible Equations. An equation, /(a;) = is said to 
be redudble oi- irreducible in a domain Q, according as the 
function /(a;) is reducible or irreducible in O. 

If we adjoin to the domain O one of the roots « of the 
equation f{x') = 0, then if a does not belong to the domain O, 
we obtain a new domain Q^^, which is an algebraic domain 
over Q. 

136. Theorem. If f(x) = and F(x) = are both equaiions 
in the doitmin fi, and if f{x)= is irreducible in O and has one 
root whicJi satisfiea F(x) = 0, then oR its roots satisfy F(x) = 0. 

Since the two equations have at least one root in common, 
the two functions /(») and F(x) have a common factor involv- 
ing X. But Tve know that the highest common factor is found 
by ordinary division, i.e. by a process which nowhere intro- 
duces numbers not found in the given domain of rationality. 
The highest common factor is therefore a function in 12. 
Hilt f(x), being irreducible, has no factor in fi involving x, 
t=xi-ept itself. Hence the highest common factor mirst be either 
f(:e) or a quantity differing from f{x) by a constant number. 
In other words, we mnst have either F(x) ~ e • f(x) or 
F{x) = g{x) ■ ./(^O' where g(x) is a function in O. 
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D with a:' — 3 p;' + 3;^ + 2 j; — 1 = 0. Fhid the H, C. F, of the two 
functions and sliow that all the roots o£ the tiwt equation satisfy Uie 
seooncl. 

Ex. 2. The function a? -1-83; + 7 is irreducible in Qn,, and it is not a 
diyisor of !r^+ 'Hx^-f- Sx + I. Proih these data sliuw that the two 
fuacUons cannot have a common factor, 

Ex. 3. The equation ai? + bx + c = in flm has a root in common 
with iD^ + 5 ^ + 10 a; + 1 = 0. Show that a = 6 = c = 0. 

Ex. 4. Prove that two functions in il, ^(x) and /(x), cannot have a 
common factor which is a function of jc in ii, if f(x) is irreducible and not 
a divisor ot <p(x). 

Ex. 5. If a root of the irreducible equation / (x) = in U satiafles the 
equation ^(cc) =0 inil, aiid if f(x) is of iiigherd^reetban0(x), then all 
the coefficients of ^{x) must be aero. 

127. Ganss'3 Lemma. If f(x) has integj-al coefficients aiid can 
be resolved into rational fmtors, it can be resolved into rational 
factors with integnd coefficients. 

Consider the. two functions, 

(5(a;) = '^ + «i^ + «a^' + -" _ j-jf^^-^ ^ \^ h , x^h,9-? + - _ 

Let fe be the H. C. P. of the integers «„, Oi, a.^, ■■■; and let Z be 
the H. 0. F. of the integei-3 &„, 6„ b^,---. 

Also let & be relatively prime to m, and let I be relatively 
prime to n. 

We may now write 



■where gix) and h(ai) are functions whose < 
respectively, in and n. The numerator of cf^x) is an integral 
function of a; with integral coefBdents which have no common 
factor, except 1. The same is true of the numerator of 
h(x). Hence the smallest denominator of the product g{x) ■ h(x) 
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Consider the case when the product G(x) • II(x) has yiily 
integral coefficients. Then it is evident that ft • I must be 
divisible hy m-n. Since k is relatively prime to m, and I to w, 

it follows that 

K = pn, I = qm, 

■where p and g are integers. We may now write 

where the functions 3i(ii;) and It^ix) have only integral coefficients. 
Consequently, if f(x) ia resolvable into two rational factors 
Gix) and Six), which have fractional coefficients, so that 

'°'""'° /(:.)= GW- //(a,), 

then we have also f{x) =pq • gi{a!) ■ hiQv), 

where the coefficieuts are integral throughout. Hence, if /(le) 
is resolvable into rational factors, it is resolvable into such 
factors with integral coefficients. 

128. Eeducibility of f(x). Whether the function f(x), in 
which the coefficients are integers and the degree n does not 
exceed 4 or 5, is reducible or not in the domain 0(1), can readily 
be ascertained by the aid of Gauss's lemma and ordinary 
algebra. 

We assume that, in /(a;), the coefficient a„ of of is unity. If 
a„ is not unity, we can change the function so that it will be 
unity by taking x = ^, and multiplying by «/"'■ 

'For every integral value « of x, which causes f{x) to vanish, 
we have a factor x~ re of /(a;), § 3. Here a must he a factor 
of a,,. This consideration enables us always to determine the 
reducibility or irreducihiUty of functions f(x) of the second or 
third degree. 

If f{x) is of the fourth degree, then, if there is no linear 
rational factor, there can be no cubic rational factor. To test 
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for quadratic I'ational factoi's, divide a^ + a^x^ + a-j:^ + a^ + <-h 
by x^ -\- ax-\- /3, where a and ^ are integers to be determined, 
if possible. That there may be no remainder, we must have 

% - a,^ + »^ - «(«, - /3 - o,« + ■«"), 

o, = /)(:.,- (J -«,« + «•). 1 

Hence „ = ?ji'=|f'. II 

"We have the rule : 8ee whetlier any factoi- ^ of a^ makes a an 
integer in II. If a and j8 are such integers, which also satisfy 1, 
tiien 3? + ax + ^ is a rational factor songJU. 

Similarly, if f(x) is of the fifth degree. First search for 
linear rational factors x—c. If none are present, there is no 
quartic rational factor. Look for a quadratic rational factor 
x^ + nx + p. If quadratic factors ai-e likewise absent, there 
can be no aibic rational factor, and the function is irreducible. 
Dividing as" -1- a-iX^ + a^ + a^? + a^x + a, by x^ + ax + p, we 
get as the conditions for zero remainder, 

a4-t(2;8 + ;3= + fli«^-fi^^ 
= a(a3 — ((i^ + 2 f(^ — a^ii + «,«' --«'), 
Oi = ^(«3 ~ Oi^ + 2 a/3 - fl2^ + %a^ - «=). Ill 

Whence « = n£l±^EI^, 

where Ca— S\ 



If /3 is a factor of as, if « is an integer, and III is satisfied, 
then (w- + ua; + /3 is a factor sought, 

Ex. 1. I&f(^x)s:^ + iX' + ix^ + 93? + 8a + 3 reducible in (2(1,? 

8incB/(a;) does not vanish for * — ± 1 or ± 2, tUere are no linear nor 
quartic factors in fi,,,. Take 3 = 2, then t■^| = '^, ci = — 14, C2=r — 8, a=4. 
Condition III is satisfied. Hence x^ J- 1 x + 2 in a factor. 
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Es. 2. Are the following reducible in iiji, ? 
(1) 3^ + 2 a:^ + 3 a; - 6. (5) x* + 10 k' - 100 x''-x + l. 

(2> 3;8 + 3k-^ + 8'j;-2. (6) # + k' + x^ + cc + 7. 

(3) K» + l3 + s^ + X - 4. (7) 3^5 ^. 2 kH- 3 k' + 4 j;^ + 3 It + 2. 

(4) K* + ea^ + 25s« + 23a;-l-6. (8) lc^ + i+I. 

129. EiseEstein's Theorem, If p is a prime numbei; and 
Ooi «ij •■•!«» integers, aU (except ««) divisible by p, but a„ not 
divisible by p^, tli&n, is f{x) = a,^" +aiaf'~' + ••• +(i„ iiredudble. 

For, if /(*) fiould be I'esolved into factoi-s, the coefflcients of 
the factors ooald be iutegere. We could have 

■where /( + ft = )L 

Since w, is divisible by j), hub not by j>^, and a^ = c* - d,, it 
follows that one of the factors Cj, d,,, is divisible by p, but Dot 
the other. Let c^ be the factor divisible by p. Then not all 
the coefficients c are divisible by p, else On would be divisible 
by p. Let c, be a. coefficient not divisible by }', while c^,, c^^ 
• ■■ Cs, are each divisible by p. The coefficient of x"", in the 
product of the two factors off(x), is then 

rij,C, + (Jit.iC^i4-rf|,_aC„+a4- ■••■ 

Since every term in this polynomial is divisible by p, except 
the first term, the polynomial is. not divisible by^i. But, by 
assumption, the only coefficient of f(x) ■whicli is not divisible 
by p is a,,. Hence a,-*"" = x", which is impossible, since h must 
be less than n. 

Ex, 1. Show by § 129 the in-educibility of 

a j;! + H 3^2 + (! K + 12, 
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130. Irreducibility of — ■ Wlien p is a prime nwinher, 

= is irreducible. 

- 1 

If in — — — = 0, "we \int k = s + I, then expand the binomials 
and simplify, we get 

Since this eqnationis iircduciblo by § 129, the given equa- 
tion ia irreducible. 

131. Exclusion of Multiple Roots. Unless the contrary is 
speeiiieally asserted we shall assume in what follows that the 
equation f{x) = has no multiple roots. This can be done 
without loss of generality. For, itf(_x) = has multiple roots, 
we can divide f{x) by the H. C. F. of f(_x) and f'{x), as in § 21, 
and obtain a quotient g(x). Then 3(33) = is an equation in O, 
having all its roots distinct, and the theorems which will be 
given apply to g{x) = 0. 

Ex. 1. Show that/(K} = is reducible if it liaa multiple roots. 

138. Definition of Degree of a Domain and of Normal Domain, 

If the irreducible equation f(x) = 0, having « for one of its 
roots, is of the nth degree, the domain ii^,) is said to be of the 
jith degi'ee. 

Since f(x) = is irreducible in Q, it follows that none of its 
roots belong to the domain il. For, if the root a were a num- 
ber in the domain O, a; — « would be a factor in O, and f(x) 
would be reducible. It is evident that each root of /(m) = 0, 
when adjoined to il, gives rise to a domain over a, g 120. 
Thus, if a, «i, «-j, ■■■, k„_i ai'e the roots of /(«) = 0, we obtain 
the n domains, „ 

"w. O^)- 0(.,). -, "(a^D- I 
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The domains I are said to be conjugate to the n,^,). These 
domainsf may be all Aitferent from each other; some, or all of 
them, may be alike. 

A domain which is identical with all its conjugate domains is 
called a noi-mid domain. The laws of normal domains ate far 
simpler than those of others. The great advances in algebra 
made by Galois rest mainly on the reduction of any given 
domain to a normal domain. 

133. Theorem. Any number in a domain n,^, can be ex- 
pressed as a function of a in il. 

By definition of a domain (§ 120) any two numbers in it, com- 
bined by addition, subtraction, multiplication, or division, yield 
a number occurring in the doriiain ; also any number added to 
or subtracted from itself, multiplied or divided by itself, yields 
a number belonging to the domain. 

The domain Q,^^ was obtained by adjunction of « to Si, 
Hence the numbers in fi(„), whether occurring in O or not, were 
obtained by carrying out the four operations of addition, sub- 
traction, multiplication, and division upon ct and the numbers 
in (i. This means that every number in n,„) is expressible as 
a function of a in H. 

Ex.1. Show that the roots of e* — lOa:'^ + 1 = define a normal 
domain. 

Ttie roots are i/.= V2 + V3, «i = - Va + Vs, «3 = - Va - VSi 
Os = V2 — ^3. We have «= — oj =— = — — . Hence it follows Uiat 
"(1. .) = "(1, .,) = 0(1, «,) - fi(i, »,)■ "' "' 

Ex, 3. Show that the domain defined Tty the roots of the irreducible 
equation a' + x + 1 = ia not normal. 

By Descartes' Rule we see that tlie equation haa only one real root. No 
complex root can be a rational function of a real root. Hence the three 
domains Sl|i, „|, 0(1, n^), fi(i, „^) cannot be identical and therefore not normal. 
Bnt the two domains defined by the complex roots are the same ; for, 
if + iy and p — iy are the complex 
3 — !7 is a number in the dm 
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[. 3. Show that the roots of x* — 2'ix- + I =0 yield a normal domain, 
au irredacible quadratic determine a 

Ex, 5. Show tliat any tliree roots oi x' + 0.^ + x'' + x + 1 = are 
powers of t!ie fourth and that the domain fJ(i, ^) is normal. See Ex. 2, g 67. 

Ex. 6. Express as a function of Vs in !i|i, ,) the following nnmbers of 
the domain l!(l,[^/j): 1, iO i, 3 + 4V — 5. 

Ex. 7. Define the domatn. 12 which includes the number 

134. Conjugate Numbers, Primitive Numbers. Suppose a 
number N = <j>{a), where <j> indicates a, function in n. It 
B, «!, ■■■,«„ are the roots of an iri'educible equation f(x) = 0, 

then N^^(a), -fl^, = (/.(iti), — . -S^.-i = *K-i), I 

represent h nuniborSj one from each of the conjugate domains, 

The numbers I are said to be nv/mbera conjiu/ate fo N. 

Some or all of these numbers conjugate to N may be equal to 
each other. 

A number N in the domain ii,^,, which is different from all 
its conjugate numbers, is called a primitive number of the 
domain. Otherwise it is called im,priniitim. 

135. Primitive Domains. A domain £!(„, is called primitive 
when it contains no imprimitive numbers except the numbers 
in the domain O ; it is called impnmitive when it contains 
other imprimitive numbers besides. 

Ex. 1. Theequation/(a)=ic= + lt=01iaa the roots ± i. Here a = i 
and Kj = — i. Let us assnme « (a) s-^ — ~, then ^ («) = -( + 1 = JV, 
and ??!=?+ 1. Hence jV, being unlike JVi, is a primitive number in 12(1,0. 

Nest, let U3 assume ^(K) = a — a = a\ — «i = 0. HenceOisanimprinii- 
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More generally, if ^ {i) =a + ih, where a and b are rational numbers, 
then <p(_—i)~ a ~ib; if ^(()s^^ = a, then 0(— !) = o. Hence the im> 
primitive numbers are in this example uonfined to those that ace rational, 
and the domain 0(i,i) is primitive. Since both 0(i,() and il(i, -(> ai'e 
domains containing numbers a + ib, where a and 6 are rational, and may 
be positive or negative, it toilowa that the two conjugate domains are 
identical. Hence 0(1,0 is a norraal domain. 

Ex. 2. Tlie roots of the irreducible eqnaljou cc^ — 2=0 are ±V2. Show 
that — — ~ — is a primitive number of iin v^|, that 10 is imprimitive, that 
the domain Ji(i, ■z^, is primitive and normal. 

Ex. 3. If « ia a root of a:'^ + 10 a; 4- 1 = 0, define tlie functions of « such 
that N will be the tniptimitive number 5. 

Ex. 4. Show that tlie number N = c^ + U?, belonging to the normal 
domain 0(i, „), in Ex. 2, § 67, is imprimitive aud that the domain 0(i, o) 
is imprimitive. 

Ex. 5. If 1^=0^, where a is a root of a;*+l=0, show that iVis imprimi- 
tive, that JVi = «'^ — « is primitive, tha,t the domain iiji, „> is normal and 
imprimitive. 

Ex. 6. lfN = (ti* and « is a root of x* + 1 = 0, prove that W is imprimi- 
tive, that S!(i,„) ia normal and imprimitive. 

Ex. 7. If a is a root oix' — l—O, prove that Siji, „) is imprimitive. 

136. Theorem. Eve^-ij nninber iV in ike domain il,^ of the nth 

degree ia the root of some equation of tJie nth decree in O, th^ 

other roots of which are the remaining numbers conjugate to N, 

viz. N„ N^, ••; Na-i- 

Take the product 

(y - 2^<j/ ~ N,) ■■■ (y-:N'^-i)^y''+}hy''-'+ ■■■ -{-p„~^y), 

in which - p, = JV -I- JV, H h iV„_„ 

j)s = NN, + NN., + ... + .V„_,A"„_„ 

We see that all the coefficients p„ p^, ••■,Pa are rational sym- 
metric functions of the numbers .?7,JVi, ■■-, ^„_i. Since N=il>(a), 
,V, = ^(«i), ..., A\..,---=^(«„.,) (§ i;i4), where ^ is a function in 
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12, it is evident that pi,Pi, •■•,p^ are also aymmetrie functions 
inO of «i, «3, ■■•,«„; for, an intei-change of, say wand oi, brings 
about simply an interchange of N and ^,. Since the inter- 
change of JV and Nj does not alter these fnnctions, the inter- 
change of « and «i does not. 

Now «i,oUi, ■",«„ are the roots of the equation y(iB)=0; hence 
the coefflcienta pu Pi, •■•iPn of *(?/) —0, being symmetric func- 
tions in n of «!, ■", u,„ may he expressed as functions in n of 
the coefficients of /(3i) = (§ 70). 

But by hypothesis the coefficients of f(x) = are numbers 
belonging to the domain il, hence the same thing is true of 
Pu ■ ■ ■> P«- Thus *(»/) = is an equation of the nth degree in £1, 
having the roots N, N„ •■•, 2f„.i. 

Ex. 1. As an illuatratlon, let/(a:) = s' + 1 — 0, tlien (i = fi(i) and the 
rootsare ± J v^(l -H i). ±^^2(1-0- If a = i V2(l + Q, tliedomain 
S!(i,„) conaista of numbers « 4- it, where a and 6 may be rational, or 
irrational inTolving V2. Let if^ w^ + a^-i-a+l, then iV=l + Cl + V2)t, 
and the numbsrs conjugate to it are, 

JV = 1 + (1 + v5)i, Ni = l-il + -\/2)i, 

jVi = 1 + (1 - V2)(, iVa = 1 - (1 - V2)i, 

aM *(y) = (y - iV)(y - N{){y - N;){y - jV^) 

Thus, N and the numbers oonji^ate to it are roots oC an algebraic equa- 
tion of tbe fourtli degree in S!(]), that is, *(s) =0 is an equation in the 
same domain as /(k) =0, and both are of the same degree. 

Ex. 3. Show that 5, i, Vl are each numbers lying in the domain 11|„) 
of Ex. 1, and that each Is a root of some reducible equation of tlie 
fourth degree. 

137. Theorem. Ei>ei-y number of tlie doinain £!,„, can be 
expi-essed as a function in il of any primitive number N of the 
domain fi,„|. 

Let JV' be any number in O,^ and A", iV'i, .W'b -■■, JV„_i the 
numbers conjugate to it. Let 

^(x) = (x- N){x - ffi) •■■ (x - N„_;), 
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where ]ff, N„ ••■ jV„_i are conjugates to the primitive number 
JV, We now construct a new function, i/'(ik), as followa : 

This is a fiinctiou of x of the (?t — l)th degree, 
Since N = <l,(a), N^ = .^{w,), — , 

and N' = ^i(a), JV'i= ^j(«,),---, 

it follows that an interchange of, say, a and a^ interchanges not 
only N and JV,, but also iV"' and N'l, and also the first two 
fractions in the expression for ij/Qe). 

But <&(ic) is not affected by such an interchange. Hence il/(x) 
is not affected, no matter what two «'s replace ea^h other. 
From this it follows that ^(a:) is a symmetric function of 
«, K|, ■■■, ce^j in fl and the coefficients of ^(k) are numbers inO, 

If now we put !C = JV, then 0{JV) = 0. As iV" is pvijnitive 
and consequently different from Nj, JV^ ■■■, it follows that ea«h 
fraction in if(a;), except the first, is zero when x ^= N"; for, it has 
a numerator that is zero and a denominator that is finite. 
The first fraction gives us --. By § 20 we have, for this inde- 
terminate, the relation '^- —■ ■ ■- ' ■ = 2f'^\N), where $' means the 

differential coefficient of * with respect to x. This relation 
yields ^(JV) ^ jy'*'(JV) or N' = >j>(N)/^'{N), where *'(-^) is 
not zero, because *(ai) has no multiple roots. Since if(JV) and 
*'(iV") are both functions of N in fJ, it follows that any number 
N' can be expressed as a function in fl of any primitive 
number N. 

Ex. 1. Prove that tlie domain iJ(ir) is ideiilioal with tlie domain ii^^), 
N being primitive in SJ(„). 

Ex. 2. It was shown in Ex. 2, § 136, that ^- ^2 + 1 ;g ^ primitive 
V3 
number o£ ll|i,v^i, where ± \^ are tlie roots of the irreducible equation 
»^ ~ 2 = f). Express 5 f IJ ^/2, 5 and V2, as functions of iV in ft|]). 

Ex, 3. Express 5, i, V2 in Ex. 2, § 130, each as a function in Q of a. 
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138. Theorem. If N in primitive in Q^^, then tJie wtmbei's 
N, N], ■--, JV"„_, are roots of an irreducible egiiatioii ^(x) = o/ 
the nth degree; if N is imprimitive, then tfiese iMmhera may be 
divided into Jij sets of n^ equal nwmAers in each set, and *(a:) = 
is the n^h power of an irrediwible equation of tfie n^tli degree. 

U- ^(x) =(x~ N)(x - Ni) ■: (x - JV,.i) = 

is reducible, decompose it into its irreducible factors. Take one 
of these irreducible factors, say 6{x). Then S{x) =0 must 
have as a root at least one of the immbei's N, N,,—, N^^. 
Let iV, be such a root. Then ^(^^1) = 0, and since N^ = ^(«,), 
§ 134, we have fl[ *(«,)] = ; that is, 6l<f>{x)] = has a, for one 
of its roots. Thus ^["^(a;)] == and/(K) = are two algebraic 
equations having a common root, namely «,. As jX^x) — was 
assumed to be irreducible, it follows by § 126 that ea«h of the 
roots a, «!,■•■,«„_) of the equation f(x) = mv\et satisfy 
6[^(ic)] = 0- Eemembering that J7,. = -i>(«j), we see that each 
of the numbers JV, Ni,--, N,^_i must satisfy the equation 

eC«) = o. 

How if N, Ni, ■■-, JV;,_, are all distinct, then 6(x) = must 
be of the iith degree, and i{x} = and e(x} — are identical ; 
since, by hypothesis, 0{x) = is irreducible, *(*) = must be 
irreducible. 

If, on the other hand, some of the roots JV, N,, ■■■, N„^, are 
alike; let N, N„ ■■■, J/n,_i represent the distinct roots, then the 
irreducible equation 6(x) = is of the degree n,. Any other 
iri'educible equation, 8,{x) = 0, obtained by factoring ^{x) = 0, 
must be satisiied by at least one of the set of roots N, N;,—, JV"„,_[, 
for, every multiple root in *(a;)=0 has one representative in the 
list of distinct roots ; hence $,(x)=0 must be satisiied by each 
lOot in the set and is identical with the equation B(x) =0, the 
two having all their hj roots in common. 

It thus appears that if *(a;) — ia reducible and is resolved 
into its irreducible factors, these factors are identical to each 
iither. Thus, *(;>■) = is a power of ${.c) = 0. Since ^(^r) = 
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is of the nth degree and $(x) = of the n (th degi-ee, n must be 
a multiple of ii„ that is, n = iiin^. 

Ex. 1. As an illustration, take the irreducible equation /(x)s*'-|-l=0. 
Itliaathe roots « ^ iV2(l + (), ai = - J V2C1 + 0. «a = + W^Cl - 0. 
a3 = _iv^(l-i)- I.etJV=*(M)=a^,t!ieny=?ri = !and iVE = JV3 = ~i. 
Heuoe, *(a) = Ca; + 0^(^-0^ = (^- + 1)' = *'. Weha^e e(x) = x^+l=0, 
which issatlsflBcl by .V,.Vi,.Vo,.Vs. The equation e[*.i;:t)]=e(K2) = (3^)^+1=0 
is satisfied by ii, «i, u-', «s, the roots oif{x) = 0. 

Ex. 2. From the roots of tlie equation in Ex. 5, § 133, find JV, JV"i, jY^, iVj, 
when iVsK^ + «*. Detennine whether the equation *(a;) = la in this 
case reducible ; it it is, find ni and k^ and show tliat S[^(a)] = is satis- 
fled by the roots of tlie given equation jXx) = 0. 

Ex. 3. From the roots of tlie equation in Ex. 5, § 133, find JV"i, N^, JVs, 
when iV = 4 «. Is *(») - reducible ? 

Ex. 4. In Ex. 6, § 135, form i(y) = and esaiuine its reducibility, 
when N = a^. 

139. Normal Equations. A noiynal eqvalion is an irreducible 
equation in wliieli es/ih root can be expressed as a function in 
n of one of the roots. 

Ex. 1. The roots cci, a^, «^, of n:' - 
in terms of <e thus ; a\ = — it, i^,= 
being irreducible, is normal. 

Ex. 2. Show that ic* + e^ + a^ + a: + "1 — is a normal equation. 

Ex. 3. Show that ie'-2a,-2 + 9 = 0i5 normal. 
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HORMAL DOMAINS 

140. Theorem. A jwimiUve numher of a nonnal domain of 
the nth degree is a root of a nonncd equation of the nth degree. 

If a number p be adjoined to O, making n,p, a domain of the 
Kth degree, every nnmber N in the domain O,,,) is a root of an 
equation F{x) = of tbe iith degree in n, the other roots of 
which are, by § 136, the remaining numbers conjugate to 2f, viz. 

Since N is assumed to be primitive, F(x) = is irreducible 
(§ 138). 

Any number 2fo being defined by t/>(p,), belongs to tbe domain 
n(p,). Since ii,pj is normal, we have ii^|,■, — tl^g^■,= ■■■ =fi(p„_[) 
(§ 132). Hence all the numbers N, iVi, ■--, N„_i belong to the 
domain 0(p|, and can be expressed as functions in fi of the 
primitive number JV"(§ 137). From this it follows that F(3;)=^0 
is a normal equation. 

141. Theorem. Conversely, if p is a root of a normal equa- 
tion, then n^p) is a nonnal domain of the same degree as that of 
the equation. 

Let pa be the root, of which the other roots are functions in 
n; that is, let p^ = ^r(po)i where v may be 1, 2, ■■■, or (« — 1). 
Since po is s. root of the given irreducible equation of the nth 
degree, the domain 0,^ ■, and all the domains conjugate to it are 
of the nth degree (§ 132). 

150 
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Any number in the domain n,p ), i.e. in the domain ^[^^(b^)], 
is a function in O of [</>^0)u)]> ^^^i therefore, also a function in 
n of po itself; that is, any number in tlie domain ^[.j^ip^)] oecura 
also in n,p j. Tbe converse is true also. Hence the conjugate 
domains are identical, and !i,p , is a normal domain. 

CoROLLARV. Since the domain fij^ ,„ ,-| contains all the roots 
of the given normal equation, each of tbeae roots can be ex- 
pressed as a function in n of tbe voot <f>^(fi^, where <fiSpo} may 
represent any one of the roots. Thus, in a normal ecjuation eveiy 
^■oot can be ea^jressed not only as a function in Q of some one root, 
but as a function in ii o/any one of the roots. 

Ex. 1. Show tliat tlie equation ^ ~ = is nonnal. 
Ex. 3, Sliow that x* + lOx^ + iOx + 205 = is normal. 

142. Adjunction of Several Magnitudes. The adjmiction of 
several magnitudes nuiy be replaced by tite adjunction of a single 



Let «, j3, y, •■■ be numbers adjoined to the domain 0, giving 
tbe enlarged domain 0(„_ ^, ^. ...). To prove that a number p can 
be found, such that the domains 0(„, p. y_ ...-, and Cl^^ are identical. 

Let a be one of the roots «, «„ -■■, «„_, of an algebraic equa^ 
tion in O, /i(a!) — 0. Similarly, let ^ be one of the roots 
p, 01, ■•-, |8„_i of /.(k) = 0, y one of the roots y, yi, y^ ■■-, yo_, of 
f(x) =s 0, and so on. AVitbont loss of generality we may 
assume that, none of these equations have multiple roots, 
!Now assume for p the following linear function of a, fi, y, ■■•, 
~''^- p = aa + bff+cy+-, I 

where a, b, o are indeterminate coefficients to which in special 
cases any convenient numerical value in n may be assigned. 
It is evident that p is a magnitude in 0,„, p. ^, ...„ for it is a 
rational function of a, ^, y, ■-■. Tbe expression for p involves 
one root from each of the equations /i(^) = 0, /2(a;) = 0, ■■■. 
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Next, replace the roots «, /3, y, ■•■ by any other combination 
«j, ^j, y^, ■■■ of the rootSj one root being taken from each equa- 
tto. Weget ^^_„,, + s^, + „^,+ .... 

Similarly we obtain p^ p.^, ■■■. The total Dumber of p's is 
fiquEtl to the total nmnber of possible combinations, which is 
i« ■ n ■ o ■", where m, n, o are respectively the degrees of the 
equations. By assigning appropriate values to a, h, c, ■■-, all 
the p's "will be distinct from each other. 

Now construct the function F((), thus : 

F{t) = {t-p)(t-p,){t-p,)-. II 

F{t) is not altered if u, is replaced by a„ or ^ by ;8j. Heuce 
the coefficients of II, obtained by performing the indicated 
multi plications, are symmetric functions of the roots of each 
one of tlie equations /i(a') = 0, /5(a;) = 0, ■■■ ; therefore, the 
coefficients ai'S numbers in n, and F{f) is a function in SI. 

Now, any number N in n,,,^.^,...) is a rational function of 
a, p, y, ■■■■ Let JVgo over into If,, N^,-- for the substitutions . 
which convert p into p^ p^ ■■■. With these construct the new 
function G{i), defined as follows : 

e(')-n<){r^+,-^ + 7^ + -}- ni 

(t — p t — pi C — pi ) 

G{t) is symmetrical with respect to the roots of /i{a;) = 0, 
f2x) = 0, ■■■. Hence its coefHeients lie in U. Por ( = p, F(t') 
vanishes, as appears from II. But the denominator ( — p van- 
ishes also. 

Hence for l = p, we have by § 20 



G(p) = i^^^^-OT^(p), 
P-P 

where F'(t) is the first differential coefficient of F{t). 
Hence, if = |g. 



y Google 



NORMAL DOMAINS 153 

This means that jV is a rational function of p ; that is, any 
number in fi|„,g,^,,..) is a rational function of p, and lies, there- 
fore, in the domain il^g^. Conversely, any number in 0(p) lies 
in ilf^.fi,y,...) since every number in Oq,) is a rational function of 
p, and, therefore, of a, p, y, ■■■. This shows that n^p, and 
ii(^p,y,...) are coextensive domains, and the adjunction of a, ^, 
y, ■•■ to n may be replaced by the adjunction of p. 

Ex. 1. Go over the above proof for the special case where 

a = v^, P = v/0, 7 = 3 ^ .- = 0, o - 6 = 1, JV = 3 V2 v'5. 

Here f,(x) = z^ - 2 = 0, Mx) =x^-5 = 0. Then p = \/2 + i/%. 
0£ what 



There 


are six 


. difierenl p's, and II ia of the sixth degree in ( 


degree 


iaIII? 






(?([) = 


--N(t- 


-pO(«-pO-C(- 


-Ps) + Wi(( 


-P)(t~p^)-(J. 


6(p)z 


-- N{» - 


-jiO(f-p2)-(p- 

= Va + ■v'5, 

;=V2 + «-'-v/5, 


- pb) = 540 !,■ 
Pi 


^ + 360, where 



By Ex. 14, § 71, the equation whose roots are p, pi, -.., , 
F(t) =(B_6(*-10J'-l-12(a_60(+i7 = 
.-. F'{p) =^ C p5 _ 24 p3 _ 30 p= + 24 j5 - 60. 
We see that G(p) -> F'(j>) = jV. 

Ex. 2. Is tlie adjunction of V— 3 to [i(i) equivalent 
tion of i + V2 ? 

Ex. 3. Are the two domains Qa, v1, v'si and S2(i, v^) 
not, ia one a divisor of tlie other ? 

143. The Galois I>omain. If /(a:) = is an equation of the 
)(th degree with distinct roots a, a^, •■•, k„_,, then the domain 
0(„, .._„ ), obtained by the adjunction of all its roots to O, 
13 called the Galois domain of the equation f(_x) = 0. Thus 
the roots of the cubic ii;= + 33;^-23;-6 = are -3,±V2; 
hence its Galois domain is 0,1,1/2)- 

Ek. 1. Find the Galois domain of ** + 6 a;^ + 5 — 0. 

Ex. 2. Find the Galois domain of the equation in Ex. 5, § 133. Show 
t.hat, ill tliis case, 0(„ „^, ... ^ ,) = 0(„) = !2(„p ^ (!(„,_) = li(„^). 
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144. Theorem. T}ie GaloU domain of any algebraic equation 
is a ttormcU domain. 

The degree of the Galois domahi O,,, , ,...,„ , is not usually 
the same as tliat of the aquation f(x) =0; let it ho mi. 
Let p be a primitive number of the Galois domain, then 



It follows that p is a root of an irreducible equation of tlie 
degree m (§ 138), viz, the equation 

9(y} = 0, I 

The root p, being a number in the Galois domain, can he 
expressed as a function of ko, «i, ■■■, «„_i, in O; that is, 

P=fi{<'-<^ «i, — ,«„-i), II 

Consider all the permutations which can be performed with 

the n subscripts of the letters a, taken all at a time. The 

number of these permutations is nl They correspond to the 

symmetric group of substitutions (§ 98). 

If we operate upon the subsciipts in II with each substitu- 
tion of the symmetric group of the order it!, in turn, we obtain 
values for p which we indicate, respectively, by 

p, pu ■■■, p^.-i- III 

Next, i£ we operate with any suhstitntion of the symmetric 
group upon tlie p's in III, we get the same set of p's over again, 
only in a difEerent order ; for, any number resulting from this 
second operation is obtained from II by two substitutions, the 
product of which, by definition of a group, is identical with 
one of the substitutions in the group. Hence, if we form the 

"™"°° J«s(j-p)(!,-p,)-(9-p..^.)-0, IV 

this equation is invariant under any of the substitutions of 
the symmetric group ; hence, the cx)efficients of i/, obtained by 
performing the indicated multiplications in IV, are invariant. 
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But these coefficients ai-e functions in O of the roots p, pi, ■■-, 
and by relation II, also functions in O of «o, u„ ■■-, «„_]. 

Because of the invarianee of the coefficients of IV \inder the 
symmetric group, they are symmetric functions in O of «„, «i, 
■■■f**™-!! '■«■ syniiuetric functions in il of the roots of f(x) —0. 
Hence IV is an equation in O (§ 123), and its roots are numbers 

But p is a root of both H{y) = and g(]/) = 0. Since g{y) = 
is irreducible, all its roots must be roots of H(s) = (§ 126). 
But all the roots of -H(^) — are numbers in Q(^_ ...^ ^^_^-, ; 
hence all the root« of g(y) = (viz. the conjugate numbers 
Pi Pi) ■•■)Pm-i) ^i'6 numbers in ii,„, ..., „„_j- But 

"w = »<.,..■..„-,). 
hence we have fi(|i) = ^P|)= ■■■ — ^p^^iV 
That is, fl(„,...,^_j is a normal domain. 

145, Galois Resolvent. The equation g{y) = of § 144 is 
called the Galois resohent of the given equation J{x) = in the 
domain 0, defined by the coefficients of the equation f(x) — 0. 
This resolvent possesses the following properties : 

(1) ^(j/) = is irreducible. 

(2) Each root off(x) — can be expressed as a function in O 
of <me root p of the equaiion g(jf) = 0. That is, each of the 
roots «,«„ ■■•, «„.i occurs in ^(^..,,^^jj, a domain equivalent 
to Q(|,). 

(3) One root p of g(y) ~ can be expressed as a function in n 
of the n roots off(x) ^ 0. That is, by II, § 144, we have 



Ex. 1. The cmc a:' -f 3 11:2 + a: - 1 = has the roots 




«=- 1, Ui = -1+V2, Ki = ~l~V2. 




Henoe the Galois domain is fi(i,v'2>. Also, p = V2 is a ^ 


root' of the 


irreducible equation g(y) =^^ — 2 = and is a primitive nan 


nber of the 
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Galuis domain. The equaljoii afl ~-'2 = is a Galois resolveiiL, because 
(1) Lt is irreducible ; (2) tlie root a = - v^ / V2 and the roots Wi, Oj ai-e 
eacli functions in fl(i) of-v^; (3) we may express p as a function of 
a, «i, Ka, thus, p= V2 = oj? -^ ai + 4 a. 

Ex. 3. Show that in Ex. 1, p = a + 5 V2, which is a root of the equa- 
tion 2^ — 3 OK -[• a'^ — 2 6^ = 0, a and & toeing rational, is a primitive 
number in the domain fiyji, and that tliis quadratic is a Galois resol- 
vent of the given culiie. 

Ex. 3. Show that the degree of the Galois resolvent of an equation of 
the nth degree cannot exceed n 1. See § 14i. 

Ex. 4. Construct the equation E(y) = of § 144 for the general cubic 
a^ + a-io? + asx + aa = 0, wiiose roots we «, «i, ofe. 

As in § 142 select appropriate values in fi for tlie coefficients e, ci, cs, 
90 that distinct values for p are obtained for every -permutation of the 
roots BC, ecu «e in the relation p = ca + cj«i +eaK3. 

Performing upon this the sis substitutions of the symmetric group of 
the third degree, § 104, we obtain 



p 


= ca + ei«i + esaE, 


PI 


= Caj+CiK5 + CEK, 


w 


mctx^ + eia + CauCi, 


(>' 


scm + CiKa + CaOli, 


p'l 


scai + Cia + CaOa, 


A 


ScOa + cict, + <h<t. 



We first form tlie cubic whose roots are p, pi, p2. We get 
Sp = 2fiS« = - aiSo, 
2ppi = Sc^ ■ 2««i + 2«= ■ Srci + Scci ■ S«ai, 
= aaSc^ + (ai* — as)Scci. 
To obtain the prodnct ppipa, observe that the terms ctiCart', cciCa«i', 
ecicsKa^ occur in the product ; tlieir sum Is ceiCaSa'. Smce c, fi,, <2 and 
a, O], «2 are similarly involved, the expression nuia^'Zc^ also occurs in 
the product. The term cciCsauiUi ooenrs three times; hence we have 

3 CCiCsKBiKa. 

Observe that a*aihas in the product the coefficient Pf^c^ci + Ci^Ca + c^c 
and that ai'us and as'a have each this same coefficient. Hence pepi^ iM 
part of the product, v^here po = «%i + «i^M3 + Og^K. Similarly oaA 
ai«s\ Uicfi have each the coefficient p'^scci* + CiCs" + CaC^. Therefore, 



y Google 



nobmaIj domains 157 

p',j)'„ occurs in the product, where j)'„ s «Ki^ + WiOj^ + a^a"^. We Imve 
now found all tc^ether 27 terms wbich belong to the product ppipj ; they 
oonstilute the entire product. That Is, 

We get 

Po. + P'a. ~ 2k ■ S«Ki — 3 «ai«2 = 3 (ta — aiBj = g«, 

= (« -^ ft|)((( - C(2)(«l - «2)SVl)", 

where J>„ Is the disoriminant of the given cubic, hence 
2p„ = en + V^[, 

Similarly we have 2p^ — qg-\- V-Dc, 

Hence 
PP\H = cCiCaCSaios — ai" — 3aa) — aaSc" — 3 00102%+ KMo + '^^'--^J' 

We have now found the coefHcients of tlie cubic whose roots sje p, pi, p^, 
expressed in terms of the coelSoienta of the given cubic. 

In finding the coefficients of the cubic whose roots are p', p*!, p'a we 
notice tljat Sp' — Sp, and Sp^i = 2ppi. The prodnet p'p'jp'i differs from 
PP1P2 only in the sign before tlie radical. Conseq.uently, on multiplying 
the left members of the two cables, the radical disappears and we obtain 
a sestic, whose coefficients are numbers in ii. This sestio is the required 
equation H(y) — 0, whose roots are p, pi, ps, p', p'l, p'j. 

Ex, 5. Show that when in the aextic of Ex. i the value of D„ is a per- 
fect square, the aextic becomes reducible into two cubic equations in Si, 
Hence g{y) = is a cubic in this instance. 

Ex. 6. 0£ what degree is the Galois resolvent of the general quattic ? 
The general quintic ? 

Ex. 7. Find the roots of the equation r^ + z* — ^ - x'' -2x -2^0. 
From the roots detennine the Galois domain. Prove that k* — 2:^2 + 9=0 
is a Galois resolvent. 

146. Theorem. Tlie Oalois resolvent is a normal equation, 
and any noi-mal equation is Us own Ooiois resolvent. 

The resolvent is a normal ec[uation because (1) it is irre- 
ducible and (2) all its roots occur in the Galoia domain 0(p,, 
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where p ia a root of the resolvent (§ 14i), and are, therefore, 
f uiictioiia ill O of the one root p (§ 138). 

To pi-ove the secoud part, let f{x) = be a normal eqnation, 
having the roots k, Kj, ■■•, «„_i. Then fl^,) is a normal domain 
(§ 141) ; f{x) — is its own Galois resolvent, because being 
irreducible it satisfies property (1) in § 145, and all its roots 
heing in the domain Hf^y, and, therefore, functions of « in O, it 
satisfies also properties (2) and (3). 

Ex. 1. Show that tlie ecjuatiou In Ex 5 (5 1^1) is its own Galois 
resolvent. 

Ex, 2. Sliow that th d es Eg h Uia 

deflnitioti of a nortnal qua 

Ex. 3. Find the Ga d na f li qu n m Fx § 33). 
Find tlie irreducible eqtt Si a g h nun be V5+V& 

as % root. Show that qua s w Ga eso n nd hat 

the Gatois domain is ttoi-mal, 

147. Theorem. If f{x) — ia a normal equation of the nth 
degree with a root p as a primitive number in the normal domain 
ilip), then the transpoaitton (ppj) causes each of the numhers 
conjiigate k> ptohe ref^xnced by some other of their own set, bxU no 
two numbers are replaced by the same one. 

Let the numbers conjugate to p be p, p,, ■■-, p„_,. They are 
all roots of the equation /{a;)=0 (§138). Since Qip) is 
assiiroed to be normal, they are contained in it. Hence we 

1^^™ p ^ Up), pi - 'f>M> ■ ■ ■> p»-i - *"-i(p). I 

where <f>a, ^i, •■■ are functions inO. If in ^i{p), which is a root 
of /(a;) —0, we replace p by p^, we get as a result Upid, which, 
being conjugate to Up), is another root of f(x) = (§ 136). 
Hence the numbers in the series 

Up>), -^iW. ■■■' -^n-lU) II 

are identical with numbers in I, except in the order in which 
they are written. Now, if we can show that the roots II are 
all distinct, our theorem is proved. 
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None of the roots II are alike, for suppose ^,(ps) = il>i(j>t), 

^^^^'^' Up^)-Up.)=o, ui 

then III is an equation having p, as a root, But the irrecluuible 
equation f(x) — has also p„ as a root. Hence HI must be 
satisfied by all the roots of f{x) = ; foe instance, by p. Con- 
se,«enaj, *,(,)- *.W = 0. 

This equation by I may be written p, — p^ = 0, winch cannot be 
true, since p is a primitive number, 

Ex, 1. In Ex. 5, § 1K3, we have given an irreducible equation witli the 
roots p, PI, pa. Pm conjugate to p iu tlie noTiiml domain fi(p|. We have 
pj = P^. pa=P^iP8 = p'- Heiice the roots maybe represented by the 



where p^ = (>sr fa' = pi, pa* = p- Iloiice the transposition (ppi) only 
changed the order of the roots, 

Bk. 2. What ia the order o£ the roots, if in Ex. 1, we apply the 
transposition (ppa) ? 

148. Theorem. Every iran>tposition (p^^ in the normal 
d&main 0,b) is equal to some one of the transpositions (ppi)i 
(pPa)!— )(pp»-i)* 

We have PA='l>it(p)> I 

where 0s(p) is a root of the normal equation /(x) = 0. tFpon 
^,(p) perform the transposition (fip^, and we get ^i(pj). This 
is a number conjugate to ^Jji), and is, therefore, one of the 
other roots of f(x) = 0, say p^ (§ 138), so that 

P. = *.(P,). II 

Since the transposition (pjpj) changes p^ to pj, and the trans- 
position (pp() changes •^^(p) to ^i{p,), we have from equations 
I and II that (p^pt) = (pp.-)- 
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Ex. 1. In Ex. r>, § 133, the four roots satisfy Oie EoUowing relational 



Operate upon the left members of these equalities with the transposition 
(ppi), and iipouthe right members with(pg()3),aiid show that (ppa) =(^^13). 
Ex. 3. Ln Es. 1 find the transposition (ppi) wliich is equal to (pips). 
Ex. 3. In Ex. 1, § \36, find i so that (««i) = (ttiWa)- 

149. Substitutions of the Domain il^p^. Since any trauspoei- 
tion (pspi) = (ppi), where i is some one of the numbers 0, 1, 2, 
... (n-—l), it follows that there ai'e not more than n distinefi 
transpositions in the given normal domain 0,^,, which nnmber 
agrees with the degree of the domain and the degree of the 
equation f{x) = 0, whose roots define this domain. Since every 
number in O,^; can be expressed as a function of p in O, since 
every number operated ttpon by (pp,) passes into some other 
■number in the domain conjugate to it, since, moreover, no two 
numbers pass into the same number (§ 147), it follows that 
each such substitution applied to aU the numbers in the normal 
domain leaves the domain as a whole unchanged, 

The substitutions (pft), where i takes successively the values 
0, 1, ■■■ (ji — 1), are called the substitutions of the domain Q^fy 

If iV=t/>{p) is invai'iant under (pp^ so that JVr= i^(p)=^{p,), 
then we say that N admits of the substitution (ppi)- Observe 
the difference between the expressions admita and belongs to 
(§ 111). In both the function must be unaltered under the 
substitutions of a cei'tain group Gi, but in the latter expression 
we have the additional condition that the function must be 
altered by every substitution of G which does not occur in Gj, 
(?i being regarded as a sub-group of G. 

If 2f= ^(p) is a primitive number, then it is distinct from 
each of its other conjugates ^(pi), <^(p2), ••■, ^G)„_i)- Hence JV 
admits of none of tlie substitutions (pp,), except, of course, the 
identical .substitution I. 
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150. Theorem. The siibstilutions of the 7iormnl dontaiu il,p| 
constitute a rjrouji of the order n. 

Eemenibering the definition of a substitution group (§ 95). 
we need only show that in the n distinct transpositions the 
product of any two, say of (pp,) and (ppj), is equal to some one 
of the transpositions in the set, say (ppi). 

By § 148 we know that (f>p,) = (p^p^). Multiply both sides 
by (ppi), and we get 

ipPt) (ppt) = (ppt.) 0>iPi) = (ppt) ; 
tliat is, the product of any two substitutions (pp,) and (pp,} is a 
substitution belonging to the set. 

151. Theorem. If the equation /(.■(!) = yiekts the Galois 
domain ili^), Ihmi the^-e corresponds to the ymup of substitutions 
(ppv) of thai domain a group of substitutions s, of the same orderr 
among the roots of tlie equation, such Hiat the pi-oduct of any tioo 
substitutioTis (ppi), (ppj) of the domain con-ef^onds to tlie 'pi-oduct 
of the tmo correi^onding substitutions s„ s, oftlie roots o//'(iB)=0. 

Let /(ic) =0 have the roots «, a-,, ■■■, «„_i, all of them dis- 
tinct Since these roots are numbers in the Galois domain 
"(«.-■■ °» i) — '^(p) of the degree m, it follows that 

,=»[», ..., „., ..., «._,], I 

and that «, = <ii,{p} where s has any value 0, 1, ■■■ ()i — 1). 
Substituting for the a's their values, we get from 1, 

p=*[.^(p), -,.^,(p), ■..,^„_,(p)]. II 

Now p is a jjtiioitive number in the Galois domain 0(p] (§ 144), 
and ia, therefore, a root of the Galois resolvent g(^) = 0, whose 
other roots are the remaining numbers conjugate to it, viz. 
Pii "■> pTn-i- Consider II an equation having a root p, then the 
iri'educible equation g(^) = and the equation II have p as a 
common root ; hence the conjugates of p are roots common to 
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both equations {§ 12t)). lleplat^ing p by any of its conjugates 
p„ we Iiave, tlierefore, 

Replacing iu II fi by pj, where i andj are distinct, we get 

Since a, is a root of f(x) = and «, = ^Xp)i ^e have the 
equation /[<^,(p)] = 0, which has p as one of its roots. But p 
is also a root of the irreducible equation g(i/) = 0; hence 
(§ 126) we have /[^.(pi)] =0; that is, iti,(p,) is some one of the 
loots («i of the equation f(x) = 0- For the same i-eason ^,(pj) is 
some one of tbeae roots. 

Since <^,(p,) and (fr,(pj) represent each some root of /(ai) = 0, we 
see that in each bracket of III and W we have some arrange- 
ment of the roots «, «,, •■■, «„_i. 

The two arrangements are not identical ; for if they were, 
we would have ^Xpi) = *<(Pi) f**"^ ^'^ values of s ; the right 
members of III and IV being equal, the left membei's would 
be ; that is, ^ = pj. But thia is impossible, since they are roots 
of the irreducible equation g{y) = 0, and can, therefore, not be 
equal. Hence it follows that to any two distinct substitutions 
(pPi),(ppj) there correspond two distinct substitutions aiaong the a's. 

From this we draw the further conclusion that since the a's 
belong to the domain lijp,, and the entire domain has only m 
distinct substitutions, there are just m distinct substitutions 
among the a's. There exists, therefore, a one-to-one corre- 
spondence between the substitutious (pp,) and the substitutions 
s^ of the roots «. 

Now the product (ppi) (ppj) is equal to some other substitu- 
tion in the group, say (ppi). If to (pp^, (ppj), (pp^ there corre- 
spond, respectively, s^, Sj, s^ among the roots, and if 

(ppi)(pft) = (ppO. 
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Ex.1. The quMlic equation z^ - la k^ + I'i J:^ + ITfii - 06 = has 
he roots a = 2 + Wi, ay^2--Z\'1, 

i(3 = 'H-av'3, (i3 = 4-2V3. 

Tlie Galo33 domain li(o) is obtained by adjoining VT + v'S to !i(i). We 
'*™ p =^7+^3, p, = v'7-V3, 

By iiiapectioii, we got 

«3 = 03(p) = 4 + i(13 p - p3). 
Substituting for p, in Bucoeasion, p, pi., pa, pj, we obtain the following 
'^^^^ '■ *(p) = a, Mp) == «i, 02(P) = <(-:, Mp) = «s. 1 

*Cpi)= «> '/'i(/ii)= «!' 03O>i)--= "3, ■?.;(?:)= res- n 

0(p2)=«l, *l(p-j)=«, *2(pO="2. li3(P2) = l^(a. ni 

*(pb)'= «i, *i(w) - «l *>2(pa) = '<3| *i(p3) = "3- IV 

Opevating upon *(fj), -AiCp), *ijCp)i *a(p) in line I ivitli the transposi- 



tion (pm) gives us line II. The arrangement «, rt|, Kj, (h in line I has 
changed to the arrangement a, «i, Os, «2 in line II. Eence (ppi) corre- 
sponds to («a «a). Thus, to the substitutions of the domaiii, viz., 

', (cpOi (pw). (ppa), V 

there correspond, respectively, the substitutions among tlio roots 

I , («3rtfl) , (««i) , («aO C«a«B). VI 

The latter are readily seen to constitute a group. Groups related to 
each other, as are these two, are called isoiaorpkic. Group VI is called 
the Balois group of the given quartic equation. 

Ex. 2. Fine! in the list ot groups enumerated in § 101 tlie group VI of 
Ex. 1. 

Ex. 3. In Ex. 1, *s0')=«2 and ^a(pi)= *3(p)= *3(pj)= *2(p3)= «i- 
Show that, in the set of substitutions V, {pp\){iiji-i) = {»!>£)■ Forcning all 
possible products of two transpositions, allow tliat V is actually a group. 

Ex.4. The cubic a^ + Sa;^ + 1 - 1 = has the roots « = -!, 
«i=~l-)-V^, «i = — X— V2 iind the Galois domain 42(1^2)) where 
p = Vb and p\^~ V2. Find the Galois group in both forms. 
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152 Galois Group of f{x) = in 11. The group of substitn- 
tionis imoug the loots «, */i, ■■■, «„._i of the equation f(^) = i) 
coiie'iponilmiJ: to ( ihomorphio with) the group of the Galois 
domwn Q^p■, of tljat equatioa is called the Galois group of the 
eqnation The teim Galois group is really applicable to the 
two isomorphic groups indifferently, for two (simply) isomor- 
phic groups are identical, abstractly considered, since to eveiy 
substitution of one there corresponds a single substitution of 
the uthei, and vu^ v&i ■ta, and since to the product of any two 
substitutions m the one there corresponds the product of the 
two corresponding substitutions in the other, Bor convenience 
■we shall restrict the term Galois group to the group of substi- 
tutions having the roots as elements. 

Ex. 1. Show that t^'« and G^l^i are isomorphic ; also ffe'^'I and Ps**'- 
Bx. 2. Show that Ggt^' is simply isomorphic with 

(Wiai)(ris«6)Cl'3''6)i («lf£5Ke)(«a«3«4), (Klft3Kg)(K2tt4«3)' 

153. Theorem, Evet-y funaion hi, £1, /(«, «„ ••-, «„..i), which 
equals a number N in O, admits evei-y substitution of the Galois 
group of f{x) =Q. 

Since 0(a„aj.....^_i) = Q(p|i each o^a where i = 0, 1, ■■■, (ra — 1), 
is a function in n of p. Hence we have 

where /and $ are functions in O. We have ^(p) — N=0, and 
this equation in II is satisfied by one root p, and therefore by 
all the roots which belong to the G-alois resolvent g(i/) = 
(§ 126). That is, 6(pi) — N. But by I the trausposition (pp.), 
performed upon f(p), produces the same result as the corre- 
sponding substitution of the Galois group, performed upon 
/(«, ■■■, «J„_i)- As 6(p) remains unaltered, so f(a, —, (Vi) 
remains unaltered. 



y Google 



154. Theorem. Eve^-g function in Q, /(«, a,, ■•■, «^i), viliich 
admits all the substitutions oftJie Galois group, is a number in O, 

In the equation /(«, a^, ■■■, k„_i) = 0(fi), 
given in § IBS, /(«, a,, ■■■, «„_i) admits by hypnthesis of the 
substitutions of the Galois group; consequently, S{p) admits 
of the corresponding transpositions of the Galois domain il^p,. 
That is, 6 (p), being invariant, is equal to all its conjugates 6 (pi). 

But fl(p) is a number in the domain 0,p) and is a root of an 
equation of the stth degree in Q, whose other roots are the 
remaining numbers conjugate to it (§ 136). All these roots 
being equal, that equation is {«— f (p)!"=0. Hence x-~e(p)=0 
is an equation in Si. Therefore 6 (p) is a nixmber in Q, as is 
also its eq\ra!, /(k, ■-■, a^^. 

Ex. 1. In Ex. 1, § 151. tlie GaloU group is I, (a^cds), C«ki5, ("■"■i) ■ 
(waOs). The roots o( /(}■,) = are «, a,, «3. «3- TUeii «3 _|. 4 „j _j. lo is 
a funGtion in SJ{i) of two roots ot /(ce) = 0. The value o£ this function is 
60, a number In S((i) ; that is, belonging to tlie domain fi(i). Performing 
the substitutions («Ki), we get Ki* 4* 4 a -|- 10, which still equals 50. The 
other substitutions do not aEEeot the function. This illustrates § 153. 

Ex, 2. Using the group and roots of Ex. 1, illustrate g 153 liy the 
equation (a* +■ 4 ai - 2i)\a^ 4- 8 «, - 60)» ^0. Here the left member 
of the equation is oav fuucUoTt, and the number in (I is 0. 

Ex. 3. fQe) = *• — a?— 2 = iias the Galois domain 0(p), where 
p ^ 1/2 + J, /), = V^ - i, P2 = - -v^ 4 i, Pa = - V2 - j. (1) Express each 
of the roots of f(x)= as a function of p. (2) Bind the group of the 
domain, (3) Find the Galois group of /(^^) = 0. 

Ex. 4. In Ex. 3 show that /(a, ■■■, Om-i) ~ «' + rti* + Ka' + «8° ad- 
mits all the substitutions of the Galois group ; then show by actual sub- 
stitution that/((i!, ■.■, K^-i) is a number In £2(1,. This illustrates § 154. 

155. Theorem. A group G is a Gcdois groxvp of tlie equation 
f(x) = for the domain O whert^er 

(A) Every function in il of the roots <ti, tohick is a number in 
O, admits the stibstittUions of G, and 

(B) Every function in fl of the roots a^, which admits the sub- 
stitutions of G, is a number in ii. 
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Firstly, we prove that every substitution of G belongs to the 
Galois group. 

As in § 142, select appTOpriate values in iJ for the coefficients 
c, Cu ■•■, c„„, so that distinct values for p are obtained for eveiy 
permutation of the roots a, «i, ■■-, «„_i in the relation 

Now p is a root of the Galois resolvent g {y) =0, In p (/>) = 
substitute for p its value in I and we get a function in O of «, 
"u ■■■i o^B-i) which equals the number zero. If this function 
satisfies hypothesis (A), it admits any substitution s of the 
given group G. But by I this substitution changes p into 
some distinct value p„. Hence g (/j„) = 0, and p„ is a conjugate 
of p. But the substitution (pp.), which corresponds to s, is a 
transposition of the Galois domain; hence a belongs to the 
Galois group, and G is either the Galois group or one of its 



Secondly, we prove that the Galois group is G itself, 
e 6 embraces j substitutions, namely, 



then the application of each of these to the function p in 
I yields the values TTr 

■' Pr ■■■) Pa Pi-V 1^1 

If we operate with any substitution s,, in II upon any value 
Pi in III, the result p'; must be the same as if we had operated 
upon p directly with 8^%. But a^Sj must, by the definition of a 
group, be one of the substitutions in II ; hence p', must be one 
of the values in III. Thus it is evident that the operation 
with Si upon every value of III causes simply a permutation 
of the values in III. Hence a function g'(ii), defined by the 

9'(j/)s(y-p)(y-p,).-(y-p,_,) 

has coefficients of y that are each invariant under the substi- 
tutions of G. If we apply to each of these coefficients the 
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hypothesis (B), each of them is a number in O. Consequently 
g'(ij) is a function of y in li. 

'Sovi g'(Ti) = and the G-alois resolvent ^()/) = have the root 
p in common, hence (§ lliC) the degi'ee of g'{ij) = cannot be 
less than that of ^ (^) = ; that is, J, which is the order of G, 
cannot be less than the order of the Galois group. Hence the 
two groups are tlie same. 

156. Theorem. An equation %a reducible or irreducible accoi-d- 
ing us its Oalois group is iidransitive or trnnsitive. 

Let f(x) = F{x).k(x)^0, 

■where f(x) = is reducible and f(x), F(x), h(x) are functions 
in il. Let the roots of F{x) = be 



These are also roots of f{x)~Q, which has the following 
additional roots; « .-. « « II 

Now it is evident that no root a, of set I can be replaced in the 
equation F(x) =0 by a root % of set II, for (Cj is not a root of 
F{x) = 0. Yet V. e know that the coefficients of x of F{x) = 
admit all the substitution'! of the Galois group of /(x) = 
(§ 153). Hence this gioup can have no substitution which 
replaces w,- by «j and the group la mtiinsitive (§ 102). 

Converselj if the gioup P is intransitive and permutes the 
roots in set I among themselves only so that a^ will not be 
replaced by a then the product 

F(x) = (^~u)(x~a) (a-«,_0 
admits of all the substitutions of P, and is, therefore, a function 
of X in a. Hence F{x) is a factor in Q of /(su), and f(x) = is 
reducible. 

Ex. 1. Illustrate this tlieorein by sliowing that the Galoia groups of 
Exa. 1 and 4 In § 151 a 
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157. Theorem. jIh imp^-bmtive domain Jkis an iraprimitive 
group. 

Let f(x) = 0, having the roots a, «„ •■-, «„_i, be irreducible. 
Then its Galois group P ia transitive (§ 156). Let the do- 
main 0,„, be impriinitive ; that is, let it possess imprimitive 
numbers which are not all numbers in Q {§ 135). If jV"= </•(«) 
is an imprimitive nuiDber, then its conjugates luay be divided 
into W] sets of n^ eq^ual numbers in each set, so that )( = n^ ■ «j 
(§ 138). We have then the following n, sets of roots of f(x) = 
with Wa roots in eaeli : 







^=,7, <7„ ..-, ^„_„ 




N= <^(«) = ^(a,) = ... = .^(w^.i). 



if,- 



= '^W = *('^.) = - = <('K-i) J 



are number's conjugate to N. 

From II we see that the Galois group P of f(x) = must be 
so constituted that the roots of each set A, B, —, S are inter- 
changed among themselves and that the sets A, B, ■■•, S are 
interchanged bodily, but never can two roots of the same set 
be replaced by two roots belonging to different sets. Hence P 
is aa imprimitive group (§ 103). 

Ex. 1. Show that the group composed o£ the powers o! (0123) is an 
imprimitive group. 

Ex. 2. Show that any cyclic gi'oiip whose order is not prime is an 
itnpriraitive group. 

158. Theorem. The symmeti-ic group of the nth degree is the 
Galois group oftlie general equation f(x) =0 of tlie nth degree in 
the domain n, d^ned by the coefficients of fix). 
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In the genejul ec[Tiatioii f(x) = oo relation is assumed to 
exist between the roots ; that is, the roots are taken to be 
independent variables. 

In all cases a symmetric function in O of the roots equals 
a number in Q (§70). If it be gi-anted that, for the general 
equation, this is the only function in il having this projjei'ty, 
condition A of § 165 demands simply tliat 

Every symmetric function of the roots sliiill admit the sub- 
stitutions of the symmetric group, 
and condition E demands that 

Every such symmetric function shall equal some number in 13. 
Both statements are true. Hence the symmetric group is 
the Galois group of the general equation. 

159. Actual Determination of the Galois Group. In Exs. 1 and 
4 of § 151 we determined the Galois groups of easy equations, 
foe the domain defined by the coefficients of the equation, by 
the aid of the roots of the equations. When the roots are not 
known, P might be obtained by the construction of the Galois 
resolvent, from which P is obtainable. But the Galois resolvent 
is not easily constructed. Practically the Galois group can be 
ascertained more readily from the theorem about to be deduced. 
H is well to remember that, when f(x) = is irreducible, the 
degree of the Galois group is equal to the degree of the equa- 
tion. When f(x) = is reducible and the factors are known, 
it is easiest to consider the equations resulting from the irre- 
ducible faetors of /(ic). We proceed to prove the following 
theorem, in which M is any function in O of the roots «,■■■, a„_i, 
which belongs to Q as a snb-gcoup of the symmetric group : 

^f a function M is a number in O, the Oalois group for the 
domain O is either Q w one of its aub-groups. 

Since, by hypothesis, Tlf is a function in D of the roots 
a, «i, "-, «„^j, which is a number iu £2, it follows by § 153 that 
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M admits of every substitution of the Galois group. By defini- 
tion, M belongs to Q ; that is, there are no substitutiona of the 
roots, except the aubstitiitioiis in Q, which leave M unaltered 
in value. Hence the Galois group is either Q ov one of its 
sub-groups, 

Ex. 1. For the domain il^a.^■■,a^_■^) the Galois group of f(x)= is 1, 

Let Q = 1 and M = c«H hc„_i«,i-i be a function in il of tlie rooW, 

such tJiat it is altered in value for every interchange of the roots. Then 
M belongs to Q, and is a number in the given domain. Hence, by the 
above theorem, P= 1 for [2(a,.„,^_j> 

Ex. 2. Find the Galois group of the cubic x^ + 3x^ -&x + 1 = 0. 

The disccimiQant (§ 86) is found to be 273. By § 77 tlie alternat- 
ing function of a, «i, «2 equals the square root of the discriminant. 
This function admits the alternating group. See Ex. 1-, § 100, Take 
Jtf = Ca-ai)(a-rt2)(«i-«a)=27, § =' Ga«i, and fi = fi(i). We see 
that Jf is unaltered in value by tlie substitutions of ffat^*, but that itaalge- 
brwc sign is altered by the remaining substitutions of (fe'"- Hence M 
belongs to ©sW) ; M Is a number in ilfi). Therefore the required group is 
eitlier G's'^' or the group 1. By § 54 we see that the equation has irra- 
tional roots ; hence P cannot be 1, it must be ffs'*' for the domain SJ(i). 

Ex. 3. Find the Galois group of Newton's cubic 



The discriminaQt is not a perfect square ; hence P — ffg*^' for 0(1,. 

Ex. 4. Sliow lliat P= ffs'*' for the cubic 

ai' - 3(0-^ -H c + 1)K + (c^ + c + 1)(2 c + 1)= 
and the domain it^i.ty 

Ex. 5. Show that GiWIl is the Galois group of a^ + 1 = for the 
dommn ii,i). 

The discriminant, § 51, is a56, a perfect square. Hence the alternating 
function which belongs to G^'** is a number in £2(1). The required group 
is either ffnH) or one of its sub-groups. It cannot be the identical group, 
hecanse the roots are not rational ; it cannot he 6i<.*>, because this is 
intransitive, while a^ -|- 1 is Irreducible (g 156). Hence the group is either 
Gii<-*> or O4H111. We see that y= (a- iij) (09- Kb) Is unaltered by G^Wll, 
but is altered in form by all substitutions not in 6^4<*>II. The resolvent 
cubic, having ^ as a root, is if -liy + \6 = Q (Ex. 17, § 71). Since the 
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roots of this resolvent are rational, y is a number in ilfi). Since these 
roots are distinct, y ia altered not only in form, biit also in value by sub- 
stitutions not in Gi(*>lt. Hence y belongs to Gt'^lll, and we may tnke 
11 = M. Hence 64^)11 is tlie required group. 

Ex. 6. Fiud P for the eqaation (x^ + 2)(x^ + x + 1)= 0, %). 

The Galois group of K^ + 2 = for fl|i) is P= 1; (««i)' The equation 
x'^ + X + ^ —0 gives, for S)(i), P> = 1, (KaKs). If we multiply tlie substi- 
tutions of P by those of P, weobtaiuthe intransitive group 1, (tt«i), (KiWj), 
(««i)C«2«3) sUi***!!! as the required group for the domain i!(i|. See 
Ex. 0, § 104. 

Ex. 7. For the domain n,i|,»'- 2 j^ — 5 = ()lias P= ffs'^'- Show that 
for the domain Ofy^rSh P— W^'- 

Ex, 8. For the given domains fiud the Galois grtiups of 
(a) a:« + 5K + = 0, D,i|. 
(6) x^ + bx+'^ = 0, n,i,. 

(c) I* -1-10 = 0, 0,1, /ifi). 

(d) c«-H)« = o, np). 

(«) K» - 21 K -I- 35 = 0, 0(1). 

(/) a;S-3(3 + v'2)Lr + 7(l+v^) = 0, n,,./,,. 

(ff) x'-^-x' + x^ + x+l^O, 0,1,. 

(ft) (a:? + 5)(3;a_2is + 35)=0, fi,,), alsolijiVJ). See Ei, 7, § 101. 

CO a:^ - 1 =(« + l)ix-l)(xi + x + l}(x-' -x + 1)== 0, Sl(i,. 

(ft) ^i=-l=0, %,. 

(0 k' 4- (tt + 6)*^ 4 fl!6 - 0, Ii{i, ., 1,). 

(m) ic» - 2 = 0, 0(1,. 

(!i) a^ -1- 4 a;' 4- K-^ -(- 4 1 + 2 = for fi(i). 

Ex. 9. Find a general expression £ov tl\e equation of tUe fourth degree 
whose Galois group Is Gs'^'. Assume 

(« - «3)2 + («i - «3)2 = 8 c, 

[(a - a^y - («, - ((3)2]= = 64 b, 

[(«-a2)^-(ai -as)^][«- tti-H«3-«3] = 8v't .4.i\/fi, 

where b, e, d are rational numbers and b is not a perfect square. These 
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assumptions are justified by Lhc fact, tliat the left member of each equa- 
tion is a funotioQ which belongs to fi'e'*', § 154. We gel 

« — tti + tta — «!j = 4 d\'6, 
a + «i + Oa + «B " 4 ti. 
Heiice « = Ih + (iVb +-Vc + VT>, u-. = h, + dVb - VT+VS, 
«! = !>,-(! \/i+Vc-V6, «a=!'i-(iV6-Vc-v'6. 

t by &i aiiJ forming the ciuartio, we obtain tlie 
- 2(6(P 4- c);^ _ 4 hdy + (fti*' - c)3 - 6 = 0. 

Ex, 10. Tlie quartic whose Galois group is G^WIII is tlie reducible 
equation, 

# _ 2(c2 + (1)^2 - 4 tec + (ca - (f + e)(o= - (i - e) = 0, 

■where (d + e) and (i7 — e) are not perfect squares. 
Deriye this by assuming 

tti + Ka — % — a, = 4 c, 
(lii - «2)' + (a, - KjJ'i = 8 d, 
f «i - ((2)2 — («3 - «4)'^ = 8 e. 

Ex. 11. rind a general expression for equations of tlie fouvth degree 
having tiio Galois group 04'*>L Use tlie funeljons 

(«5 — toa — as + iOt)*, 

(«i + iKa — «a — itlij*, 

(Ki - «2 + as - 014)'^, 

(«i — iUa — Oa -f- (04) (ai + f«2 — Os — ^04), 

(«i - Oa + «B - «4)(«i -'to: - «s + ia,)\ 
and impose upon the letters which appear in the expressions for the co- 
effioienta of the quattio no other conditions than that they shall be rational 
and one of them sliall not be a perfect fourth power. See Ex. 3, § 178. 

Ex. 12. Show that, if the roots of the cubic in Ex. 11, § 71, arc all 
rational, the Galois gi'oup of the quartic liaving the roots a, j?, 7, 5 la 
either 641^11 or one of its sab-gi-oups. 
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Ex. 13. The product 

(«i + K5 - 03 - a,){(ti - tta + 03 - ai){Ki - (ta - as + «») 
is a symmetric function of Ki, tts, «3, 04. The square of the pr:)duct of 
the first two factoi's belongs to ffil'lll. To find the general (juartic having 
Gt'**ll as its Galois gi'oup, we may therefore aBBume the factors to equal, 
respeotively, \/b, Vc, dVbc, where 6, c, d are rational, but where fie is 
not a perfect square. 

The required equation, deprived of its second terra, is 

!/»-2(6 + c + 6cd=)!)2- Shcdy+{b-c- bcd'')^ - 4 fic-it^ = 0. 

Ex. 14. Show tliat x' -1- 2 fti^ + c = has the group GaHI when 6 and c 
are subject only to the condition that fi^ — c is not the square of a number 
inn(i,t,t|- 

Ex. 16. Show that «* + 2 63^ + c = has the group ffj'^'n when e, tiut 
not b^—e, is the square of a number in 12(1, i|. 

Ex. 16. Show that x^ -S Sx'' + B S^ ~S S* = 2, where S is any number 

in 0(1), has the group HiWI. See Ex, H. 
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REDDCTIOH OF THE GALOIS EESOLVEMT BY ADJUNCTION 

160. Definition of M. Let tlie Galois group P (of the 
order J)) of the equation /(x) = 0, having the roots «, «„ ■■-, «„„i, 
possess a sub-group Q of the order q, where p = qj, j being the 
index of Q under P. For the purposes of the theorems in 
succeeding chapters, we define jWneai'ly as in § 159. 

iei M be any function ill Q of the roots a, ■■; a^^^ wlmli belongs 
to Q as a sub-group of P (§ 111). 

161. Theorem. By ope'rating upcm M with the substitutions of 
P we obtain j distinct vaiuea of M which we roots of an irreducible 
equation of thejth degree in O. 

If i is a substitution of the Galois group P which does uot 
occur in the sirb-group Q, and if s, s„ ■•■, s,_i be the substitutions 
of Q, then by the definition of a group, 



-it> 



I 



are all substitutions of P. But the substitutions s^ in I, when 
applied to M, all produce the same effect, for in any case we may 
operate with the product s^ by first operating with s, and then 
upon the result with (. By hypothesis, operating with s, upon 
M produces no change whatever, hence s,l produces always only 
the result due to ( alone. 

By hypothesis it follows that, as ( does not occur in the sub- 
group Q, t operated, upon M gives us a new value 2£,. 

From § 106 we see that there are as many sets of substitu- 
tions I in the group P as ^ is contained in p ; namely, j sets. 
The substitutions of any one set applied to Jf all give the same 
value for M, but no two sets yield the same value. 
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For suppose s,.li and f.ti yielded tlie same value for M; tliat 
is, suppose 

3f, = M operated upon liy s,f, 

and Mi= J/ operated upon by s,tt, 

then, operating with (s^,)" ' upon Mi wov\id give M = JM" operated 
npon by {s.t;){n,t^-\ 

That is, (sA){#yfi)~' is a subsSitution contained in the group Q 
and is equal to, say s„. If s„ = (s^i|,)(s^(()-', then, operating with 

where sj is a substitution in Q. Since the effects of ?,t^ and 
sjti upon M are the effects of t^ and i, alone, it follows that 
(j = (y which is contrary to supposition. Hence s^j and 3^(1 iiiiist 
yield different values when applied to M. 

The function ^(7/)s(>- Jtf)(>- Jlf,) •■■ (y- iW^-i) is now 
seen to be invariant under any substitution of P. 

The coefficients of y in ^(j/), obtained by performing the indi- 
cated multiplications, are symmetric functions of M, My, •••, 
M;_^ and, therefore, by the definition of M, functions in O of 
the roots of f{x)=^(i, functions which admit of the substitu- 
tions of the Galois group P. Hence these coefficients are 
numbers in n (§ 154). 

To prove the irreducibility of i^(,v)i assume that 6(y) is any 
function of y in H, which vanishes for y = M. Then 0(Jf) = O. 
Since ^(3/") must aduiit all the substitutions of the Galois 
group (§ 153), we must have S(3f^)= 0, where i has any value 
0,1,2, ■", (^' — 1). Hence 0(y) cannot be of lower degree than 
the jth. As all the roots M, M„ ■■■, J/, i of i^(y) =0 satisfy 
Ky) = 0, 0(y) is divisible by 4.(y). 

Now, if <p(y) were reducible, one of its factors would vanish 
for y ^ M. Since ${y) may be any algebraic function in iJ 
which vanishes for y = jlf, let d(y) represent this factor. Then 
it would follow that this factor would be divisible by the whole 
product if/iy), which is impossible. Hence ^(^) is irreducible. 
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168. Theorem of Lagrange as generalized by Galois 1 i 
number in the Galois domai i i hidi ad tut/, the s b III ilw i of 
the group Q is contajned tfi tlie domain ii„) 

In § 161 we S1W that M a function whuh bplfn£;=i tc Q 
assumed the following distinct values, when operated on by the 

substitutions of P: ,r nr nr T 

M, Mu —, M^_i. I 

Let M" be any function in O of the roots a, —, k„_i which 
admits the substitutions of Q. Let any substitution of 1' 
which changes ilf into Jf„ change M' into M'f, then we get the 
following values, corresponding to those in I, 

M',M'„ —,M'j_i. II 

These are not necessarily distinct. 

Accordingly when upou the series of numbers I and II we 
operate with a substitution of P, there occurs a permutation in 
each series, but such that if Mi changes to M,., then M', changes 
to M',. 

Defining "^(y) as in § 161, coiisidet the function 

which is an integral function of y of the (j — l)th degree. 
This function is invariant under all substitutions of P. Hence 
it is a function in O. Tahe y = M. Remembering that (ji(y) 
has no ec^ual roots, we have (reasoning as in § 142) 



where •{>' indicates the first differential coefficient of ^ with 
i-espect to y. Thus M' is a unmber in the domain flu,,. 

Ex. 1. I'ind the value of a root a of the eq^uation a^ + 2 = in teiina 
of a — «!, it beiog given that P=l, (aai). 

If we take § = 1, we see that M=a — tti Is a function which belongs 
to Q and that ^' = « is a function which admits f^. We find M\sa\—a, 
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-2«cti=^-.8, ^'(y)=2(/. Hence a = ^{M)/'t>'{M) --i/M. The 
correctness of this result is easily shown. 

Ex. 2. For the equation a^ + a* + 6 = 0, having the group P = 1, 
(WKi), find «* — «!* as a function of a in n,i). 

■I'ake § = 1, M= a, .!/' = ««- Wi-i, then *(3) = (3 a& + 2 i - .i^ - «:');< 
+ 3 o6 + 2 6^ - (1^6 - u*, 0'(i/) = 2 a + a. Heiice 

jtf' = [(3 a!i + 2 & - n* - fl»)vW"+3 ab + -2 b^ - cfib - a^} -> (2 If + «). 

Es. 3. Find the value of [u, «]' for the cubic x^ + oi^c^ + tisX + n^ = 
in terms of the alternating function (a — Ki) (a ~ cca) (ki — «.j) — VS. 
Let M=\il3, then iJr=--/D, 

We have M' = [u, «]», JK'istw", «]», *Cj)s!)2- O, 

*(!/)=y(W + M'i)fVS(M'-M'i). By §71, Ex. 15, 
iT + itPi = - 2 ai» + 9 «,«3 - 27 as. We find ST - M'l =-&i ViTo, 
*(jtf) = Vn(- 2 ai= + S«i«a - 27 (I3 - -^ ? V5^), 
^'(jW)=2 "/D, Jir = J(-2niS + 9aifii-2Tu3-a(VirZ>). ■ 
See also the solution in § ITS. 

Ex. 4. For the quartic a^» + 4 6,^' + 6 6^' + 4 6a» + bj — 0, find the 

value of AC = (a + a2)(«i + (tj) in terms of M, where 

10 JKi s (a - K + f(2 - "a)''. 

Both 3f and JW helong to the group Gb'*K Notice that Jtf is a root of 

thecubicUl, §02. Seealso§169, Hence thatcubicis^(!)) — 0. Wefind 

162*(s) = W^ (M' + M'l + MhOt ~ lOCSWi + Mn}M' + {M+ Jfii}ilr'i 

+ iM+ M,}M'n) y + M,MiiM' + MMnM'i + :[tM,M',i 

= 102 . 2 saiEa . !^ - 18 (4 Saui . Stf^ - 8 Sa^a,(Cs)ii 
+ (2 2K=r(i - 2((^«i(t2 + 4 Sa^ai^a^ - i SkSmj' - 4 Sit^Wi^ftoWa). 
In F.K. IG, § 71, tlie values of the symmetric; functions o( 



Ex. 5, Complete the computation in Ex. i for the special qnartic 
a^ + 0a2 + 4K + l=0. We obtain*(y) = 12yt'- 10 j; -3, 

,(„„. + S,. + 2,-l,JlP.»«).4-^.-*»»+>>-. 

VVH/ J -r :< -r I' .1 -,l/w\ S ,Ui J.. H 1/ J, J 
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163. Roduction of GaloiB Group. Ij' ice adjuin to li a fanction. 
M, the Galois group reduces to Q. 

rirstly, each fuuctiou in 0,i,) of the roots «, «[, •■-, ii^_, of 
the original equation f(x) = 0, which eqnals a number in 12(jf„ 
admits the substitutions of Q ; for, this number in il(j,j is a 
function of M, and M admits all the suhstitutions of Q. 

Secondly, each function in n,,„| of tlie roots a, -■■, ««_], which 
admits the substitutions of Q is by § 162 a numhei' in ii^^y. 

But these are the two characteristic properties of the Galoia 
group in the domain il^„y (§ 156), Hence Q is the Galois group 
of f{x) = in the new domain il^„y 

This reduction of the order of the Galois group from p to q 
(I 160) was effected by the adjunction of M, the root of an 
auxiliary equation of degree j (g 161). 

* Ex. 1. Given that s;' + s^ + 1 = has the Galois group Gi,w for fl"). 
Adjoin in siiocession four IfTationals M and show tliat the Galois group is 
reduced and the domain is enlarged as indicated below, 

M p <fl.y) = 0, § 161 Domain 

VZi (;,;« D=229 fin,v^9) 

y=(a^(ti){a->-a3) G,'Ml !/^-12y+ V^^>=0, § 71, Ex. 17 fi(i,v^,y) 

Show that y involves the irraUoual VlSi/^ _ 4v'229. 

Is of the quartic in Ex. 1 can he expressed 
t.s of the quadratics in ^ and in. 

* Ex. 3, Apply the process of Ex. 1 to the quartic 
K* + aiv? + ((2^^2 + na?, + aj = 
and deduce the successive resolvent equations $(^) = 0; viz., 
D = 250(7' - 27 J"2) (§ 51), y^ - 13 7+ VD = 0, 
72 Je' = 72 oiV - 192 as J + 144 ?;J- + 8 7y2 + y v/j) - 64 /2, 



U,2_ 



= 0. 
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164. A Resolution of the Galois Hesolvent. Let the Galois 
resolvent 3(1/) = have a root p. If we effect upon p tlie suh- 
stitutions s, of the siib-gi'otip Q, one at a time, we get the values 

PiPiiPs. ■■■> P,~i< I 

where />, is gotten by opevatiiig upon p with the substitution Sf 
If upon the p's in I we effect any Bubstitution of the gEoup Q, 
the p( in I simply undergo a permutation ; for, each result thus 
obtained, being derived from p by effecting two substitutions 
in succession, is equivalent to p, operated upon by that substi- 
tution of Q which is the product of those two substitutions. 
H™~. 5,(1,, Jf) « (5 - p) (5 -p,) ...(,_,,_,), II 

is invariant under Q, and the coefficients of y in expression 
II are numbers in Ojj,,, § 162. By the notation g{y, M) we 
mean here a function of y in which the coefficients of y are 
numbers in fi(„). 

Now p(y, M) is a divisor of ff(i/) in the domain Slf„^, for the 
former is of degree q, the latter of p, and p =jq, § 160. 

If upon II we effect <i substitution i which occurs in P, but 
not in Q, we get 

g(y, M,) = (>j-p<'^)(.j-p,<") ... (y-p,_/")- ni 

The values p"', p/", ■■■, p,_j"' are roots oi gQ/) = 0, hence Til is 
also a divisor of gQf). 

Two sets of roots (>''*, •■•,p'""" obtained from two distinct sub- 
stitutions (, are either indentical or they have no root ii 
Consequently, two distinct functions g(y, M,) have n< 
factor, and we have the resolution into distinct factors 

'M = g(3i, m • 9(y> ^.) - <iiy. ^-^ iv 

It is to be noticed that in this resolution the factors g(i/, Mi} do 
not usually belong to the same domain ; they belong respectively 
to the domains £1,,^)' ^(x,t! ■"i ^u,.,)- Another resolution of 
g(jj) is possible, in which all tlie factors belong to the same 
domain il.^y 
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165, Adjunction of Any Irratiormlity. If by the adjundion 
of any in-alional X to il ive oUain a rlomain ii,^^ in which the 
Galois resolve)it g(j/) = becomes a i-ediicible equation, so that 

ffiO/, X)s(y- p)(y - p,) - (y - p,_0 
88 an, irreducible factor of g(jf) in Clf^^ of the degree q, then in this 
ne«i domain tJte Galois group is reduced to tlie sub-group 

1) (ppOi —1 (pp,-i)- 
Adjoin X. Since g(^) = is a normal equation in n, § 1.46, 
■we have p^ = ^((p). In 

g,(S,X) = (j-p)(,V-p,)-(S-p,-.) = I 

write <ti(y) in plaoe of y ; we obtain a new equation in y, viz., 

si«.«, X) s Ma) - p)C*.(s) - Pi) - (*,« - p, -.) = »■ n 

As I is irreducible in O anil I and II have a root p in com- 
mon, al! the roots of I satisfy XI. Let p^ be ajiy root of I ; then 
putting y =^ p(, one of the factors in II must vanish ; say, the 
factor '^,(pii) — pf 

We have now the relations 

P( ^ *i(p). 
(>i — 4i(pid- 
Hence the equality of the substitutions 

(pft) - (pp.)- 

Multiplying by (pp,), we have 

(ppdipip") — (ppdipP")' 
or (pp.) - ipp,)(J>p^)■ 

That is, the product of any two substitutions in the set 
1, (ppi), '■■) (pp,-i) is equal U) one of the substitutions in the set. 
Hence they form a group, § 95. Call this sub-grou]) Q, 
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Equation I is bhe Galois resolvent of f{x) — foe the domain 
Ou, ; for this equation is by hypothesis irreducible in !1,^„ and 
the two other conditions are satisiied, because of the relation 
^(".-.".-1) = n^B, = ili^^x § 145. 

Hence Q is the Galois group of fix) = in the domain i\^). 

166. M a Function of X. Main be expressed as afmiction in 
£1 of any in-ational X which reduces the Gcdois gi'oup to Q. 

We have seen that gfy, X) is a function in il^^, of y, whose 
coefficients admit the siibstitntions of the sub-group Q. Since 
jjf belongs to Q and these coefficients admit Q, the coefficients 
are numbers in Oj^,, § 162. Hence we may express the product 

0/-p)(//-pO ■■■(j'-p.-i) 

as a function of ;; and K and designate it, &s above, by </i(y, X), 
or we may express it as a function of j/ and M and designate 
it by g{y, M). We have then 

g(H,M}^g,(jl,X}. I 

Now M in the root of an irreducible equation in Q of degree j, 
§ 161 ; namely, the equation 

*B-0, 11 

of which the other roots are Mi, JWi, ■••, Mj_i. JBy § 164 we 

9(!/) = s(s,»)-S(!/,M"i)-!/(s,*i-,)- I" 

The equation I is not satisfied when in the left member we 
substitute for M one of its other conjugates ; for, supposing it 
were, it would follow that g(y, M) is equal to one of the other 
factors in the right member of III, a conclusion at variance 
with the fact that g(^), being irreducible in Q, can have no 
equal toots. 
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It is, tljerefore, possible to assign to y such a rational value 
that the eqiiation , . / ' i^, n nr 

in which s is regarded as the unknown quantity, has only one 
root in common with equation II ; namely, z~M. 

The H. C. F. of II and IV is consequently a binomial, linear 
with respect to z. Since the coefficients of a in both II and IV 
are numbers in n^,, and the process of finding the H. C. F, 
includes only operations of subtraction, multiplication, and divi- 
sion, and thereby never introduces new irrationals, it follows 
that the H. C. F., a — M. is a fimction in U^^^. In other words, 
Jf is a number in Ojj-j, and therefore a function in a o£ -X. 

CoKOLLAEY I, Tlie doinain 0,^,, of degree j is a divisor ofUie 
domain il,i), since every number in 0,^^ is a function in O of X. 

CoROLLAKY II. The number X is a i-oot of the irreducible 
equation ft{j/} =0 of the same degree as that of the domain n,^,, 
§ 138. Hence Ihe degree o//i(y)=:0 is a multiple ofj, the degree 
of equation II. 

Corollary III. If X is taken as a function in O of M, then 
n,j, and iifjin are identical. 

CoROLLABY IV. The reduction of the Galois group, caused 
by any irrational X which is not a number in the Galois domain, 
can be effected equally well by some number M which is in the 
Galois domain. That is, every possible reduction of tlie Galois 
group -may he effected by the adjunetion of some number belonging 
to the OaMs domain. 

The numbers in the Galois domain of the equation _/(a;} = 
are called by Kronecker the "natural irrationalities" oi f(x)^0. 
The corollary may now be stated thus : Every possible reduction 
of the Oalois givup may be effected by the adjunction of a natural 
iiTationality. 

Ex. 1. In Ex. 1, § \03,adjoiii to Od,, X= "v'VD. Hero Xadmltsthe 
substitutions of the altecnatiiig group, and the Galois group is reduced 
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to Gii"'. Now X does not occur in tlie Galois domain fi(o, o,. d,, a^i 
Siid, v'c s, •.!•) ^U'i is, therefore, not a natural irrationality. The reduction 
brought about by X can be effected by VA wliich is a nuniber in tlie 
Galois domain, hence is a natural irrationality. This illustrates Corollary 
IV. 
Tlie relation VD = X" illustrates the theorem itself. "We have 

9(S) = (!/-V^)(^ + VO) =0, or y'^==B. 

Let ijj ~ VVO' y^ = V-\/D> "'"^ "^ g*t ''(!') - (!'" " ■^■°) (y" + "^) 
= 0, or y'^ = Z). This illustrates Corollaries II and I. 

Ex. 2. If the group P of an equation la Qif*'>, illustrate the above 
theorem and corallaries by taking X = ^((«Ki— KsKsj'Qwiea + itiuj)^. See 
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CHAPTER XVI 

THE SOLUTION OF EQUATIONS VIEWED FROM THE STAND- 
POIMT OF THE GALOIS THEORY 

167. General Plan. Quadratic Equation. The problem, to 
solve an algebraic equation, ia replaced in the Galois theory 
by another problem, to bring about a reduction of the Galois 
group and a lowering of the degree of the Galois resolvent by 
the successive adjunction of simple algebraic numbers. If a 
function Mia adjoined to n, the Galois group ia reduced to Q. 
It becomes iiecessaiy to determine the numerical value of M 
for the given equation f{x} = 0. This we endeavor to do by 
the construction and solution of an auxiliary equation of the 
degi'ee j, where j is the index of Q under P. The roots of 
this auxiliary equation, or resolvent, are the required values of 
the conjugates of M. This same process is repeated upon the 
i-educed Galois group until this group finally becomes 1. Then 
the enlarged domain contains the roots of the given equation, 
and the values of the roots may be found in terms of the 
numbers M, M', ••• vfhich have been adjoined to the original 

Qitadratie Equation. The Galois group of fl? + «,sc + «j = 
is. the symmetric group Gtt'^\ § 158. Its only sub-group is 1, 
§ 104, whose index j — 2, Take M— a — «, Its other con^- 
jugate value is Mj = Oj — a. M and M, are roots of the equation 
^=«=-2««, + «i==a,=-4«j, § 161. "We get ti=±^a^^-ia, 
as the values of M and My After adjoining M, the Galois 
group is 1; the enlarged domain is ii,i,^^.,,y:i^ii^,- We know 
that a + «i = — «! and a—a,= Vai" — 4 Oj. Hence 



- «i + Voi' — 4 Oj and 2 a, = — a, — Voi^ — 4 a^. 
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Theoretically there is an infinite number of ways of solving 
the qnadratic, because there is an infinite number of functions 
M to choose from. Thus we may take ]\1 = IS {a — a^'''^\ 
where 7i may be any value which gives M and M, distinct 
values, and S is any symmetric fuuctiou of «, w^. 

168. Cubic Equation. From the point of view of the Galois 
theory the solution given in § 59 may be outlined as follows : 
The change from a; to e is an operation which does not alter the 
domain. The same is tme of the change from e to x, after z 
has been found ; also of the substitution of »( + w for s, and its 
inverse, and of the elimination of -i: The solution of the cubic 
may be exhibited thus (where Vi'i = V— SVU): 
^(!/)=0, § lei M P n 

67-'" n,s^,j,,^i^)=i7' 



'^'==f+yl^+lP «=M«+-«i+" 



V^) Gi'^i OV^,. 



The numbers a^ljoined to n' are determined by the roots of 
two resolvent equations ^ 0/) = 0, the first a quadratic, the 
second a pure cubic equation. 

169. Quartic Equation. "VTe give hei* those steps in the solu- 
tion given in § 62 which involve an extension of the domain. 

We let 16 M = (ri - «, + ft., - «,)=, 16 i) =(« + «,- «2 - Usf, 
16 ^u = (« — «i — K; + cc^y. 
«(y) = M Pa 



bn'af-bM+J=0 


b^HiSbol 


i3-6iH« 


GgW i!'(„, 


= 6i=-6ob3 4-bu3a;2 


" 




(e=l,(o6) ^, ^, 


= ^,5-?^6a + ^^^)■^3:l 


fVS 




i; i:^: 


l = bi^~bobs + ba'x3 


Iv^ 
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Since (?4"'ITT is an intransitive gi'oup, the quartic can be 
factored in tlie domain I2'|„,i/p|. The two quadratic equations 
thereby obtained have as Galois groups 1, («6), aud 1, (cd), 
respectively. From VI, § 62, we see that il'i^/iy^^ — Cl\^-^yiy 
Hence it is not necessary to adjoin more than one of the two 
irrationals Vw, V™. 

The quartic offers a better exhibit of the Galois theory than 
did the quadratic and cubic equations, because not only may 
we select a great variety of different functions M at each 
adjunction, but we may select different groups. In the above 
solution the series of groups taken is O^**', ffs'^'j G,**'lll, 
Q = (1, {«&)), G = l, biit another aeries may be chosen, viz. 
ffw'", Oii"\ (?4">II, G^*', 1. In Exs. 1. and 3, § 163, a solution 
of the quartic is outlined, in which this series of groups is used. 

Again, we may effect a solution by first adjoining a function 
that belongs to the cyclic gi-oup (?/^'I ; say. 

To be sure, the first resolvent equation ^ ()/) = will be of 
the sixth degree, but it can be treated as an equation of the 
third degree and a quadratic. 

The number of different solutions of cubic and quartic equa- 
tions which have been given since the time of Tartaglia and Car- 
dan is enormous. For information on different solutions consult 
L. Matthiessen, Gi-undziige der Antiken u. Modei-nen Algebra. 

It would seem that the above mode of procedure should lead 
to solutions of the general quinlic equation. But an unexpected 
difRculty arises in our inability to solve all the resolvent equa- 
tions. There arise resolvents of higher than the fourth degi'ee. 
The Galois theory will furnish proof that the solution by radi- 
cals of the general quintic and of general equations of higher 
degrees is not possible. In the remaining chapters we shall 
demonstrate this impossibility and discuss the theory of special 
types of equations of higher degree which can be solved 
iilgebraically. 
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CHAPTER XVII 

CYCLIC EQUATIOMS 

170. Definition. A cyclic equation is one whose Galois group 
is the cyclic group, § 101. Kronecker called such equations 
" einfache Abel'sche Gleichiiiigen." 

A quadraiie equation is.eydic; for the Galoia group is the 
symmetric groiip 0^^, which is at the same tune the cyclic 
group of the second degree. 

The g&iieral cubic is not a cyclic equaiionixx the domain defined 
by its coefficients ; for its Galois group is 0^^', which is not a 
cyclic group. However, if we adjoin 

V3s(«-(ii)(a-«2)(«i — rtj), 

the Galois group becomes (§ 163) G^^, which is cyclic. Hence 
the gm,ercd cubic is c^/dic in the domain 0(a|,„^,„^,v'p). 

77*6 general quattic is iwt a cyclic equation in the domain 
defined by its eoefficients, b\it if we adjoin a function which 
belongs to the cyclic group G^*^l, the equation is cyclic in the 
new domain. One such function that may be adjoined is 

M — aa^ + Will's' + «s"ii^ + ''a'*'' 

Ifn is a prime number, 

x"-^+3i^-''+-+x + l = I 

IS a cydic eqitation in the domain 0(i), i'or, § 130, this cqua- 
tion is irreducible. The cyclic function 



is seen hy the relations 015 — u)|^ u.;, = u,^ etc., to be equal to 
the sum of the roots, which is —1. Therefore the Galois 
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group is eithec the cyt^llc gioup of the degree it — 1 or one of 
its sub-groups, § 162. Siuce I is a normal equation, it is its 
own Galois resolvent ; the Galois domain is of the degree n — 1 
and the Galois group of the order n — 1. Henee the Galois 
group of I ia the cyclic group of the (n — l)th order. 

Bk, 1. If n is primfi, sliow that a" — 1 = is a cyclic equation in the 
dotuain iioy In what follows we aliivll exclude from our consideration 
cyclic equations whose roots are not all irrational. 

171. Theorem. Eucli root of acyclic eqtiation can he expressed 
as afutictiori in Q of any oilun- root. 

If n, «i, ■■■, «„_i are the roots of the cyclic equation /(«) = 0, 
then the function in fl of x of the (m — l)th degree, 

admits the perranta,tions of the cyclic group and is, there- 
fore, a number in IJ, § 164. If we put in succession 

(, «i, ■-■. a. .. and if we use tUe notation -^-^ = 

§ 142, a, = *(«), u, = <t(«,), -., «„_! = .f.K_,), « = ^(«„_,). 

This holds even when/(a.-) = is a reducible equation, pro- 
vided that it has no multiple roots. 

Ex. 1. When are cyclic equations normal ? 

Ei. 2, Show that one root oE a qnadvatie equation can be expressed 
as a function in fi(,(„ ,,,1 of the other root. 

Ex. 3. Show tliat any root of a cuhic can lie expressed as a function 
ill fl(ui, Oj. oa, V5) of one of the others. 

Ex. 4. Show that a« = *H«). «' = *'(«)i etc., where the superscript 
is not an exponent, hot indicates that the functional operation 4. is to be 
repeated. Thus, ip\tc) ~ *(^(«)). 

Ex. 5. Prove that i<, = ^''■'"'(rt). «; - *""^^(«)- etc. 
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Ex.6. If ^(«) = ^i£J^^«„ f\a) = "'^''^' '- = a2, etc., then il 
cti -h d cat + d 

may be ahown that ^"(ft) — a, when a + d — 2 cos — and od — be — I, 
where fc and !« are relatively prime. (See Cole's transl. of Setto'a 
Theory of Substitutions, pp. 204^-207.) Show that when a = 0, — h = c 

— d = 1, i ~ 1, TO = 8, we have «i = , (is = — I , where 

a, «i, (fc are roots of tlie cyclic equation x? + x^ — '^ x — i — 0. 

Ex. 7. Show that it, in Ex. 6, (i = 0, b= — e=d = k — l, ira-3, 
then a, rti, «2 are roots of x^ + oi^ - (a + 8)a; + 1 = 0. 

172. Solution of Cyclic Equations. The general solution ot 
cyclic equations can be easily obtained by the aid of the 
Lagrangian resolvents, § 115. 

By the theorem in § 118 the expression fepresented by 
[cu, a]', in which the «, a^, •■■, «„_, are the roots of f(_x) = 0, 
and 0) is a primitive fl.th root of unity, § 66, is such that the 
coefficient of each power of cu is a cyclic function of the roots 
of f(x) = 0. See Ex. 1, § 119. Thus [<u, «]" is a function in 
i^loi, aj, --a^. a,,) which belongs to the cyclic group. This function 
is a number in n,„„„„...o,_,„), § 154, Let the coefficients of 
different powers of oi ii\ [oi'', «]" be % Cj, ■■■, c„_i. Write 

[a,^ a}" = c, + c,u>' 4- «,^=^ + - + c„_,V"-'" s T,. 

The cyclic function T^ can be computed. Regarding it as 
known, we get r ^ ^ _ ^jt 

Assign to A the successive values 1,2, ■■■, (« — 1), and we have 
« + ■..«! + ■■■ + «>"-'«„_! = V3\, 

k4-«i + ■■■ + W^i =^— «!, 

where aj is known. Adding, we get 

„„ = „ a, + Vf, + </~T. + ■" + <JT~. L 
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Thus the root a is expressed iu terms of radicals of the itth, 
order, where the 7"^ are made up of numhci's in ^(o,, aj...,a„_„ 
and the jith roots of unity. Each of the radicals in / has n 
values which difEer from each other by a factor that is a root of 
unity. 

Our expression I involves a difficulty which demands our 
atteutiou. Since each radical has n values, it follows that the 
(« — 1) radicals represent si""^ valiies. Hence there are in I, 
besides the n roots of the given equation, n"~^ — n foreign 
values, and no method is assigned for telling which of the 
values represent the roots of the given equation. 

To remove this difBcnity, H. Weber proceeds as follows ; If 
we efEect the substitution (012'--)i— 1) upon [<«, «]""*■ [<«*,«], 
then by § 119 the indices of the coefficients of this product 
undergo the substitution (0 1 2 •■■ (u ~ 1))"^*+'. As this is the 
identical substitution, the coefficients are unaltered. 

Let \_m, «]"-* ■ [«)*, «] = E, S £„'« + £,<"><« + ■ ■ ■ + .n-i'^V"-', 
then E^ is a cyclic function in n(o,.=,, .,.n,^_i,^i and may be con- 
sidered as known. We have 



Hence -v^a = 



,(Wm. II 



Prom II it appears that, for a fixed primitive value of m, each 
of the radicals which appear in our value for na in I may be 
expressed as a function in O of one of them. If that one 
radical be given al! its n values, the expression for na has n 
values which are the it roots of the given equation. 

173, Computation of 7"^- In most cases the computation of 
this quantity is extremely involved and special devices must 
be resorted to. An idea of such devices will be given in the 
discussion of cyclotomic equations, where the solution is 
divided up into the simplest component operations. We give 
here the computation of Tj = (a + ai<o + eUia?f. 
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Let A = a'ai + a^tt^ + a^a, 

A' s a^a + Oitti + K^rty 
then ^ + ^' = 3fl3— ai<ij, 

A~A'=^ VD, 
Tj = n' + rii^ + ri/ + 6 k«i«3 + 3 uiA + 3 wM' 

= K9«i«2-2 ai"-27 Oa) +|V^:^3D=i(-S+3V^3D), 
?s = K9 010.-2 <-27 oj)- |V^^3Z>=K'S-3V^^^3C), 
where S s 9 OiU^— 2 cti' — 27 Oj. "We have now 
^^ = « + u>a, + a.'«j = -s^f(S + 3V^f^. 

Having thus evaluated the Lf^angian resolvents for the 
cubic, we can readily obtain an expression for the roots of 
the general cubic by adding the values of -Vt^ and -\/7'a to 
a + ai+a^ = ^ a^. See solution of Ex. 3, § 162. 

Ex. 1. For the quavtic x* + (ii** + a^x^ + atx + «4 = compute 
T= (« + u>«i + u2«3 + ^tts)*, 
where w = t or — i. 

Letting T, = (« + ia, — n^ — ia^,)*, 

T«= (rt — !«! — 02 + i«j)*, 
we have Ti + Tj = 3C« ~ Ka)' - 13(a - Ogj^oii - «,)= + 2(a, - tta)* 

= 4 PiPa - 2(a|2 - 3 na - 2 0i)^i 
whei-e *i = ««2 + «i(Ca is a root ot the cubic in Ex. 11, § 71, 
and where pa = (a + «i - Ka - as)% ps = (re — rti — la + iis)*. 
Let p, = (« - tti + ((3 - K,i)*, 

then PI = (li* " 4 (Jj + 4 ^i, pipsps = (m,' — 4 a^a^ + 8 o,)^, 

Ex. 18, § 71. Hence the value of p^pa is known. We have also 

Hence Ti and J^ are roota rit the known quadratic 
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Ex, 2. Carry out the computation in Es. 1 by tailing 
«i = na = 0, <!)( = a* = 5 
and show that T will hare the values 60 ± 80 i, which lie in the 
domain Jl(i, ty 

Es. 3. Find Ti and la when in tlie qoartic iii = n^ = kj = 0, 1x3 — 1. 
In this ease, is tlia cyclic group the Galois group in il(i,i) 1 

Ex. 4. Taking k — «! + «2 — Ks = Vpi, 

« + rti - «2 — «3 = v^, 
« — «i — «i -f «a = Vp^, 
give a solution of the general quactic, p,, ps, p^, heing roots o£ 

p' + (8 na - 3 <ti^)p^ + (3 fli' - 16 oi^aj + 16 mas + 16 a^ - 64 114)^ 
- {fli" - 4 aids + 8 aiY = 0, See Ex. 1. 
Ex. 6. Find a solution of the general quartio by taking 
a + i«i - «2 - inia = -^Yi, 
a— Oi + tti— «3 = ^(\'^)', 
« - iOi - «2 + i<iB = Bi VTi)', 
where ^ = (a — Wi + «a — ««)(« + irei — (I3 — iws)"^ 

2 ri(4 BiOi — Bi^ — S as) 
£ = (« — frti — Ks + ifCs) (a -I- i»i — «a — tas)"' 



174. Cyclic Equations oi Prime Degree. 77ie solution >jf any 
cydlc eqiMtiori. can be made to depend upon t?ie solvlion of cyclic 
equations whose degrees are pnme. 

The solution in § 172 applies to cyclic equationf, of any ilegi'ce 
and is perfectly general. Nevertheless it is of importance, for 
subsequent developments, to prove the present theorem, "We 
give the proof for the degree 12 = 3 ■ 4. The generalization to 
the case w = e ■ / ia ohvions. 
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Let 8s=(«f(, ■-- (til), where ai=c^(re), oj = (/)(«,), a^=<j>(a^, ■■■, 
then s" can be resolved into three cycles, c, c,, Ca, as follows; 

C = (aasae«9)j 

Ci= (WlOlttjOK,), 

CB=(«2«i«e«ii)- 

Let )/ be a function if hi n of the roots a, a,, a^, a^ which 
belongs to the cycle c. The stibstitntioiis of the Galois group 
P={1, s, s^, ■.. s""^} of /(k)=0, applied to y, give three distinct 
valuea, 

y = <p{m^aecf^), 

I'l=^C«l«4«I«lll)> 

which ate roots of a cubic equation, 

it-}l)it-y,){t-y,) = 0. 1 

The coeflieients of ( in I are symmetrio functions in O of y, 
j/i, y-i, and are, therefore, unaltei-ed by the substitutions of P. 
Hence these coefdeients are numbers in il, § 154. 

We proceed to show that I is a cyclic equation whose group 
is Pi = J 1, (j/yi^j), ^!l0i) \ ■ Eemenibering that the substitutions 
of the group P intei-change y, y^, y^ cyclically, we see, jit'stly, 
that any function of y, yi, y^ which admits of the substitution 
of P] is a function of a, «[, ■■■, «„_! which admits of the substi- 
tutions of P (the Galois group of /(ck) = 0), and such a function 
is a number in D, § 154; seco-ndly, any function of y, y^ y^ 
which is a number in 0, is a function of the roots «, «i, ■■■, ««_i. 
which is a number in and hence admits of the Galois gi-oup P, 
§ 163, thus showing that the function of y, y,, y^ admits of the 
substitutions of P,. Consequently Pj is the Galois group of 
equation I, § 155, 
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We can now prove that f(x) can be broken up into three 
factors of the fourth degree each, thus, 

f{x) = F(x,y)-F{x,,j,)-F(!,,y,}, It 

where F{x, y) — is a quartic cyclic equation, in which the 
coefficients of x we numbers in the domain H,^,. 'For, let 

F,(x) = (x~a)(x^ «.,) {X ~r^)(x~ «,), Hi 

then each coefficient of x in III admits the circular substitu- 
tion c; hence it admits also the substitutions of what becomes 
the Galois group of f(x) = after the adjunction of y. This 
group must consist only of powers of c, c,, Cj. Therefore, these 
coefficients of x are functions of y, § 162, and we have F,{x') 
=tF(x, y). Moreover, F{x, y) = is a cyclic equation in il^^|, 
ainee the cyclic functions of its roots lie in this domain. 

If in ji = e ■ /, e or / are composite numbers, then we repeat 
the process upon the new cyclic equations until all the factor 
equationa are of prime degree. 

Thereby the solution of cyclic equations of any degree n is 
made to rest on the solution of cyclic equations whose degrees 
are prime numbers. 

Bs^ 1, As an illustration, take x,* + x^ -\- x'^ + x + 'i —0, where a — ui, 

ai—lifi, K2=lil*, K3=Uj' = co'. HenCO S=(0!«i«2«3)— (ukuWuj*), B—(ai^), 

ci=(iAi'). Take ^ = ooj' + Baa" = u* + "■ then yi =: aiOa^ + a^aj^ 
= (u= 4 <>i3, y + yi ==-1, yy, =- 1, (i ~ !')(( - !/i) = i^ + « - 1 - 0, 
2 ( =- 1 ± V5, fix} = (i^ + (J - lVi)t + l)(t^ + (i + JV5>( + 1) - 
F<ix, y') -Fix, y\). Each quadratic factor, equated to zero, is a cyclic 
eqaation, 

Ex. 2. Given that f(x') = x'^ + s^-^x*-ix'' + <ix''-\-Zx-\ =0 is 
a cyclic equation in which B = 2c03a, «i = 2eoa)ia, «2 = 2co8ii2a, ..., 
Os = 2 cos n^a, where n = 2 and a = — . In illustration of the theorem, 
we have s = (aKia2«8«4W5), c=(tH6i«i), ci = (aio:aKi;). Take y = a,a^ 

+ OaWi' + Oiffi, yi = Kias" + WsOii' + asU^^. With some effort we find 

y+!)i = -S, TOi=3. Hence Ct-!))(I-j/i) = (H5 1 + 3=0, 2 (= -6tt Vl3. 

We get f(x)=^(fi - di' - t+ d - lXl^ + i4 + l)fi -t - d -2) = 0, where 

2 d = -- 1 ± Vl3. 
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The cubic factors yield cyclic equations of prime degree. The eipi'es- 
sion for y, selected in this example, ia somewhat unwieldy, A better 
choice is made in the periods of § 180. 

Ex. 3. If m is odd, and eijual to 2 )i + 1, sliow that ^^"' ~~ ' = 0, 
when z + - = x, yields Uie cyclic equation 

= x"+ j^-i - (ji - Ijx"-^ - C« - 2)Lc"-3 + ('i-3)(«-3) ^„_4 

1 — Z — and where 

2« + l 

successively the values 1, 2, 3, ■■-, n. When 2 n -[- 1 is prime, tlie equa- 
tion is irreducible. 

175. Theorem. Every function in Q of the roots of an irreduci- 
ble eyelie equation is itself the root of a cydic equation. 

Let a be a voot of the given irreducible cyclic equation and 
g{a) the function. Then if the values 

9(«), S(*(«)). S(*"C«)), -. 9(*-'(«)) I 

are not all distinct, let say g{(i) = g'(i^'(a)), and we have, § 138, 
the rectangle 

9C«). s(+(«)), -, aW'-'W), 



in which the values in each column are prjnal, while the values 
in each row are distinct, and are roots of an irreducible equay 
tion in £1, viz., 

''» » (9- 9("))(!/ - 9(*(«))) -{a- 9(*'-'(«))) - 0- 

The consideration, as in § 143, of the function 
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leads to the conclusion tliat 

A similar conclusion is reached if all the values of I are 
distinct. 

Ex. 1. If u is a complex fifOi root of unity, show that 1 + la, 1 h- w', 
1 + lu", 1 -1- lo' are roots of a cyclic equation. 

Ex. 3. By 5 175 form the roots of a cyclic equation of tlie sixth degree. 

Ex. 3. Show that in a domain made up of real numbers : (1) a cyclic 
equation has all its roots real, If one is Kal ; (2) all the ruots of a cyclic 
equation of odd degree are real ; (3) all the i-oots of a cyclic equation of 
even degree are complex when one of them is complex. 

176. General Cyclic Cubic Equation. To deterniiue the general 
irreducible cyclic equation of the third degree, let a, a„ a^ be 
the roots of the required cubic, where «| = ^(k), rtj = i^(«i), 
Prom § 80, it follows that the most general algebriiic function 
^'^^^'^^ ^(a) = an? + 6« + c. I 

By § 175, i^a + e is also a root of a cyclic equation. "Writ- 
ing da + e for « in I and selecting for d and e values which 
cause the coefficient of a to disappear and that of w' to be 
unity, we obtain a simpler, yet general function, ^ {a) = a- + c." 
We have ^ _^i . ^ 



Eliminating k, and a-., we have 

Since «, cannot equal «, the expression ki — « = («- + c) - 
cannot be zero. Dividing by (a' + c) — a., we get 

«e+«= + (3c + iy+(2c4-l)«=-l-(3c= + 3c + l)«' 
4.fc^+2c + 1)<(+(.^+2c^ + c + l) = 0, 
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If the required cubic is x' — rtir' + o^ — Wg = 0, tlien 
o, = ,<+«, + «,= «' + (2o + l>> + « + (,!■ + 2c), 
«, = «• + «= + 3c«'+(2c+l)«-+(3c'+c)a"+(e"+2c)«+(o>+c'). 

By II, „_„, + (c_l). 

o, = «' + 3 ea= + (3 <? + «)«■ + (o" + cf>. 

BjII, -ca, + (c + I). 

Equation II is satisfied by tiie three roots k, u,, «; and also by 
three other roots a', u'„ a\, whose sum we designate by a \. 
"We have , , , 

and «!, «'i are roots of the quadratic 

2- + 3 + C + 2-0. 

Since the sextie II is satisfied by the roots «, «„ k^ of the irre- 
ducible cubic, II must be reducible into two oubics. Heuce a^ and 
a'l must be numbers in O. Hence the discriminant — (4 c + 7) 
of the quadratic must be a perfect square ; in other words, 

-(4c + 7) = (2/+l)^, 
or c = -(/^+/+2). 

The roots of the quadratic are/and —(/-l-l)- Writing ai=/ 
we get a, = -{/H2/+S), %=(/'+2/' + 3/+l). Thus the 
coefficients of the required cubic are obtained, where / is any 
number in n. To remove the second terra of this cubic, take 

/= -J?^ and ;/ = X - ^, and we get 

.i,^-3(m= + m + l)j, + (™^-i-™ + l}(2m + l)=0. Ill 

Every cyclic equation of the thii-d degree can be reduced to III. 
See Ex. 4, g 159. 
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Ex. 1. Show lliat the discriminant of HI is a pecfect square, 
D = 9!(in^ + m + 1)\ 

Ex. 2. For the equation III determine the function ^ in the relation 
«! = ^(«). 

Ex. 3. Any cyclic equation of tte fourth degree can be reduced to the 
form y* ^HbCi s + i^)y^ -ibr(_l + b^)y + ¥0-^-2 s)^ -b{l + bs'^)'^ = a, 
where b, r, s, are rational numbers and * is not a perfect fourth power. 
See Ex. 11, § 159, Prove that this equation can be solved without the 
extraction of cube roots. 

CYCLOTOMIC EQUATIOHS; GEOMETRIC COHSTRUCTIOMS 

177. Introduction. In S 63 and S 04 it waa shown that the 
roots of a;" — 1 = may be represented thna, 

2fcx , . - 2^77 

«i = cos — -I- I sm , 

where k tabes successively the values 0, 1, ■■■, n — 1, and that 
the solution of ib" — 1 = is geometrically equivalent to the 
division of the circumference of a circle into n equal parts. 
The solution of x" — 1 = 0, given in § 63, is tiigono metric. We 
proceed to show that it is always possible to give an algebraic 
solution. We shall point out how this solution can be effected 
and shall consider the eases iu which the division of the circle 
into equal parts can be effected with the aid of the ruler and 
compasses. 

178. Cyclotomic Equations. If we remove the root 1 from 
«" — 1 = by dividing by a; — 1, we obtain 

x'-'^ + af"^+-- + x + l =,0. I 

If 71 is a prime number, equation I is called a cydotomic equaiion. 
In the domain Ji^i, the cyclotomic equation is irreducible, § 130, 
and eyolic, § 170. 

If tt is a composite number, we know from § 66 that the solu- 
tion of a:" — 1 = can be reduced to the solution of binomial 
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equations of the form x''~A = 0, in which the exponents m are 
the prime factors of ». By taking x^A=z, the equation 
le" — ^ = hecomes z" — 1 = 0. Hence the general solutions of 
binomial equations can be given as soon as we are able to solve 
binomial equations of the form s'" — 1 = whose degrees are 
prime numbers. It is the latter equations which by division 
by 2 — 1 give rise to the cyclotoinic equations, 

Siuce a cyclotomlc equation is a cyclic equation, its solution 
is theoretically contained in § 172. But, as a rule, the compu- 
tation of Z*^ is extremely involved. We proceed to develop a 
scheme, due to Gauss, by ■which the solution of cyelotomic 
equations ia divided into simpler component operations. 

Ex. 1. Show that cyelotomic equations are reciprocal equations. 

179. Primitive Congruence Roots. It is shown in the Theory 
of Mumbers that, for every prime number n, there exist num- 
bers g (called primitive wngi-uence mots of n), such that, on 
dividing by n each member in the aeides, 

9, <f> ff', ■■■- r-\ 

the remainders obtained are (except in their sequence) the 
numbers in the series 

For instance, if n = 5, we may take g = 2. If 2, 2^, 2*, 2* are 
each divided by 5, the I'cmainders are respectively 2, 4, 3, 1. 
These remainders differ from the series 1, 2, 3, 4 only in the 
order in which they come. Illustrate the same by taking n = 7 
and g = 3. 

In view of these facts and of the relation 11)" = 1, the roots 
(u, (Ui,, ■•■, tu„..i of the cyelotomic equation I may be written thus ; 
(0 = <o, <oi=o/, oi2'=<u''', ■■', iu„_3 = 10"""^ This notation will 
offer certain advantages. The roots of I may therefore be 
written : , 

01, < (U»^, ■--, <u'"^^ II 
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Ek. 1. By trial lind the smallest integer that may he taken as the value 
for y when n = 11, and ahow that lo, us, u^, -■■, u?'" I'epreaent the same 
roots as u, u-, u", ■■-, luJ". Show tliat, for ii = Vi, y may be 2 or 6, 

180. Solution of Cyclotomic Equations reduced to Equations of 
Prime Degree. Aa is evident from § 174 we can base the solu- 
tion of equation I of § 178 upon cyclic equatioua whose degrees 
are prime fact-ors of w— 1. When wis prime, ji-l is composite. 
Let m — 1 = e -^ where e is a prime factor. As before, let w be a 
wot of the cyclotomic equation I. Then constmct expressions 
iji ■flu ■"! "tz-v called periods, as follows : 

ri=<^ + •■>"' + '^"■' + ■■■ + of''"'*', 
^1 = u)S 4- c/"^' + (u""'"^' + ■■■ + tu""""""', . Ill 

ij._, = «/"' + i^'-''' + «i^"' + -■ + <.f"~\ , 

In each period there are / terms and the tir.st term is the y'th 

power of the last term, and each of the t-erms after the first is 

the 3^h power of the term preceding it. Each of the periods 

is, therefore, a function that belongs to the cyclic group 

where the substitution s = (m, to,, ibj, ■■■, ii)„_s). The periods III 
are special forms which the functions y, y„ y^ in § 174 may 
assume. From § 174 it follows that the periods III are the 
roots of an irreducible cyclic equation 

(«-,)(«-„). ■.(«^-i.-.)=»- iv 

This is an equation in O and of the degree e. By the solution 
of this equation the periods become known quantities. 

181. Product of Two Periods, In order to compute the co- 
efficients of equation 1\' in § 1-80 we must multiply periods 
one by another. Take 

,,„ = «/+ o,^"' + ■..+y'-''% 
jii^^y + o^'^' + ■■■ + y^''''\ 
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Observing that vj^ remains unaltered when o.'* is replaced by 
B,"'"^' or by any of the other roots in that period, we may write 
the product of the two periods as follows : 

ij^iji = Q>»'(u>'' + y"^' + ... + ov'"^'''""'") 

+ ^^'(y-" + n^"-"-' + ... 4- y*'^ 



'-"). 



In this product the terms in the first column are, 

If (()'' + (f) is a mrrltiple of it, then this column 
equal to/. IE ((?* + (/*) is not a multiple of w, then this column 
is one of the periods in III, § 180. 

The same conclusion is reached for every column in the 
product. Hence the product is a linear function of the periods, 
the coeiflcients in this function being numbers in the given 
domain 0(1). 

183. When f is a Composite Number. When in the relation 
n — l = p,-f, both e and / are prime numbers, the solution 
of the cyclotomic equation is evidently made to depend on tlie 
solution of two equations whose degrees are prime, one equa- 
tion being of the degree e, the other of the degree/ 

When /is a composite number, one or more additional steps 
are necessary to reduce the problem to the solution of equa- 



tions of pr 



form ee' periods, with/' ter 



If /= e' ■/', where e' is prime, we may 
each, as follows : ' 
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It is to be iiotkied tliiit, if we select evevy etii peviod in this 
set, the BTiin of tlie jjeviods thus selected is equal to one of tho 
known periods III, § ISO. For instance, 

>I = l' + I'e H 1" Vie'-Dr 

Tliese periods -q', ij'„ ij'^a ••■ are roots of an hredudUe cyclic 
eqvati'M of the degree e', the coefficients of which are linear func- 
tions of the knovJn periods III. 

If jf is a composite niimber, repeat the above process by 
; f' = e"-f". If n — e-e'-e"-f", then the above 
3 calls for the solution of one equation of each of the 
prime degrees e, e', e",/". As soon as one root of a cyclotomic 
equation is found, the others ciin be obtained by raising that 
one to tlie 2d, 3d, ■■-, jtth powers. 

183. Constructions by Ruler and Compasses. The opeiatioas 
of addition, subtraction, multiplication, and division can be 
performed geometrically upon two lines of given length. For 
instance, in elementary geometry we learn how to construct 
the quotient of a line a inches long and another line b inches 
long, by the aid of the proportion x:l=a:b. In elementary 
geometry we learn also how to construct, by means of ruler 
and compasses, the irrational y/ab. The geometric consti-nction 
of v c + Va6 is simply a more involved application of the pro- 
cesses just referred to. But we are not able to construct with 
ruler and compasses, irrationals like Vo&- Thus it is evident 
that all rational operations and those irrational operations 
which involve only square roots can be constructed geometri- 
cally by the aid of the ruler and compasses. 

Convei'sely, any geometrical construction which involves the 
intersection of straight lines with each other or with circles, 
or the intersection of circles with one another, is equivalent to 
rational algebraic operations or the extraction of square roots. 
This is the more evident, if we rejnember that analytically 
each line ajid circle used in the construction is represented by 
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an equation of the first degree and second degree. Henee there 
is a one-to-one coi'reapondence between eoustructions by ruler 
and compasses and algebraic opecations which areparely rational 
or involve square roots. 

Consequently, if ive wish to show the impossibility of eon- 
sti'ucting a quantity by ruler and compasses, we need only 
show that the algebraic expression for that quantity in terms 
of the known quantities cannot be given by a finite number of 
square roots. 

Applying these ideas to the problem of dividing the circle 
into n equal pai'ts by means of ruler and compasses, the prob- 
lem is possible or impossible according as the roots of se" — 1 = 
can be expressed by a finite number of square roots or not. 

If n is a prime number of the form 2' + 1, the degree n—l 
of the cyclotomie equation is a power of 2, and the operations 
called for in § 182 involve square roots only. Hence, lujieii n 
is a prime of the fimn 2* -|- 1, the division of the circle into n 
equal parts by ruler and compasses is aiivays possible. This 
important result is due to Gauss. 

Ex. 1. Solve a^ — 1 = by Giauss's metliod. 

The cyclotomie equation ia a^+a^+ce^+ce+l=0. Here n— 1=4^=2 ■ 2 ; 
e = 2, / = 2. It is only necessary to solve two quadratics. By trial we 
get for n = 5, 61 = 2 the roots 

to, lus, a^, <j!fi; 
these yield tlie two periods 

Henee equation IV, S 180, becomes 

:c2-(^ + i)i)iK + 111 = 0. 

But 17 + 7,1 = u -I- u2 4- „3 + tli = _ I, 

and Tivi = (10 + u') (u2 + 0^)= w^ + ofi + 1^ + ^^ = -1. 

Hence the quadratic takes the form 

a;2_|.a-l=0, and x = ~-^-'^-^- 
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Take ij = — -" — ^- Tlie quadratic whose roots are u and la* ia 



Whence ic ~^- + aI^- — 1 



V?- 



According to g 183 the inscription of a regular pentagon into a cii'cle 
can be effected with the aid of ruler and compasaes. 

Ex. 2. Solve a" — 1 = 0. 

Here n - 1 = 3 • 2 ■ 2. Hence the solution of OJia cubic and two quad- 
ratios is called for, and the inscription of a regular polygon of thirteen 
sides into a circle by ruler and compasses is impossible. Take g = G, then 



- 1 



If we taken - l = s-/=12 = 3.4, where c = 3, we get 

^ S.B + u,6 + .j'2+Uj5, 
^i = u'' + ai9-|-w" + uS 

To compute the cubic of wbich ij, iji, ij.^ are roots, we obtain 

ijiJi = 2 ij + 1)1 + ija. 

mm = 1 + 2 Tji -I- IK, 

ipia = 1 + 171 + 2 172, 

■.,1, = 4 + 2 7,1 + 1,3, 

ijijiTK — ■nv + '^vvi + W2 = ~t, 

vqi + -mm + 15^2 = 4(17 + 1i + iJa) = - 4. 
Tlie cubic is x' + cc^ ~ 4 a; + 1 = 0. Solving this, we obtain the values of 
"J. 11, Is- 

Take next J = 4 = e'/' = 2 - 2. We liave ij' = u + u.'^, tj'g = ij* + m'. 
Since ij' + ij'j = ij and ij'ij's = iji, we find that ij' and ij'a are loots of the 
quadratic 
^ a^ - 1,1: + 71, = 0, 
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and avo therefore known. Next form the quadratic whose r 
and a'\ Since u + ui'^ = tj' anU a ■ u'^ = 1, this quadratic is 



Either root of this quadratic is a primitive root of the cyclolomic equation, 
Eroin wliicli sJi the other roots may be found. 

Ex. 3. Solve x" -1= 0. 

One root is 1. To find one of the primitive roots, form the oyclotomio 
equation of the 18th degree and take 3 = 3. Then the roots are repre- 
sented by the following powers of u; 

1- 3. S^ il^ 'A -> ff"'- 
wliich are equivalent, respectively, to the powers 

1, 3, 0, 10, 13, 5, 15, 11, 16, 14, 8, 7, 4, 12, 2, 6. 
Take b - 1 = Hi = e - / = 2 ■ 8, where c = 2. Then 

„ - „ + ^0 ^ wis + wis + wis + uB + „5 + yS, 

1,1 = w^ + wW + w= + u" + ui* + »^ + wi* + <^. 
Wc find that ^ + '71 is equal to tlie sum of all the roots, or — 1, while 
1)1)1 = — 4- Hence 11 aiid iji are rool« of 

K'J + a -^ 4 = 0. 



Next\ 


m take / = 


= 8=.'/ 


' = 2-4, whore e' = 2; 






1' = 


= „ + ujis 4- wis 4. u4, 






I'l 


= „3 _|_ (j5 4. „n + „12, 






v. 


= 0,9 4_ igl6 + uB 4. ^, 


he periods ^' and 


V^, wh, 


]se sum is k, are roots 1 








x'^-VX-\=^0, 


bile 17'] 


, and -j's, >^ 


■hose su 


ni is J,,, are the roots 
a;2 - i„:c - 1 1= 0. 
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In the tliirii step, /' =. 4 = &"f" = 2.2, 



and we obtain ij" = ^ + -^^ - t;',. 

Finally we find that u anil w" are roots of the quadratio 

a primitive root of the cyolotOLTiic equation of degree 16. 

After solving one of tlio quadratics g^ven ahove, the question arises, 
which one of the two roots i-epresents a given period ? For instanco, 
which of the roots of a;' — i\\x — 1 = represents ij'i ? To settle this, 
forra the product 

Cl' - Vs)(Vi - V3) = 2(ij - 11) = + VIT =-^^+ Ui'i - Vs). 

Hence if'i — Vs 's positive, and ij'i has the plus sign before its radical, 
ij'a the negative sign. 

It is readily seen that, since the equation z^'' — 1 = involves in its 
solution no other irrationals tlian square roots, a regular polygon oJ seven- 
teen sides can be inscribed in a circle by means of the ruler and compasses. 
Gauss discovered a method of inscribing this polygon when be was a youth 
of nineteen years. It was tliis discovery which induced him to pursue 
mathematics as his life-work rather than languages. For an explanation 
of the construction of the regular seventeen-sided polygon consult Bacli- 
mann, LeAre von Aer KreUlhellwig, Leipzig, 1872, p. 67, or Klein's Famous 
Problems 0/ Elementary Oenmeta-y (ed. W. W. Beman and D. E. Smith), 
Boston, 1897, p. 41. We have followed Baehmann's exposition of the 
subject of the division of the circle. 
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Ex. 4. Show the impossibility oi constructing, with ruler and com- 
passes, the side of a cube, the volurae of which is twice tlie volume of a 
given cube. 

(To conatruct a cube whose volume shall be double that of a given cube 
is the problem known as the " Duplication of the Cube." It was one of 
three problems upon which Greek raatheioatioians expended much effort. 
Myth ascribes to it the following origin ; The Delians were aufteriag from 
a pestilence and were oidered by the oracle to double a certain cubical 
altar. Thoughtless workmen constructed a cube with edi!;es twice ts long 
But brainless work like that did not pacitj the gods The error being 
discovered, Plato vtas consulted on this "Delian problem " Throu{,h 
him it received tlie attention of mathematician'! ) 

Ex. B. Show til!! impossibihty of trisecting ty the iid of ruler ind 
compasses any given angle. 

To trisect a given angle is the second of the three faniDU'. problems 
first studied by Greek mathematicians. Tlie timd wis thi, ' (Juadnture 
of the Circle." 

Let E be a complex num! er O I' of unit len£;lh Let 

\AOB = 0, \AOA' = \A<OA" = \A"OB = ^^ 



3;i = C08-^+iBin-^, 

According to our problem we are given I, where x^ — OB, and we are to 
show the impossibility of constracting OA' by mler and compasses. 

We are going to prove that equation I, as a rule, is irreducible. It is 
sometimes reducible. For instance, when ^ = 90°, equation I gives i^=i, 
which can be factored \n\a(_x+i)(3?--ix—l)t wliich factors are functions 
in i!(i.o. In this case the oonatrucUon can be effected, 

When the right member of I is an arbitrary number, that is, when ^ is 
an arbitrary angle, then I is irreducible, else at least one of its roots could 
be represented as a function of cob iji and sin 0. By I)e Jloivre's Theorem 
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:»is 



£ in these expressions for ici, x^, xs we substitute ^ + 2 tt for 0, the 
a undergo a cyclic permutation ; that is, xi becomes its, xi becomes xs, 
Cs becomes xy. Because of these changes, no root can, in general, be a 
rational function of sin ^ and cos 1^ ; for, sin 
and cos ^ remaiuing unaltered in value when 
(6 + 2 IT is substituted for 0, the root could 
' undergo no change. For an arbitrary angle 
the equation I is, therefore, irreducible. Its 
degree being 3, which is not an integral power 
of 2, its roots cannot be constructed with the 
aid of the rtder and compasses, and the trisec- 
tion is impossible. 







)8 2 equal t< 






■IL1IU <1 



and rational or involving square roots only, we get z' = (« + 1^)', where 
|3^ = 1 — a*, and where a; = « + ip is a root which can be constructed 
geometrically. Show lliat any number of trisectable angles ip may be 
obtained by this process. Taking a = J V2 — V3, show that the angle 
of 45° may be trisected. By assuming a to involve at least one radical 
whose order is not two nor a power of two, show how to obtain ant,les 
which cannot be trisected. 



Ex. 7. Assuming 2 



- iE, show tliat the 



of the angle <^ 



depends upon the equation # ~ 3 a; = 2 cos 0. Letting cos ^ = m/n and 
nB = ^, derive y' — 3 1*^;^ = 2 ?k#, which has integral roots whenever the 
first cubic has rational roots. If the integera la and n are prime to each 
other, and n is divisible by an odd prime p hut not by ji^, show that * 
cannot be trisected. Prove that angles 120°, 60°, 30°, cos-i J cannot be 



Ex. 8. To show that an irreducible cubic, whose ooefBcients are rational 
numbers and whose three roots are real, cannot be solved by real radicals. 

This is the so-called ' ' irreducible case," § 60. We are required to prove 
that in the algebraic solution of the given cubic it is impossible to avoid 
the extraction of the cube root of a complex number. To this end observe, 
first (§ 171, Ex, 3) that the cubic becomes a normal equation when VD 
is adjoined to fi. Here VD is real. The equation ic" — a = 0, where a is 
not a perfect nth power, and ji is prime, is irreducible. If it were possible 
for the normal cubic equation to become reducible on the adjunction of 
the real root Xs v^, then by g 166, Cor. II, the degree of *» - n = 
would be a multiple of,/, the index of the new Galois group P = 1, under 
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Gx'^K Here Mils index is 3. As n is prime, ii=3. This makes 0,ii=n,p), 
where p is a root of tlie normal cubic Hence the roots of a?" — a = are 
the conjugate valoea of X, § ISS, (uid all of them lie in the normal domain 
ii(py I4ow, il one root of a normal equation is real, all its roots are real. 
Therefore, all the roots of a" — a = 0, being functions in of p would 
have to be real. But this cannot be, when » = 3. Tlius, the assumption 
tliat our cubic can be solved by real radicals of prhne order leads to an 
absurdity, 

Nor would the solution be possible by real radicals of composite order, 
such 88 Va, where n ~ pq, a composite number ; for, in tliat case we can 
write VVa ^"-^ ™® *^i'" adjoin in succession the radicals of prliue order 
y= Va and Vy. But, as has just been shown, such adjunctions do not 
render the normal cubic reducible. 



y Google 



CHAPTER XVIII 

ABELUH EQUATIONS 

184. Definition. An equation f(x)=0 of the nth degi-ee, 
having the roots a, «„ ■■-, rt„_i is caMed Abelian, it each, root 
can be expressed as a fuoction in fi of some one of its roots, 

and if, for any two of these roots, we have the oominntative 

'^'^''^^ ^.<^.(«) = *.*.(«). I 

By i>,MfA) we mean here .^,[<^,(«)]. , 
The ecLuation nr* — 1 = is Abeliaii, because, its roots being 
± 1, ± i, we have -1 = 1", -i=i%l = i\ (ff = (f)% etc. 

Ex. 1. Showthatcyclioequationsarespecialcaseacrf Alielianequations, 

Ex. 2. Show that i» - 1 = is Abelian, but not cyclic ; that a" - 1 = 
is both Abelian and cyclic, 

irreducible, tlioy arc 



Ex, 4. Show that k" — 1 = is Atielian where n is any positive integer. 

Ex. 6. The equation a^ + 22 a»- 440x3 - 35203;+ 1126*3; + S2768-0 
las as tliree of its roots — 2, 4, — 8. Show that it is an Abelian equation. 

,n Abelian equation in the domain 0(1) ? In the 
a primitive slsth toot of unity ? 

186. Abelian Groups. A group whose substitutions obey the 
commutative law in multiplication is called an Abeliaii group. 
i'or instance, 1, {ab) is such a group, because 1 ■ (ab) = (ab) ■ 1 
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Eir. 1. Every sub-group of an Abelian group is itself an ALelian group. 

Ex. 2. If Gi is not Abelian, and ffi is a sub-group of G, then Q is not 
Abelian. 

Ex. 3. Sliow Ihat Gs(», G^'*', Gi<^> I, &,<^> II, (i■^(^) III, (7s*'), Ge'^l II, 
are Abelian groups. 

186. Abelian Equations have Abelian Groups, If the roots of 
an Abelian equation are all distinct, its Ocdois (jroiip is an 
Abelian group. 

Let f{xj — OheaxL Abelian equation, and let its roots be 

«, «, = ./.,(«), «,-*,(«), -, «„-, = *„_,(«). I 

If f(x) =0 is reducible, let g(x) be an irreducible factor, and 
let g{x) = have the roots 

«,«'=♦■(»),«"=♦»,-. 11 

All the loots of II occur, of course, in the series I. Now 
g(x) = satisfies all the conditions of a Galois resolvent of 
/(a;) = 0, § li5. Hence the group of /(a;) =0 consists of the 
substitutions _ /„„\ i _ /„„i\ 

Tliis gronp obeys the commutative law in multiplication, for 
,v8ha™ ,■.(„„■)_(„,♦'(«)), 

and, §148, pV'-la, +'(e)i !*'(«), *y'(«)|-!«, +'*"(«)!. 
p'V = ',a, *"(«)H+"(«), *"♦'(»)! = !«, +"*'(o)i. 
Since the equation f{x) = is Abelian, we have 

<^"^'(«) = <^'</."(a); 
hence, p'p" = p"p'. 

Consequently, the group of substitutions of the domain O,,, 
is commutative, aa is also the isomorphic group of the equation 
fix) = 0, § 151. Therefore, the Galois group of f{x) = is an 
Abelian group. 
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187. An Equation having an Abelian Group is Abellan. An 

irreducible equation g{x) = 0, Imving a commutalive group is an 
ibelian equation. 

Let a, «!, ■•-, a,_i be the roots of g(_x) —0 and let O represent 
the group of this equation. As 3(3;) =0 is irreducible, G is 
iransitive, § 156. 

Let s be any subBtitution in the group G which does not 
change the digit 0, and let s, be any substitution in G which 
replaces by i. Then sf^ ■ s ■ s^ is a substitution of G which 
does not eliange i ; for 

S(~' changes i to 0, 

s does not change 0, 

Si changes to i. 
Since the group G is assumed to be commutative, we have 

Hence s leaves unchanged not only the digit 0, but also the 
digit i. But the group G is transitive ; therefore, the digit 
must be capable of being replaced by ea«h of the other digits 
1,2, 3, ■■-, ('! — 1)- Yet, no matter which one of these digits 
is taken to be t, the substitution s leaves i unaltered. These 
relations can hold true only when 3 is the identical substitution 
in the group G. Hence every substitution In G, except 1, re- 
places by some other digit. 

Applying to every other digit the same reasoning which we 
applied to 0, it follows that every substitution in the group G, 
escept the substitution 1, contains that digit among its elements ; 
in other words, there is no substitution in G, except 1, which 
leaves any digit unaltered. 

Next, adjoin to the domain SI the quantity M—a, where a 
is one of the roots of ^(ic) = 0. Since no substitution in the 
group G, except 1, leaves the index of «, unaltered and since 
the identical substitution satisiies the definition of a group, 1 is 
the sub-group to which M belongs. Thus, Q—\-\ and, by the 
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aLijimetion of «^ the group of tlie Galois domain is reduced 
to 1, § 163. 

The Galois domain of (jli-) = is O,^. „^. .... „^,_,„ § 143. Each 
of the roots «o, Ki, "v "n-i is ^ number in tiie Galois domain and 
each of the roots admits of the substitutions ot the sub-group 
Q = 1 ; hence each root is contained in the domain !!(,], § 162, 
and each root can be expressed as a function in of one of 
them. Therefore, g(x) = is a normal equation and the domain 
n,„, is a normal domain, § 132. We have then 

and the Galois group of (/(x) = consists of the s\ibstitutions, 
Sl'B. „ = («,«..)). 

We have, § 148, p,j,, =^ (a, <(.»**(«)), 

pips = («, -^i^iCk))- 
As the group is assumed to be commutative, we must have, 

i.e. g(x) = is an Abelian equation. 

188. Theorem. In a sttbstittition belonging to a transitive 
Ahelkm group alt the cydes coiutst of the na/tne number of 
dements. 

Let the substitution s be resolved into its cycles, and let r 
be the least number of elements in any cycle. The substitution 
s', applied to the elements in that cycle, leaves the elements 
unchanged. Since, § 187, in a transitive Abelian group no sub- 
stitution, except the identical one, leaves an element unaltered, 
^ must be the identical substitution. But this can only be the 
ease when all other cycles (if there are others) consist of r 
elements. 

Ex. 1. Name tlie Abelian group of degree five, in which the cycles in 
one and the same substitution do not have tlie same number of elements. 
Explain. See Ex. 3, | 185, also § 104. 
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Ex. 2. Show by §g 187, 188 that there can be no transitive Abeliaii- 
group of prime degree otlier than the cyclic gi'oup, and ilial tliere is no 
irreducible Abeliaii equation of prime degree otlier than tlie cyclic 



Abelian group of degree n can be of 

Ex. 4. Sliow that a transitive Abelian group of degree n ia of the 
order n. Weber, Vol. I, p. 578. 

189. Solution of Abelian Equations. The solution of Abelian 
equations may be rvdiwed to the solution of cyclic equations. 

In a transitive Abelian group every substitution, except the 
identical one, involves all the elements and lias the same nmn- 
bec of elements in each cycle. Hence, if n is the total number 
of elements and r is the number in one cycle, we must have 
n = r -t, where ( is the number of cycles in the substitution. 

Let ©be the group of an irreducible Abelian equation /(3;)i=0, 
and let a be any substitution except 1. If c, Cj, •■■, c,_i are the 
cycles in s, we may write 



Each of these cycles has for its elements r roots of the equa- 
tion f(x) = 0. Hence we have 

c,a(/Jft...A,_,), 



■where the a's, ^'s, ■■■, o-'s are the roots of f{x) = 0. 

Let a, be any substitution in tlie group G. We have, § 187, 



The product sj-^sa, ia obtained by performing upon each cycle 
of s the substitution s^, % 88. As this operation leaves s as a 
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Tphole unchanged, it follows that, after the operation, each 
cycle still has the same letters oecuri-ing in it and in the 
same cyclic order, though the cycles may have interchanged 
positions. Since s may he any substitution in the group G, 
except 1, we conclude that the group is iviprimitive, whenever 
t > 1, § 103. 

Let M he a. cyclic function of the roots «, «„ ■■■, a,..,, M^ a 
cyclic function of the rooty /3, /3i, ■■-, /3^_i, and so on. We have 
then 

iy-=v(«, «„ •-, «,.^,). 

There will be t such conjugate cyclic functions, M, M^ 
^2, —, jy,-!- 

Let Q represent the aggregate of all the substitutions in the 
group G which do not replace a cycle by another, but simply 
interchange the elements in each cycle. This aggregate of 
substitutions is a group ; the product of any two of them gives 
a substitution belonging to G, which does not interchange the 
cycles. Thus, Q is a sub-group of Q. 

As no substitution in Q can change a^ into any element not 
belonging to the cycle c, Q is an intransitive group. 

The fttnction M is readily seen to admit the substitutions 
in Q and those only; hence, if we adjoin M to the domain D, 
the group of f{x) = reduces to Q, § 163. 

As Q is intransitive, the equation /(ai) = is reducible in the 
domain il^u), § 156. 

Let fix, M) be a function of x, defined thus : 

fix, M) = {x- a) {X - «,) .-. {X - «,..,)■ 

We proceed to show that this is one of the factors of f(x) in 
tlie domain fi,j„. Since Q is inti-ansitive and permutes the 
roots in each cycle among themselves only, the coefficients of 
/(a!, M) admit all the substitutions of Q. Therefore f(x, M) 
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is a functioa of x in H(„), § 154. Biiice all the roots of 
f{x, M) = are roots of f{x) = 0, /(x, M) is a factor of J{x) 
in 0,^,. 

Similarly, we can show that 

/(», if,) s (x - ft (x - ft) • ■ ■ (« - ft-,), 
/(J,, M,) « (I - r) (X -■,,)... (a, - y„,), etc, 

are factors of f(x}. We have, therefore, 

/(x) s/ix, M) ■ f(x, »,) .../(«, »,_.). 

Since the coefficients of f(x, M) = are cyclic functions of 
its roots, the group of this equation is the cyclic gronp, oi' one 
of its sub-groups, § 159. But a cyclic group can. have no tran- 
sitive sub-group, hence the irreducible equation f{x, M) — is 
a cyclic equation. Similarly iotf(x, M^ =0, etc. 

It remains to explain how the values of M, —, M,_i may lie 
obtained. By § 161 they ai'C roots of an irreducible equation 
g{M) = ill n of the degree t. We pvoeeed to prove that 
g(M) = is Abelian, Since /(ic, M) =0 is cyclic, we get for 
the conjugates of M, 

jif=,f[,i, +(.<), •■.,+'->(«)]=n«) 

*, = «.[« *(/)), ■", ♦'-'(/3)] = Ftf) 



By assumption, we have ^ = *(«), y — *,(,;). Hence 
Jf,-,),1J.(„), ,(,»(.,), -, *'-'»<«)] 
= *[»(«), »♦(«), -, «f -'(«>] 

where ,^, admits the substitutions of the cyclic gronp. Hence, 
by § 162, j»f, is a function in O of M. Similarly for M\. 
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21T 



[I I we see that repl; 
Hence, if 



by /3 or y (changes M into M^ 

jVf, = \{M) = F^ {a), M^ = \,{M) = m^ (a), 
we may write 

k{M,) = F^y) = A\, (M) = F**, (a) 
X,(M,) = F^,{I3) == X,\(3f ) - F^fi («). 
Since, by assumption, **i (a) =*,*{«), we have also X\i(M) 
= XiX(jy"). Similarly for other conjugates of M. We have 
noiv proved that g{M) = is an Abelian equatiou. 

Hence we have sliowii that tlie solution of the given Abelian 
equation /(it!) = can be reduced to the solution of cyclic equa- 
tions and of auothei- Abelian equation of lower degree. The 
latter Abelian equation can be treated in the same manner 
as was f(x) = ; hence, eventually, the solution of f{x) = is 
reduced to that of cyclic equations only. 

Ex. 1. Abel gave the following example of an Abelian equation. Let 
a = — ; then cob a, cos 2 <i, ■■-, cos na can be shown li 
the equation ^^ _ 5_»-» i X!il 



Tor the derivation of this equation 
Wettheim), 1878, Vol. I, pp, 195-196. 
o£ De Moivre's formula, cos mo + i si 
binoniial theorem, we can express cos ] 
We may, therefore, write cos ma = S(i 
Similarly, cosmiii = i 
"^ set 



X"-* + - :: 

;ee Serret's Algebitt (Ed. G. 
Expanding the right member 
ma = Ccosa + isina)", by the 
a as a function in O^i) of 
is<!), where 6 is the function, 
(cos a). Writing mire for a in the former equation, 
as(inmin) = Pfoosniin) = efl,(coB«). 

OS (m,inn) = Pi(cosmn) = 6,^(003 rt). 

of I can be expressed as a function in O of one of 

in addition 
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Ex. 2. Show thtvt. I iu Ex. 1 is a reducible equation in tlie domain S! 
defined by its coefficienLs. 

Consider tbe value of the rooL cos na. 

Ex. 3. The equation o^ +1 = lias the group P.,. (.V'll, S 150, Ex. 5. 
Its roots are a = iV2(l + 0. «i = - iV2(l - i), «s = -«, «5 = -«i. 
Illustrate the reduction of the solution of Abelian equations to that of 
cyclic equations. 

4«s«aS Q = l, (««,)(rta«s). Here Jf and J?i are tlieroots of (^ + 2 = 0; 
i.e. Jf=iV2, Mi=-i V2. Then/(K, i) = ^ + * = 0, /(»:> -0 = ''^ 
— 1 = are both cyclic equations. 

Ex. 4. The equation a^ - 8 3^ + 20 a* - 10 a + 1 = has the Galois group 
Gi'm ; hence, is irreducible and Abelian. We have here «j = — « + 4, 
(Is = - «B + fi «2 - 8 E + 2, «a = «' - f^ + 8 « + 2, Illustrate the re- 
duction, as in Ex. 1. Netto, Atyebra, Vol. II, p. 234. 
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THE ALGEBEAIC SOLUTION OF EQUATIOHS 

190. Adjunction of Roots of Binomial Equations, In this 
chapter it is proposed to develop the necessaiy and sufficient 
conditions for the solvahiHty of algebraic equations of any 
degree. To this end we shall assume in this paragraph that 
fix) =0 is an equation which admits of being solved by algebra; 
that is, we shall assume that all the roots of the given equation 
fix) = can be obtained from its coefdeients by a finite number 
of additions, subtractions, multiplications, divisions, and ex- 
tractions of roots of any index. 

Let Vc, where c is an algebraic number, be any one of the 
radicals which enter into the expressions for the roots of 

a, «!, ■■■, «,,_! of the equation f(x)=0. Thus, if c =-—+11^ 
and m = 2, then Vc is one of the radicals appearing in the 
solution of the cubic, § 59. If c = - ^ + yj^ + H\m = 3, we 
have another radical entering the expression of the roots of a 
cubic. Now the Wth power of any i-adical Vc is a number in 
the domain ii^^y In other words, every radical is a root of a 
binomial equation of the form aT — a = 0. Thus it is evident 
that all the radicals ivhich go to make up a mot of f(x) = are 
roots of binomial equations. 

lifix) = is reducible in the domain fi, defined by its coef- 
ficients, we may apply to its irreducible factors the aigument 
which follows, ii f(x) =0 is irreducible in that domain, it is 
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clear that by the sucdeaaive adjuiictioa of some or all the radi 
cals which enter into the expressions for its roots, the equation 
will become reducible in the enlarged domain. That is, _f{x)=(} 
becomes reducible upon, tlie (tdjunction of certain ivots of binomial 
equations. 

As an illustration, observe that in § 167 tlie solution of the 
quadratic equation was made to depend upon the adjunction 
of y, the root of the binomial equation j/^=c(|-— 4 a^. 

In the case of the cubic, § 168, we first adjoined VO, which 
is the root of a binomial equation obtained by removing the 
second term from the quadratic u^+ (?u' — ff' = 0. Next we 
adjoined u, which is a cube root of a binomial. 

In the case of the quartic, § 169, we first adjoined w, which 
differs only by a rational constant from a^. Here k, is the 
root of a cubic equation, the solution of which may itself be 
explained by the adjunction of roots of binomial equations, as 
we have just seen. Next we adjoined ViJ, Vit, Vw, all roots 
of binomial equations. 

191. Dependence upon Cyclic Equations. All binomial equa- 
tions are known to be Abelian equations, § 184, Exs. 4, 6, and 
Abelian equations may be solved algebraically by the aid of a 
series of cyclic eqimtioas whose degrees are prime, § 189. 
Consequently, when f(x) =0 is a solvable equation, its solution 
may be made to depend wpon tliat of cyclic equations of prime 
degree. 

192. Restatement of the Problem. Suppose now that /(3!)=0 
is any algebraic equation. The question, whether it is solvable 
by radicals, may be replaced by the question of equal scope, 
whether it is solvable hy roots of cyclic equations of prime 
degree. We have thus aiTived at the following query : Under 
what conditions is tlie group Q of an equation of the nth degj-ee, 
f(x) = 0, reduced by the adjunction of a root of a cydic equation 
whose degree is prime f 
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193. Theorem. If the group G of an equation f(x) = is 
reduced by the adjunaion of a root of a cydic equation of tJie 
prime degree m, then the group <? has a nonnal sub-group whose 
index is the prime numier in. 

Let /{») =0 be reducible or irreducible, but free of multiple 
roots. Let h{x}=0 be a cyclic equation o£ the inth degree, 
where m is a prime number. We asstnue that the adjunction 
of oDe of the roots of h(x} = does reduce the group G to one 
of its sub-groups Q. 

Let the roots of fi(x) = Obe X, Xi, ■■■, X„_,. Since A(3!) = 
is cyclic, all its roots can be expressed as functions in O of one 
of them. If Q is the group of f(x) -= in D, then Q is the 
group of the same equation in the domain fi^^,, or in the 
coextensive domains D,jp ■■■, 0(jr„_i)- 

According to § 165, Cor. II, the degree m of A(a.-) = is a 
multiple oij, the index of the group Q under (?. ■ Since m is a 
prime number, and j must be greater than 1, we have m — j. 
Let Jf be a function in n of the roots of f{x) = 0, and let 
M belong to the sub-gi'oup Q. Then JW" is a function in O of X, 
§ 165. 

Again, by § 165, Cor. I, the domain of 0,„, is a divisor of the 
domain flix)- But the degree of iif^y is prime, being by defini- 
tion, § 132, of the same degree as that of the equation h(x)=0, 
which has X as a root. 

Since ii,s,i i^ ^ divisor of il^si, and the degi'ee of fld) is prime, 
we must have Ojx) = i\^y Hence, not only is 3f a function in 
Q of X, but X is a function in O of M, and either function 
admits of all the substitutions that the other does. Hence X, 
like 3f, belongs to the group Q. 

Operate upon X with the substitutions of G, and we get the 
following distinct values L X, X',, ■■■, X'^^i. By § 161 these 
values are roots of an irreducible equation. This must be 
identical with the irreducible equation A(ic) =0, since the two 
have the root X in common, § 126. Thus, the values X, X„ 
■■■, X„_i, and X, X'l, ■■■, X'^.i, are equal respectivsly. 
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Let a be a substitution in G wliicli changes X to Xi. That 
aame substitution transfoi'ius tlie sub-group Q iuto the conjugate 
sub-group a"'Qa = Q,. Now the substitutions in the sub-group 
6i leave Xi unchanged. For, to operate witli the substitutions 
in Q, is the same as to operate with s""'Qs, where s~' changes 
X^ to X, and X remains unaltered by the substitutions in Q, 
wbile 8 changes X back to X^. ]^ut X and X, are tex>ts of a 
cyclic equation ; hence Xi is a function in D of X, and X is a 
function in n o£ X, so that X and Xi belong to the same group 
q. Therefore, Q = Qi. 

Since the same reasoning applies to X and any one of the 
other roots Xj, ■■■, X„_„ it follows that Q is identical with all 
of its conjugate groups ; that is, Q is a normal sub-group of (?, 
having the index m. 

194. The Converse Theorem. If the. (p-oup G of the equation 
fix) — has a normal sub-group Q, vihoae indax is a prittie nuiti- 
ber TO, then, by adjunction of a root of a cydic equation of the 
degree m, the g^vup G is redtuxd to Q. 

If the group G bas a norniaJ sub-group Q of the prime index 
m, and if we select a fimctiou M which belongs to the siib- 
group Q, the conjugate functions all belong to the same group 
Q. By §162, each function M, M,, •■-, Jl/„_i, is contained in 
the domain O,^,). Hence this domain is a normal domain, § 132, 
and JWis the root of a normal equation, § 139. In the domain 
Q(gy we have Q as the group of the equation fix) = 0, § 163. 
But, if m is a prime number, the normal eqiiation is also a 
cyclic equation; for, the degree m of the normal equation is 
also the order of the G-alois group, §§149, 150. Take any 
substitution s (not the identical substitution) in the Galois 
group. The different powers of s constitute a sub-group, the 
order of which is a factor of the order of the Galois group. 
As m is prime, the order of s must be to and the sub-group is 
s, ,V, »', ■■-, s". The Galois group and its sub-group, being of 
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the same order, are identical. Hence the Galois group is the 
cyclic gi"oup, s, s", ■■■, s", and the normal equation is a cyclic 
eqnation, § 170. 

195. Metacydic Equations. An equation is called vietacycUc 
or solvable, when its solntion can be reduced fco the solution o£ 
a series of cyclic eqnationa. Abelian equations are a special 
class of metacyclic equations. The latter embrace aU equations 
that are solvable by radicals, and no othera. 

In § 191 it was shown that any equation which can be solved 
by radicals can be solved by the aid of cyclic equationa of 
pi'iine index. In § 193 it was shown that if the adjunction of 
a root of a cyclic equation of prime degree reduces the group 
Q, there exists a normal sub-group whose index is a prime 
number ; while in § 194 it was shown that, if 6 has a normal 
aub-group, the reduction can always be effected by the adjunc- 
tion of such a root. 

196. Criterion of Solvability. Thai a rjbien algeliraio equation 
be metacyclic it is neceasari/ and snffKient that there exist a series 
of groups q^ q^^ q^ ...^ f^^^-i^ 

the first of which is the Galois gwup of the eqnolion in fi, the last 
oftvhich is the identical group, each group being a ^loi'mal sub- 
group of the preceding and of a prime index. 

The group (? of a metacyclic equation must have a normal 
sub-group of an index j that is a prime number. Gall this sui> 
group G^. If G^ consists of the identical substitution only 
(wliose or-der is 1), then j = y That is, the order of G itself 
is prime, and O has no sub-groups, except 1. This can happen 
only when G itself ia a cyclic group, and the given metacyclic 
equation is itself only a cyclic equation. 

If (?i ia not 1, then, since the equation is, by hypothesis, 
solvable by radicals, G^ must again have a normal sitb-group (7„ 
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whose index is a prime number,;,, Contimilng in this way, we 
finaJly arrive at the identical group 1. This proves the 
theorem. 

197. Criterion Applied. The GaloiB group of the f^eneral 
equation of the nth degree is the symmetrical group of the nth 
degree. The symmetric group has always the alteriiatins 
group as a sub-group. This alternating sub-group is a nonnal 
sub-group of the index 2. It becomes the group of the given 
equation by the adjunctiou of the square root of the discrimi- 
nant. The principal series of composition, § 110, is (?/^, 1, for 
the quadratic; Co'"*, Crj"*, 1, for the general cubic; and GJ*', 
Cij**, (?/" II, 6?/^', 1, for the general q\iartic. In these cases tlie 
alternating group is seen to have a normal sub-group of prime 
index. We are going to show that when the degree of the 
general equation is greater than 4, and, consequently, the 
degree of the Galois group is greater than 4, the alternating 
group has no normal sub-group of prime index. 

198. Theorem. An aiternatlng group of higher degree than 
the fourth fens no noi-mal sub-grovp of prime Index. 

All substitutions of an alternating group are even, H99,10l(, 
and are expressible as the product of cycles of three elements, 
1 93. Ivet these substitutions be so expressed. 

We first establish the possibility of selecting a substitution 
s in the alternating group, so that a given cycle of three 
elements, say {1 2 3), will be transformed into any other cycle 
of three elements occurring in the alternating group. Suppose 
that 1, 2, 3, 4, r, (, m, v, are elements of the gi'oup and we wish 
to transform (1 2 3) into {r t u). It is easily seen that the 
anbstitiitions-A^^^"] will do it; for, s-'(123)s== (riw). 
That s is a substitution in the alternating group is clear, since, 
§ 82, s={l 2 () (1 2 )■) (.^ 4 I') (3 1 )()> ^^ fi'-'P" substitution. 
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Next, let Q be a normal sub-group of the alternating group, 
let Si be any substitution in Q (except the substitution 1), and 
s any substitution in the alternating gi'oup. It is easy to see 
that, by the property of normal sub-gi'oups, 8~'sis is also a 
substitution in Q, 

If Si consists of a cycle of three elements, we can, by proper 
selection of s in the operation s~\s, transform Si into ani/ 
other cycle of three elements. Therefore, Q must contain all 
cyclic substitutions of three elements whenever it contains one 
of them, and must, consequently, be identical with the alter- 
nating group. 

Since s^-' and s-'sis are both substitutions in Q, their product 
must be ; namely, i _ g -i . ^-ig g 

We shall now show that, whenever n > 4, s can always be 
chosen from the substitutions of the alternating group in such 
a way that the substitution A, represents a cycle of three ele- 
ments, thereby showing that the normal sub-group Q is really 
identical with the alternating group ; in other words, showing 
that there is no normal sub-group, distinct from the alternating 
group itself, except the group 1. 

To show this, we assume that all the substitutions in the 
alternating group and in Q are resolved (as they always can 
be) into cycles so that no two cycles have an element in com- 
mon, § 86. In the formation of \ there is no need whatever 
of considering those cycles in the substitutions s, whose ele- 
ments are unaffected by s, because in the product sr^s~'8, they 
cancel each other. We shall consider separately the different 
forms which Si may take, when n > 4. 

(1) Let some one substitution Si in the normal sub-group Q 
have a cycle (I 2','y-- m) which consists of more than three 
elements. Thens,=(12;} •■• m)c,c^ ■■., where c-nCj, ■■■are cycles 
which do not contain the elements 123---wi. Choose .s=(l 2 3), 
then s,-'s-S = fr'(13 2)s, = (2 4 3), and X=sr'«''«j.'<=(2 43). 
(1 2 3) = (i 2 4). Hence Q contains a substitution X consisting 
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of a cycle of three elements, and therefore Q is identical with 
the alternating group. Thus, there is no normal sub-gronp 
containing the substitution (1 2 3--m)c,C2--. 

(2) Let some one substitution Si in Q consist of two or moi-e 
cycles, two cycles of which contain each three elements. Let 
these two cycles be (123)(46C).- Take s = (1.34), then 
s,-'s-'ai =(2 51) and X= (2 5 1) (1 3 4) = (1 2 5 3 4). This sub- 
stitution k, found in Q, has more than three elements in its 
cycle, and comes under case (1). Hence, there is no normal 
sub-group of the alternating group containing a substitution 
Si = (1 2 3) (4 5 6). 

(3) Let Si consist of cycles, embracing one cycle of three ele- 
ments and another of two elements, viz., the cycles {1 2 3) (4 5). 
Choose s = (1 2 4), then X = (2 5 3) (1 2 4) = (1 2 5 3 4), which 
comes under case (1). Hence, there is no normal sub-group 
containing Si = (123)(45). 

(4) Let Si embrace three transpositions, (1 2) (3 4) (5 6). 
Choose s = (1 3 6), then A = (2 6 4) (1 3 5), which comes under 
case (2). Thus the possibility of the existence of a normal 
subgroup, containing Sj = (1 2) (3 4) (5 6), is excluded. 

(6) Let S| consist, in part or wholly, of two transpositions 
and one invariant element. That is, let Sj contain among its 
cycles (12)(34)(5). Takes=(125)andwegefcA=(125)(125) 
=(1 5 2). Hence, Q again coincides with the alternating group. 

The above cases exhaust all the cases which are possible 
when n > 4. 

When n=4, a new possibility aiises ; namely, Si=(l 2) (3 4). 
No matter what substitution in the alternating gi-oup (?,/" is 
chosen for s, we fail to get for X a cycle of three elements. On 
the other hand, the snb-group 

1,C12)C3*),{13)(2 4), (14)(2 3) 
satisfies the characteristic property of a normal sub-group of 
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The group 1 is a noumal sub-group of any gi'oup, but it is not 
a normal sub-group o/ priyn£ hulex for aitemating groups of 
degrees higher than the fourth. The order of the alternating 
group of the jith degi-ee is IS- How t^-r-1 is the index of the 

group 1 under the aitemating group. When n > 4, this iudex 
never is a prime number. Hence the theoreju is established. 

199. Insolvability of General Equations of the Fifth and Higher 
Degrees. From §| 196, 198, it appears that the general equar 
tious of higher degree than the fourth do not satisfy the con- 
ditions of solvability. However, a special equation of a higher 
degree than the fourth, whose group is not the symmetric or 
the alternating group, may possess the necessary series of nor- 
mal sub^oups of prime index, and may be solvable by radicals. 
Thus, any equation of the fifth degree whose grouj) is not the 
symmetric or alternating group can be solved by radicals. 

Of the 295 substitution-groups whose degree does not exceed 
eight, only 28 are insolvable. See Am.. .Tour, of Math., Vol. 21, 
p. 326. 

Ex. 1. Show that tlie qiiartic in Ex. 0, § 159, is metacyolic, but not 
Abelian ; find its pviiicipal series of composition. 

200. A Criterion of Metacyolic Equations of Prime Degree. All 
algebraic equatious of the first four degrees are metacyclic. 
The following process enables one to ascer-tain wliether a given 
equation of the fifth or a higher prime degree is metacyclic or 
not. 

If the given irreducible equation /(a;) = is metacyclic, then 
one of the series of groups (?, ffj, ■■■, G^ in § 196 must be the 
Galois group of the given equation. Proceeding as in § 159^ 
let «o, «i, ■■•, «„_! be its roots; also let y be a function of ««, 
«i, ■■■; «fj-i! fovmally unaltered by the substitutions in O and 
those only, where O is the group of highest order in this series. 
Let the index of Q witii respect to the symmetric group of 
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degree it be j. Operating upou 1/ with the suhstitutions of the 
symmetric group we get j expi-essious for y, distinct in form, 
viz., ^1, y^ ••; yj. Construct the equation of degi-ee J, 

F(y) = (^-yy){y-y,)--(tl-yj)^0. I 

The coefficients of I are symmetric functions of the roots, 
«oi "■I'^-ii hence they are rational in n and can be computed. 

If in the function y we substitute the values of the roots of a 
metacyclic equation of the jtth degree, y assumes a numerical 
value which lies in O. I'or, assuming that the equation is 
metacyclic, its Galois group must be either G oi- one of the sub- 
groups (?!, -•-, Gu § 196; hence y admits the substitutions of 
the Galois gronp and is, therefore, a number in O, § 154. 

Conversely, if the function y becomes a number in Q, when 
the values of the roots of f{x) = 0, w being prime, are substi- 
tuted in it, BO that I has a rational root, which is not a multiple 
root, then is f(x) =0 metacyclic. For, under these condi- 
tions y belongs to G, and the Galois group of f(x) = must 
be either G or one of its sub-groups, § lo9. If it is G, then the 
conclusion follows at once ; if it is one of its sulvgroups, it can 
be shown (the proof is here omitted) that, when n. is prime, the 
sub-group is one of the metacyclic groups Gi, G^ •■•, Gi.,, so 
that/{a!) = is a metacyclic equation.* 

Hence the rule : Select a function y, formally unaltered by the 
substitutions in G, and those only, so that Fij/) = has no mitl- 
tiple roots. If F(t/) = has a rational root, fix) = is meta- 
cyclic, otherwise it is insolvable. 

Theoretically, it matters not what function of «o, «„ ■■■, a„_i 
is selected for y, if only it belongs to the group G: Practically, 
much depends upon this selection, as the algebraic operations 
are very much more complicated with some functions than with 
others. The computation of the coefficients of F(y) = is 

L898, 55 188, oc 
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usually very laborious even in the case of the quuitic. Inas- 
mucli as Bring, in 1786, and Jerrard, in 1834, were able to trans- 
form the general qidntic to the form 3^ -i- ex + d =^ (for 
this transform atioM, see Netto's Algebra, Vol. I, pp. 124, 125), 
it ia of interest to compute F(,y) = for this special form. 

Ex. 1. Find the condition, tliat the equation s^ + ex + d = Q, wlien 
irreducible, ah all be me lacy die. 

Referring to § 104, we nee that tor the quintic the metacyclie group of 
the highest ovder G ia (a&t.'de)io. As a function belonging to this group 
select (following C. Rutige, Acta Math. 7 (ISHu), p. 173) y\ where 

y = ttoai + «i«2 + «2«s + ''ai'4 4- o^tto — «o(ts — «a*'t — «i«i — WiOs — ttsOo- 
Here j — Q and PQi) ^ is a resolvent equation of the sixth degree. 
We And it convenient to consider y itself, wliich is not a metacyclie func- 
tion. Operated upon, hy the syiumetric gronp, y yields twelve values, of 
which six differ from the otliec six simply in sign. Tjet one set of six 
values be ji, yi, —, yt- Also let the equation of which they are roots be 
SI* + aiy^ + a^ + asy^ + «4»^ + asy + ao = 0. I 

Its coefScients oi, as, ■■■, at are not necessarily rational numbers, but 
they are symmetric fanotions of yj, ■-, y^. Consider ^i, ■■, yr. as func- 
tions of «o, ■-, On-i, and operate upon them with the alternating group ; 
the values j(j, •■■, jia are merely permuted among themselves. Substitu- 
tions which do not belong to the alternating group bring about a change 
in Rjgn. The coefficients ai, aa, ■-■, an are tlierefore either symmetric or 
altematmg funetmna of Oo, ■■■, «»-!■ Of these Oa, Oi, Oo are symmetric 
functicns berause being homogeneous functions of even degree, they are 
n t iffocted by changes of signs in y\, y«, ■■■, y^. On the other hand, 
a I aie alternating functions of «o, «i, ■--, ««-!, being honic^eneous 
functions of odd degree. 

n D IB the disonminant of the quintic, then Vl} is a function of 
«o «ii 1 belonging to the alternating group. Hence the ooefficieiita 

Oi as flj are of the f rm i/iiViJ, m-s'V'D, maVS, where flii, jna, ma are 
Bvmmetrio integral functions. With respect to «i,, a,, ■.., a^-i, it is seen 
that oi 13 of the second degiee. But ai is also of the form rai Vfl, where 
M] ia int^ral and VZ) is of the tenth degree. Hence we must have 
mi = 0. Similarly, as being of tlie sixth degree, yields wia = 0, On the 
other hand, a^ and VO are both of the tenth degree. Write as = m^/D, 
Equation 1 becomes 

H* + any* + a^y'' + lay/by + a$ = 0. H 
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In the equation x^ + cx + d~0, c and d are homogeneons functions ol 
the roots of the degrees 4 and 5, respectively. Since a^, a,, ac, aie of the 
degrees i, 8, 12, we may write 

where mj, m4, ll^e are integers. To find tUe values of m, m;, int, me, 
assign to c and d the special values e = — 1, d-= 0. Then !) = — #; the 
five toots ai-e 0, (, ;*,(«, i* ; the six values pi, ..., j/s are -2 f, -2i, -2i, 
— ai, 2 + 4i, — 2 + 4f. Equation II hecoines 

= y« - His!/' + mnj- - )»ii + lH imy =(y + 2 iy(y'' -Sin- 20) 

^f + 20y* + 2i0!/^- 320 + 512 fjf. 

Hence ma = - 20, nn- 240, mo = - 320, ni = 32. Substituting in II, 
and squaring to remove the radical, we liave 

(^ - 20 cy* + 210 <?y^ + 320 cS)^ = 41* JJi/^^ nx 

or (y^ - 4 c)'(!^ - 24 cg^ + 400 c^) = 4= ■ 5^ ■ (!V, 

z ; then y^ being metacyclic, so is e, 

(z' - 5 t-E^ + 1.6 (f^s + 6 c=)2 = JJ;:, IV 

which may also be written 

(s -o)'(2= - 6 c^ + 20 cO = 5Sd'£. V 

Bic' + CK + d — Oia Irreducible, it is metacyclic when IV or V has a 
rational root, and then only. If the quintic is reducible, it is always 
solvable. For a different treatment of the quintic see Glaslian and Young 
In Am. Jour, of Matlt. 1 (1885), and especially McGlintock, ib. 8 (1886) 
and 20 (1898). 

Ex. 2. Show that no equation of the Jonn x° + 6k + 6( = is meta- 
cyclic, where ( is any integer not a multiple of 5. 

By § 129, the equation is irreducible. If IV in Ex. 1 has in this instance 
a rational ropt, it must be integral, since the coefficients of the quintic are 
integral and the first term is 3fi. It must also be a divisor of the absolute 
term 25 c' or 5*. But no factor of 5^ is a root of the equation. 

Ex. 3. Show that 3:= + 15 e + 12 = is irreducible and metacyclic. 

letacyclic ? Trans- 
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Ek. 5. In V, Ex. 1, let (i =^ en, £ = t\, wlieve n and X are nuiiibers in 
the domain Sl(i), or in any other domain. Show that x* + ca + li = is 
always metacyclic when 

*'-(X_l)4(x2_a\+25)' 

Ex. 6. Construct the metacyelio quintic hi which //, = V2, \= VQ. 

Ex. 7. Is 1= + X + 1 = irietacyclie ? 

Ek. 8. There is a theorem to the effect that all irreducible, metacyclic 
equations of the sixth degree in a domain S) may be iound by adjoining to 
Si a square root and then forming in the enlarged domain all cubic equa- 
tions. See Weber's Algebra, Vol. II, 1896, p. 298. Accordingly, adjoining 
Va to 0(1^, we may write -j? -^-x-^ l + i/2 — and obtain, by transposing 
V2 and squaring, the metacyclic sextic ie» + 2a^ + 23;' + 3i'4'a:— 1=0. 
Derive similar equations, using the radical VS, 

Ex. 9. Show tliat a^ + jj^j^t + if^pi^ -i- lOpS^a _|. r^pt^, + p^ _ i = o is 
metacyclic. Also determine its Galois group. 

Increase its roots by p. 

Ex. 10. Show that !/= +jiy5 + JpV + i-^O is metacyclic. 
Take „ _ , _ A 

Ex. 11. Prove that equation V in Ex. 1 
c = ± 1. Then prove that, if ic" ± e + li = 

Ex. 12. Show that ifi-A=(i, where .^ is not a perfect fifth power, ia 
metacyclic and has the group Gw'-^'i in the domain Si(i, Ay 

Ex. 13. Prove that an irreducible equation /(a) =0 of the prime degree 
n can become reducible by adjoining a radical Vu, wliere in, ia prime, only 

Let J/" - n = I 

be irreducible, let it have the roots 7, uj, •-, u™-'7, where u is a complex 
jiith root of unity. Let /(.t) — become reducible when 7 is adjoined to 

».»">«« /(>)=/.(!, 7) -/.ft 1), II 

the coefBcient of the highest power of a in each polynomial being unity. 
We may consider I and II as equations in the same domain, having the 
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root 1 in common. Then JI inust bit satisfied hy all tlie roots of X 
Multiplying together the meolbei's of the m equations lliua obtained, we get 

where Fi(x) = /i(x, 1) ■/i(K, wy) —f\{x, ie'^~H), 

F2(.») = Mx,y) -MX, «7) -Mx, o.-'-'y). 
Fi(x) and Fi(x) are respectively of the degrees miti and mjjj ; their 
coefficients, being symmetric functions of the roots of I, lie in il. Since 
f{x) \s irreducible and m and n are .btith prime, we iimst have 

pn =: mnu 9« — n»«i. «i + "; = "> »* = ">■ 
Ex. W. Show that in Ex. \3f(x) = Mx, 7)-.''i(^, 107) .../i(a, u"-i7), 
where /if,*, 7) is irreducible in the domain ii{ui, 7), and is linear with 
respect to x. 

Ex, 15. Showthatif /[(z, 7) = 0yieHsinEx. 14 
oo = Co + on + dy^ + — + c,^iy'-', 
then tti = Co + ciity + caw^ + ... + c„-jif-^y"--\ 

etc., where Ko, Kj, etc., are roots of /(a!)= 0, and ce, Ci, ■■-, c^ 1 are num- 
bers in Si. Show that the difference of two roots of f{x) = cannot be a 
number in !2. 

Ex. 16. Prove that an irreducible solyable quintic with teal coefficients 
cannot have three real roots and two complex raota. 

Show that the fialois group (1) must be of the fifth degree ; (3) can- 
not be GiaW, W'l, Otmi (Ex. 0, § 104) ; (3) cannot he Ge*»>, § 171 ; 
(4) to test Gjo'^'i take y^ in Ex. 1, which admits it. If any two roots, 
Bay «» and ai, are assumed to be conjugate imaglnaries, then 

^ = teo'i + ai-B + (?, 
where A, B, G are real values. Since A = (X4— a^ — an, B = Ka — «j — Kj, 
me cannot have A = B, because that would make «(.; = H4. Thus, we see 
that y cannot be real. Consequently y^ cannot be real, unless 1/ is a pure 
Imaginary. Hence y=(Ui)—U\)(^at~c(i). That y^ may lie in SJ, we must 
have y — iVf • V? and ko — «i — i^f, 04 — 0^= Vg, where / and g are 
positive numbers in n. But by Ex, 15, /and ^cannot be perfect squares. 
By Exs. 13, 14, 15 we see that the roots of the given quintic are numbers 
in the domain i2(o,, .^), where u is a complex fifth root of unity and 7 is a 
root of the irreducible equation j/" — « = 0. Hence V/ and -y/g do not 
He in ll(„,.,,) and the equations Oo ~ «i=^ivy, o^ — cti^Vaai 
Consequently l?jo<') is not the group, § 155, B. 
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(6) Since Gia"''' does not alter y^, it is not the grou[), 
(6) Hence the group must be ffiao"* or (fso''"', botli iiisolvable. 
for different proofs see Weber's Algebra, Vui. I, p. 689, and Weber's 
Encyklopiidie <Ur ElemeiiCaren Algebra uiid Aaali/ais, p. 327. 

Ex. 17. Sliow tliat a* — 43; — 2 = has two complex roots and is 
insolvable. For the approximate valaes of the real roots, see § 28. 

Ex. 18. Show that x'' ~ 16 x'^ + 2 x + 6 = (Us insolvable. 
Ex. 19. Show tiiat x^ + 1 + i = is metaoyclic. 
Ex. 30. Determine whith of the following are metacynlic ; 
(a) x^ + 5x + 3i = 0. ^^^ flzJ.=,o. 

a>) 9fi-2ix+.l =0. ^ ~ ^ 

(d) ..-s - 27 it' + ^ a + (i = 0. 

801. Historical References. For the development of the earlier and 
more elementary parts of the theory of equations consult the histories of 
mathematics written by Ball, Fink, Marie, Zeuthen, and Cajori, and the 
" Notes " at the elose of the first volume of Burnside and Panton's Theory 
of Eqiiaiiona. Or, better yet, consult the monumental work by Moritz 
Cantor, entitled VoHesnngen, uber Qeschlckte der Mathamatik. For the 
later developments, read C. A. Bjerknes' Melg-IIenrik Abel (Paris, 1885); 
llvariste Galois' (Eiiures, edited by Ploard (1807); h! Burkhardt's 
"Anfange der Grappentheorie und Paolo Ruffini," in the Zeiteeh. fur 
Mathematik -and Pkysik (Vol. 37, Sup., pp. 1111-159, 1892). Head articles 
in the Bulletin of ifie American Matheniaticat Soniely, by James Plerpont, 
on Lagrange's place in the theory of substitutions (Vol. 1 , pp. 2, 196-204, 
1895), on the early history of Galois' theory of equations (Vol.4, pp. 332- 
.^37, 1898), on Galois' Collected Works (Vol. 5, pp. 296-800, 1890) ; by 
G. A. Miller, a report on recent progress in the theory of the groups of a 
finite order (Vol. 6, pp. 227-249, 1899) ; by Henry B. Bine, on " Kroneoker 
and his Arithmetical Theory of the Algebraic Equation " {Vol. 1, pp. 173- 
184, 1892). Consult also James llerpont, " Zur Geschiclite dcr Gleichung 
i\es V. Grades (bis 1858)," in Monalskefte fiir Mathemniik und I^ysik 
(Vol. 6, pp. 15-68, 1895) ; G, A. Miller on the history of several funda- 
mental theorems in the theory of groups of a finite order, in the American 
Mathevialiml Monthly (Vol. 8, pp. 21.1-218, 1901) ; Felix Klein, Vorle- 
gungen Wier das Ikogaeder (1884), also Lectures on Mathematics (the 
Evanston Colloquium, 1894)'; B. S, Easton, 77ie Conslrnctive Develop- 
ment of Qrojip-theory (Philadelphia, 1902). 
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